Notes on distribution theory

H.Narayanan

1 Why Distributions?

Consider an ordinary linear differential equation with initial conditions set
to zero

p(D)zx = u,
where z(-) and u(-) are real functions over the real line.
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Figure 1:

Suppose we construct the functions uq,...,u, ... with u, agreeing with
u over the interval [nAt, (n + 1)At| and elsewhere zero.
It is clear that

Let, as stated earlier, z(0) be zero.
Then the response due to u(-) must be the sum of the responses due to

the u;(-). Let p, represent the pulse of width At and a constant height A%
in the interval |7, 7 + At].

Let us approximate the functions w,(-) by @,(-) = (u(nAt) - At)ppac(+),
essentially making the function constant over [nAt, (n + 1)At].
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If At is small we expect

and the response to be approximately the sum of the responses due to the
Un(+). As At — 0, one expects the approximation to become exact.

Suppose the response due to p.(-) is h.(-). Then the response due to u(-)
would be S°°° R (-)u(r) - At, (approximately) where 7 = nAt, i.e.,

So we expect

where h,(t) = lima; o ;LT(t). If we assume the system is causal i.e., the
response to an input which is non-zero only for ¢ > ¢, is also non-zero only
for t > ty, then the above integral would have limits from 0 to t. We remind
the reader that h,(-) is the response due to the pulse §,(-) from 7 to 7 +
At, of width At and height z;. We may think of h,(-) as the response due
to the infinite pulse p,(-) with width At and height Ait and At — 0.

Of course there exists no such function. But it is nevertheless very conve-
nient to work with this generalized function. Distribution theory will justify
the use of this construct.

2 Definition of distributions: general and tem-
pered

We begin by generalizing the notion of a function over the real line. The
generalization goes through routinely to the functions over R i.e., instead of
f(t) we could have f(ti,ta,...,t,) where t,ts,...,t, are real numbers. We
first build a domain that is 'richer’ than the R. This is the space D of test
functions. A test function ¢(+) is defined over the real line and takes complex
values and satisfies the following :

e ¢(-) vanishes outside a finite interval and

° % exists for every positive integer k (in other words, ¢(+) is infinitely

differentiable).



Example of test function:

1
e?if 2] < 1
€Tr) =
) {0 if |z| > 0.

It is clear that this function is infinitely differentiable at |z| # 1.
Let us examine what happens at z = 1_ (i.e., lim,_,; ,<1). We have

d —2r )
—eze-1 = R ———— ezxc—1
dx (x2 —1)?

Now y¥e ¥ — 0 as y — oo for all k. Hence

The same idea can be used for all orders of derivatives and it can be proved

that i
d 1
ﬂ <612—1> =0atx=1_
€T

Thus the given function is indeed an example of a test function. Observe
that we can shift this function and change its width quite easily. Also its
integral moves from 0 to another constant smoothly from —1 to 1. Therefore
one can build test functions with flat tops (or bottoms) of whatever height
and widthe we please.

A second class of more general functions, namely the class S; of functions
of rapid decay, is useful in our study. A function of rapid decay ¢(-) is defined
over the real line and takes complex values and satisfies the following :

e ¢(-) is infinitely differentiable,

o ¢(-) together with all its derivatives vanishes at |z| = oo faster than
the reciprocal of any polynomial. Thus for each pair of nonnegative
integers k and [,

dl
WL

daxt

lim =

(We may think of ¢ as being similar to e~* in its power to kill polyno-
mials).

Clearly every test function is a function of rapid decay since it vanishes
outside a finite interval.
We say a sequence ¢,, of test functions is a 'null sequence’ in D iff



e all ¢, vanish outside a finite interval,
e ¢, and all its derivatives approach 0 uniformly in this interval.

Basically the null sequence ¢, is analogous to a sequence of numbers
tending to zero and we need this idea to talk about small perturbations of a
test function & by studying ¢ + .

We define a null sequence ¢, of functions of rapid decay in a similar
manner for each pair of nonnegative integers k£ and [,

k dl ¢m
dat

lim max
m—00 —oo<r<oo

T

Observe that even after being multiplied by a polynomial of any degree
the function d;‘ij“, must be bounded in the interval —oco < < oo and further
this maximum value must tend to zero as m — oc.

We are now in a position to define a distribution. A distribution is a
continuous linear functional on the space of test functions, i.e., a distribution

q

e takes a complex value on each test function ¢,
usually denoted as < ¢, ¢ >

e is linear i.e. < q, 11 + asds >= a1 < q, P1 > +ag < q, pg >,

e is continuous on the space of test functions i.e. lim, .., < ¢q, ¢, >= 0,
whenever ¢,, is a null sequence in D.

A special class of distributions called ‘tempered distributions’ or ‘distri-
butions of slow growth’ are of interest to us. These are linear continuous on
the larger class S; of functions of rapid decay i.e., lim, ., < q, ¢, >= 0, for
every null sequence of rapidly decaying functions, whenever ¢ is a tempered
distribution. Henceforth we use [g, ¢] in place of < ¢, ¢ >.

Distributions are generalizations of ordinary functions on the real line.
Let f be locally integrable over the real line i.e.,

/ /()] d

is finite whenever T, — T is finite.
Define

lar, ¢] = /OO f(z)p(x) dx.



Then ¢; is linear continuous on D. To see this, first note that

T

[%f@%ﬂ@dw: f(@)9(x) da,

T

where ¢ vanishes outside [17,T3).

Now since ¢ is differentiable everywhere it must be continuous in [T}, T3]
and therefore has a maximum value in [T7, T3] say M.

So

< [ 1r@liota)] .

Ty

'[wawuwm

Ts
<M [ |f(z)|dx.
T

Hence [ f(z)¢(z) dx exists.
The linearity is clear since

| 1@a161(@) + asoule)) do -
o /_ (@) (@) do + s /_ T (@) a(x) da.

To prove continuity we need to show lim,, . [qf, m| — 0 when ¢, is a

null sequence in D.
We have
00 Ts
| r@onte)is = [ @) s
for some finite T4, T5, by the definition of null sequence.
Let M,, = maxy, <<, ¢m(x). Hence

<ty [ @)

T

L/i:f(x>¢m<x>dx.

Since f is locally integrable, fgf | f(x)| dz is finite. Hence, since lim,, oo M,, =
0, we must have lim,, . ffooo f(z)pm(x) de = 0, as needed.

We claim that the action [gy, ¢] is indeed a generalization of the value of
the function f. Indeed,we can recover the value of f at points where it is
continuous by making f act on suitable ¢,, and taking limits. Choose ¢,, as a
nonnegative test function with nonnegative values in [a — %, a+ %] and zero
outside.



Further let faajf én(x) dz = 1. Observe that faajf f(x)pn(z) dx gives a
‘weighted average’ of f in the interval [a — %, a+ %] Asn — oo, provided f
is continuous at a, the integral will therefore converge to f(a).

When the context is clear we will denote the distribution qs([¢r,¢] =
ffooo f(x)¢(x) dz) also by f.

A distribution gy that arises from a locally integrable function through
the definition

45,6 = / " f@)d(a)da

is said to be reqular. Not all distributions arise in this manner. These latter
distributions are said to be singular. The convention even in the case of
singular distributions is to write [q, ¢] = ffooo q(z)p(x)dx.

3 ¢ function and J/-sequences

For our purpose, the most important singular distribution is the delta [Dirac
delta] functional 6(z) defined by

where ¢ is a function of rapid decay. (In fact ¢ functional is linear and
continuous even on the space of functions continuous at 0). One cannot
expect any function f to have the property [~ f(z)¢(z)dz = ¢(0). However
a sequence of functions, in the limit, can have such property.

Let f,, be a sequence of functions continuous at the origin with the fol-
lowing properties.

1. ffooo fn(z)dx =1 for each n.

2. lim,, o fab fo(z)dx =0, a, bboth positive or both negative and there-
fore lim,, oo fab fo(x)dx =1,if a <0 < b.

We call such a sequence f,, a delta sequence. Clearly we must have, for every
rapidly decaying ¢,

/_ Z Folz)p(x)da = /_ OO fu()o(2)dx
+ /_i fo(x)p(x)dx + /600 fo(z)o(2)dx



where € > 0. We then have

Tim :fn(x)¢>( z)dx = lim [/ / /]

hm / fn(z)op(x)dx, for every € > 0.

Since ¢ is continuous at ¢(0) the right side must be equal to ¢(0) (taking the
limit € — 0, € > 0).
So if we define

0o = tm [ @),

where f has the above properties, we will have ¢ = 9.
It is easy to see by the definition that ¢ is a linear functional. Indeed

[q, 11 + azda] = a161(0) + az¢2(0).

To see that ¢ is continuous on the space of rapidly decaying functions we
need to show that lim, . [q, ¢,] = 0 where {¢,} is a null sequence of rapidly
decaying functions. This is clear since lim, . ¢,,(0) = 0, by the definition
of a null sequence in the space of rapidly decaying functions.

We often write, whenever f, is a delta sequence

lim f,(z) =d0(x).

It is to be interpreted as

[0, 6] = lim h fo(x)o(x) du.

n—oo [

We now give a couple of examples of delta sequences which are available in
the literature.

1.
1 n

Sp(x) = ————.
(@) w1+ n2x?
These functions are continuous at the origin. It is clear that
b
n
lim ———dr =0
n—oo [, 14 n2x?

whenever a, b are both positive or negative.



—L and therefore - arctan(kx) =

We remind the reader that L arctan(z) = ; o g

k
TTk222 Hence

/OO L [arctan(nax)]*

oo L+ 1222

= T.

Clearly therefore, [*° s,(x)dz = 1. This means that s, is a delta
sequence.

sin(nx)

sn(2)

T
is a delta sequence.

We claim that

(a)

/OO sin(kx) dr = 1

oo TX

This result can be proved by using contour integration. Build a
closed contour C' moving from —R; to —Ry along the real axis,
moving from —R, to + R, along a semicircle in the upper half
plane, from Ry to +R; along the real axis and close the contour
by moving from R; to —R; along a semicircle in the upper half
plane. Now integrate fc % dz, letting Ry tend to co and Ry to
zero. Since within the contour there is no pole of the integrand, the
contour integral will equal zero. The larger semicircle integration
can be shown to become zero while the smaller one yields —j.
Now

0o Ro _: Ri .
/ sin ka:dx _ lim / sin ka:dij/ sin kxdw.

o TZI Ri—o0,R2—=0 [_p X Ry, TX

The RHS is the imaginary part of the portion of the above contour
integral along the real axis, which by the above argument equals
+7. The result follows.

We can also prove this using Fourier transform ideas as follows.
Let

pe(t) =1 0 <|k|

0 otherwise.
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Fourier transform of this function is

oo T
/ e tpp(t)dt = / e I¥tdt
—00 =T

—j T
e Jwt

eij _ efij
—
 2sin(wT)
 w

Therefore F[22EL] — i) — p, (w). Observe that

s

/°° sin(xt gt — /°° sin(xt) it gy
oo T w Tt

w=0

(b) We have,

b o kb _:
k
/ S xdx:/ vadv, taking v = k.
a k

T o U

Let us consider the case when a, b are both positive or both neg-
ative. Using integration by parts as k& — oo, the above integral,

cos v kb kb i
= lim {— v +/ 111(211) dv}
ka ka v

k—oo v
kb
< 0 + lim —dv
k—oo Jpqa U
kb
< lim ——| =0
k—o0 v ka

We thus see that the sequence s, is a d-sequence.

Operations on Distributions

The properties of the integral ffooo f(z)p(x)dx are used to define various
notions related to distributions. In this regard, we will consider the notions
of value over intervals, translations, scaling,derivative and Fourier transform.
We remind the reader that the support of a function is the closure of the set
of points on which it takes non zero values.



4.1  Equality in an interval:

If two functions fi, f» have the same value in an interval [a, b] clearly [ fi(z)¢(z)dz =

fab fo(z)p(x)dx, whenever the support of ¢ is contained in [a, b]. By analogy
we define distributions ¢;,¢s to be equal over the interval [a,b] provided
[q1, @] = [go, @], whenever the support of ¢ is contained in [a, b].

4.2  Translation:

Let fo(x) = f(z — a). We say that f, is a translation of f by a. Clearly
| s@owis = [t - wpota)ds
— [ sty + aydy

where y = x — a.

Thus the action of f, on ¢ is the same as the action of f on ¢_,. In the
case of distributions we are thus motivated to define the translation of the
distribution ¢ by a as follows:-

(90, 8] = [q, d-al-

4.3 Linear Combination:

If we scale a function f by a to yield g, i.e. if g(z) = af(z), we would have

| @t = [ pa)asta)ds.
We therefore define, for a distribution ¢

lag, 9] = [q, a¢] = alq, ¢).

Similarly the sum of the distributions ¢; and ¢s is defined to be

(@1 + q2,0] = [q1, 8] + [q2, ¢].
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4.4  Scaling the Domain:
Next suppose we define g by scaling the domain of f, i.e. g(z) = f(ax). In

this case
| swetars = [ stanjotayds

/ fly dy,a>0

:——/ fly dy,a<0

[ o= [ st

We therefore define for a distribution ¢ (writing it as q( ),

Hence

4.5 Differentiation:

Distributions were conceived to handle differential equations in a convenient
manner, particularly impulse response and its derivatives. The entire theory
has been built around the idea that distributions should be differentiable to
all orders. Observe that for a differentiable function f,

| @@ == [~ st + o).

Now let f be a function of ‘slow growth’, i.e., some polynomial grows
faster than f(z) as  — oo, i.e.,

1
lim ——— f(z) =0
Ay f(x)
for some positive integer p. In the above equation, in the RHS f(z)¢(z)]>, =

0, since ¢(z) either has finite support when it belongs to D or, when it
is rapidly decaying, has the property that lim, .. p(x)o(z) = 0 for every

polynomial p(x).
We thus have
| fwotads == [ j@itads



whenever f is a function of slow growth and ¢, a rapidly decaying function.
This motivates us to define g—g, for a distribution as follows:

dq . :
4.6  Multiplication by a function f:

If ¢ is a distribution, by the preceding development, we would like to define
[fa, 0] = la, fol.

However f¢ would not always be a test function or a rapidly decaying func-
tion when ¢ is one. In general, therefore, we require f to be infinitely dif-
ferentiable for the above definition to work in the case of test functions.
For rapidly decaying functions we need additionally that f grow slower than
some polynomial, i.e. f(x) < caP, |x| > x for some ¢, p. In the case of special
distributions, this rule can be relaxed. For instance

[f6,¢] =6, f¢] = f(0)9(0).

Here f0 is clearly defined, provided f is continuous at 0. Similarly we see

p“éﬁzfmfﬂzbwﬂﬁwmq

dak’ dak’ da*

which is defined if f has continuous k' derivatives.

4.7  Fourier transform of distributions:

Suppose f and ¢ are both Fourier transformable, we have
/ f(y)/ o(z)e Ve drdy = / / fy)o(x)e ¥ dxdy
= [ o) [ sweraya

Let us denote the Fourier transform [ f(x)e™¥"dx by F(y). We there-
fore have

| swawar= [~ Fwoae
This motivates our definition of the Fourier transform ¢ of a distribution
@] = [, 9);
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whenever ¢ is a rapidly decaying function. (It is shown below that whenever
¢ is a rapidly decaying function so will ¢ be.)

The reader will note that by making the functions on which distributions
act very 'well behaved’ we are able to define all the above operations on dis-
tributions. In particular because rapidly decaying functions are differentiable
to any order, distributions also become ’differentiable’ to any order. Because
rapidly decaying functions are Fourier transformable, tempered distributions
become "Fourier transformable’.

4.8 Some properties of rapidly decaying functions:
If ¢ is rapidly decaying then the following holds
1. 2%¢ is rapidly decaying.
2. ¢ is bounded (since ¢ is differentiable in (-00,00) and lim ¢(x) = 0).

|z|—o0

3. /OO |p(x)|dx exists.
Proof: /_ | o(x) \dX:/ }iﬁi | ¢(x) [dx

o0

< (MATpe(—s0,00) (1 + 27) \/ 1+ 5 dx|
Since the RHS is finite the result follows.

4. % is rapidly decaying.
Proof: We need to only show that llm | 2% 2| =0

13—>OO

We have / xk % dx = —/ k 2F71 ¢ dx + [2F¢]><,

Of the two terms in the RHS the first integral clearly exists,since z#~1

¢ is rapidly decaying and the second is zero since ¢ is rapidly decaying.

Thus / z® d¢ dx exists for all k. But this can only happen if lim

|x|—o00
| oF d¢’ | = 0.

5. If ¢ is a rapidly decaying function so is $
Proof: We need to show

d
r—| —

dxP

lim
r— 00

13



for every k and p.

Counsider
dP >
W |:/ €J$t¢(t)dt:| .Tk
X —0o0

This expression is equal to

{ /_ Z(— jt)pemd)(t)dt} "

-/ oo<—jt>P<—jx>ke—m¢<t>dt\

o0

| [ atrotn e

o0

Integrating by parts this becomes
. [e’¢) tdk
=1(-1 —w )P o(t)]dt
- |- / e Sl arolola

<|[ s

Since ¢ is rapidly decaying so is t?$(t) and therefore so is 4 T (tp o(t)).
So the integral exists for all p.

This means | 2* %‘E | is bounded for all  and all k£ but this can clearly

)
dxP

happen only if for each k, lim | x | = 0, which proves that ¢ is a
Tr— 00

rapidly decaying function.

4.9 Duality for rapidly decaying functions and tempered dis-
tributions

Suppose f(+) is continuous in (—o0, c0) and its Fourier transform exists. Let

R -~ .
fr(z) = % /Rf(w)ew”dw,

where f(w) is the Fourier transform of f(x). We will show that

1%1_{20 fR(x) = f(x)>

or equivalently ?(a:) =27 (f(—x)).
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We have

R 00
fr(z) = % /_R eI {/_ ej“’tf(t)dt] dw.

L[l e

1 [ 2sinR(t—x)

= — — f(t)dt.
21 J_ o t—x f(®)
1 [ si

= - / S sz(x + 2)dz.
T ) 2

We have already seen that % is a d—sequence with R — oco. Hence

i fn(e) = [ 8(:)5 (0 + 2)dz = f(a).

R—o0 0

[Note that RHS involving & is just short form for limp_.o [75 S22 f(z+2)dz].
In particular we see that if ¢ is a rapidly decaying function

> | dw)etds = (o).

An easy consequence of the duality for rapidly decaying functions is the
duality for tempered distributions,i.e., g(z) = 2mg(—=z). To see this note that

30).00)] = [7.8] = [0.8] = lato). 200(-0)] = 2ma(-0), 001

4.10  Fourier Transform of derivatives

Let f,g be absolutely integrable in (—oco,00). Suppose - f(z) = g(z). We
know that g(z) = ]x]?(x) We now show that this relation is valid even if
f, g are tempered distributions. We first remind the reader that %¢(1’) =
—jx¢(x), when ¢(z) is rapidly decaying and therefore Fourier transformable.
We have [§(2), 6(x)] = [9(2), 6(2)] , ie., [ (@), 0x)| = |F(2), £o()]
=~ |f(2), —jzo(@)| = |F(@), jwo(@)| = [jaf(@), 6(2)] , as required.

Similarly, or by invoking duality, we can prove that %f(x) = —/jx\f(x),
for any tempered distribution f.
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4.11 Convergent sequences of distributions:

For distributions we say lim ¢, = ¢, iff for each ¢ lim [g,,¢] = [q, @]
n—o00 n—00
Suppose a sequence { ¢, } has the property that lim [g,,¢| exists for
n—oo

each ¢ then we can define a functional ¢ on the space of ¢ by

¢, 9] = lim [g,,, ¢].

n—oo

The linearity of ¢ is clear. Continuity involves showing that lim [q, ¢,] =

0, whenever ¢,, is a null sequence. We will skip this sophisticated proof. For
practical purposes, the most important such convergent sequences are those
that arise from locally integrable functions. For the specific cases of interest,
we will give alternative proofs of the fact that the limit is a distribution.
Let f, converge to f uniformly over every finite interval. We then have

Tim [f,, 6] = [/, 6]

for every test function. We prove this claim as follows:-

00 b
lim / fnoddr = lim / fnodx

(where [a, b] contains the support of ¢).

Since f,, converge uniformly to f over [a, b], for each € we can choose N,
such that

|f(x) — fu(z)] < €for x € [a,b], whenever n > N..

Hence

b b
\/ (f—fn)d)d:c\g/ - flods

b
< |(mazeesd(@)) / f = folde

< |(maza<e<pd())e(b — a)|,n > N..

The claim follows.
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5 Some special tempered distributions

5.1 Unait step function

A function that is very commonly encountered in studying the solution of
differential equations is the unit step function

() = 0,2<0
= 1,2>0.

This function is locally integrable. Clearly, the action of 1(-) on a rapidly
decaying function ¢ is given by

10.01= [ 1@ = [ o

We have already shown that this integral exists for a rapidly decaying func-
tion ¢. Thus 1(-) is a tempered distribution. In this distributional sense,

{%Hw@} = —[1(), §(x)]

= _/000 o(z)dx
[6(2)]2 = ¢(0).

Thus the distributional derivative of 1(x) is §(x).
We will call a sequence {r,} of functions a 1-sequence if
(a) r,(+) is locally integrable
(b) limy oo [*o rn(2)P(2)dr = [J° d(x)dx for every rapidly decaying
function ¢(x).
Suppose the functions r,, are all differentiable over (—oo, 00). We then have

oo

lim ro(x)o(z)de = —/_OO T () () da

= /OOO ;x)dx
¢(0).

—0o0

It follows therefore that
{r,(z)} is a d-sequence.

This gives another interpretation to the expression -L1(z) = §(z).
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5.2  The tempered distribution %

In signal processing applications, the tempered distribution % plays an im-
portant role. It is related to the unit step function through the Fourier
transform. Convolution of a rapidly decaying function by this distribution is
called the Hilbert transform and is of use in studying some kinds of modula-
tion of signals.

The tempered distribution % is defined by, for ¢ € Sy,

1] () * o(x)

Since ¢ is continuous at 0, the limit in the above expression exists. To see
this, define ¢(z) = ¢(x) — ¢(—x). The above expression on the RHS reduces

to -
lim / _w(:v) dz.
e—0,e>0 ¢ x
Observe that ¥(0) = 0 and further, since ¢ is rapidly decaying, we need only
examine the convergence of the above integral for some positive b in place of
00.
We therefore need to show that the limit exists in the following expression.

b
lim6H076>0 / Mdl’
€ X

In the interval [e, b], we can bound v (z) between 1(0) + kyz and (0) + ke
for some kq, ko. Noting that ¢(0) = 0, we see that the integral feb @dw lies
between ki (b— €) and ko(b — €) and therefore, as € tends to zero, the integral
/. ’ @dw converges.

Further, [%, ¢] is linear in ¢ and by using the above argument, it can be
seen that lim,,_ . [%,zﬁn} = 0, whenever {1} is a null sequence of rapidly
decaying functions (in the limit ¢(0), k1 and ko go to zero). Thus [%, gf)] is

continuous in ¢. It follows that i is a tempered distribution.

5.3  Fourier transform of 1(z) and

In what follows we use 1 for the constant function on the real line which

takes value 1 on all real numbers. By 1(:) or 1(x) , we mean the unit step

function which takes value 0 for x < 0 and 1 for = > 1. % R
Let us first compute the Fourier transform of 9. We have [(5 , ¢] = [(5, ¢] =

g/f)\(O) = [1, ¢] We therefore conclude 5=1.
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We have £1(z) = 6 = 1. But in Section4.10 we saw that Lg(x) = jaq(x),

for any tempered distribution ¢. So jz1(x) = 1. We will show that this means
1(z) = + L+ cd(z) for some constant ¢ and later show that the constant must
be .

First observe that the tempered distribution ]ix satisfies jzq(z) = 1. We

have
1 . ) - > jr
{_—,]xgzﬁ] = lim {/ —qbd +/ _—qbdx}
jx e—0,e>0 Jx . JT

/ o(z dx—/oolgf)(x)dx

Consider the equation jzq(z) = 0. ( 1(z) — ]ix satisfies this equation.)
We have [jzq(z), ¢(x)] = 0 i.e., [g(2), jrg(z)] = 0.

We first show that a test function ¢ (z) has the form xz¢(x) iff qb( ) =
Clearly z¢(z) at « = 0 has value 0. Suppose ¥(z) = 0. Consider IM Deﬁne

o) = "D 2z

= (0) = lim %@x = 0.
It is clear that ¢(z) is a test function and ¢ (x) = z¢(x).
We will next show that ¢ = ¢d for some constant c.
We have [zq(z), ¢(z)] = 0, i.e., [q(z), zp(z)] = 0.
Write ¢(z) as ¢(0)do(z) + [¢(x) — #(0)po(x)], where ¢o(z) is any test function

with ¢o(z) = 1.

Now, [g, 8] = [4(2), 6(0)60(2)] + [a(), (6(z) — H(0)o(2))].

But ¢( ) — d(0)po(x) = 0 at x = 0 since ¢o(0) = 1.

Hence ¢(x) — ¢(0)po(x) has the form zp(x) for some test function p(z).
Hence [q(2), (¢(x) = ¢(0)do(2))] = [a(x), xp(x)] = 0.

Hence [g, 6] = [¢(x), ¢(0)do(2)] = ¢(0)[g(x), po(x)].

So [q,¢] = ¢(0)c, where ¢ = [g(z), ¢o(x)]. So ¢ = cd.
It is thus clear that 1(x) = ]ix + co(z).

We next evaluate the constant ¢. Consider
I(z) + 1(—x) = 1.
By duality we know that 1 = 274, i.e., (1(1’)/—1—1\(—35)) = 274,

ie., 1(z) + 1(~2) = 218(z). But ¢(—z) = §(—x). So 1(z) + 1(~z) = L +

Jx

— +cd(x) +cd(—x) = 2¢d(x). It follows that ¢ = 7. Thus 1(z) = o ().
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By duahty7 we must have —+7T5 = 27?1( x) =21 —271(z). Since T =m,

it follows that = —2rl(z), ie.,
negative x and 1 for positive x.

& 1—)

= —jmsgn(x), where sgn(z) is —1 for

6 Multiplication Rule for Distributional Deriva-

tive

As we saw before, under certain conditions, fq would be defined when f is
a function and ¢ is a distribution. For instance, if f has derivatives of all
orders fq is always defined.

[fa, 0] = la, fol.

In special cases, the harsh conditions on f can be relaxed. When ¢ is say
the d-function, fq is defined if f is continuous at the orlgin. Let us examine
if the usual multiplication rule %( fq) = ¢% dx + f works in the case of
distributions when f is a function whose derlvatlves of all orders exist, and

q, a distribution. We have
[ d

dz
B _qﬁg@ ¢W}

_ _Q7q@] Pﬁﬁ]

a0

dx

MH
= [rio] oo

d(fe) _ ,dg df
dx f%—i_ dr

Therefore it follows that

as is the case with functions.
Example:
Consider the function in Figure 2 below
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i

Figure 2:

g(x) = a(l(z—1) =Lz —2))

;Z_i = 1(I(z—-1) =1z —2)) +z(0(xr —1) —6(z — 2))
= 1z —1)—1(z—2) +d(x—1) — 20(x — 2).
(Observe that [f(2)3(x —a).6(x)] = [6(x — a). f(2)6(x)

(
=[0(z), flx —a)p(x —a)] = |
= [f(a)d(2), d(x —a)] = |

F@
e
] “— i
1 > 3 >
g,
2
1 I—
1 > 3 Yy
B ) |—|
2
N
1 = 3 =
Figure 3:

Consider the function f in Figure 3. This function is piecewise continuous
being made up of polynomials in the open intervals (0,1), (1,2),(2,3), (3,4).
The function has derivatives of all orders (of course the third derivative
is the zero function). However, from the first or second derivative functions
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(9= f,h = f), we cannot recapture f(t ) back again if we work with ordinary
functions and use the ordinary notion of derivatives. On the other hand, if
f(-) is treated as a distribution and the derivatives are taken in the distri-
butional sense, f(-) can be fully recovered. Let us denote the distributional

derivative of f by %.

A Dy 1 1) - 1) - 1t - 2))]

dt dt
+2(1(t—=2) -1t —3)) — (¢ —4) (1t — 3) — 1(t — 4))]
= 20(1(t) —1(t — 1)) + 1(1(t — 1) — 1(t — 2))
+0(1(t—2)—1(t—3)) — L(1(t —3) — 1(t — 4))
—0(t—=1)+6(t—1)—25(t —2)+20(t —2) —26(t — 3) + d(t — 3)
= g(t)—4d(t-3)
d>f dg

similarly, ) = g (t —3)

=  h(t)—6(t—1)—08(t—2)—8(t—3)+0(t—4) —(t —3)

Observe that from the distributional derivative of any order of the function,
we can recover the original function - the ds and the ds do the bookkeeping
for us.

7 Convolution of Distributions

7.1 ¢ % g2 when gy has finite support

In order to define the notion of convolution for distributions we first examine
the concept in the case of absolutely integrable functions. Let fi, fa be
absolutely integrable, i.e.,

/ |fi(z)|dx, i=1,2,
be finite. We define the convolution f; * fs by

fox foly) = / T @ faly — o) da

Z/fl — ) fa(z) dx

= fax fi(y)
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We see that ffooo | f1 % fa(y)| dy exists, since

/Z\fl*fz(y)!dy = /_Z'/_Zfl(x)fg(y—x)dx dy

_ ! {/_Zm(y—x)rdy} dr

UZ‘ﬁ(@\dx] [/Z\fQ(Z)\dz} taking 2 = (y — 7).

Let us examine the distribution gy,,s, defined by

IN

IN

(Gpuenr 8] = / T hr By)oly) dy.

We can write the above integral as

/_Z {/_(: fi(z) foly — 2) dy} o(y) dy = /_Z fi(z) {/_(: Faly — 2)o(y) dy| da.
This has the form

/ Z Fu(@) () da,

where () /_OO foly — 2)o(y) dy

= /_Oo fa(2)p(x + 2) dz (taking z = y — z).

In order to make this appear as the action of a distribution on a test function
we would require ¥ (z) to be a test function. It is clear that it is infinitely
differentiable since ¢ = [ fQ(Z)W dz and ¢(x + z) is infinitely dif-
ferentiable. But if fy doesn’t have finite support then ¢(x) can not have
finite support. The above discussion brings out the difficulties in defining
convolution for distributions and suggests we attempt to ¢; * ¢o only when
@2 has finite support or when ¢, ¢go have some other special properties.
When ¢y, g, are distributions and ¢, has finite support [a, b] ( ie [g2, ¢] = 0
whenever support of ¢ doesn’t intersect [a, b]), we define ¢; * ¢o as follows.

(g1 * ¢2(x), ¢(2)] = |1 (2), [q2(2), o + 2)]] -

For this notion to be well defined we need to verify that ¢ (x) = [g2(2), ¢(x +
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z)] is a test function. First we observe that

d dlp:) ol + 2)]

dx dx

_ gy e2(2), 0@ + 2+ D)) — [g2(2), 6z + 2]
Az—0 AN,

= Jimg {q2<z>’¢($+zwﬁi_¢(x+z)}
| (x4 2+ Ax) — (x4 2)

- _QQ(Z)’ Al}crilo { Az H
(by the continuity of ¢s)

— g, W}

Since ¢ is infinitely differentiable it will follow that i) will also be. Next let ¢,
have support [—T1,T»] and let ¢ have support [—T3,Ty]; T1,Ts, T3, T being
positive. Suppose x ¢ [—T1 — Ty, Ty + T3]. We have ¢(z) = [g2(2), ¢(z + 2)].
Now ¢(z + z) has support (in terms of variable z) [—T5 + x, Ty + z]. We

must have [—T3+x, Ty +z|N[—T1, Ty] # 0, in order that ¢ (z + z) is nonzero.
If

x>Ty+1T;
or if

r< =11 —1T,
the above intersection is null, i.e., the support of ¢(x + z) and g2(2) do not
intersect so that [g2(2), ¢(x + 2)] = 0. Thus ¢ (z) has finite support and is
infinitely differentiable and is therefore a test function. Hence,

[a1(2), [2(2), d(x + 2)]]

is well defined.
Linearity of g; % ¢o is clear, since,

(1 % q2(x), (a1 + Boa) ()] (), [q2(2), (ap1 + Bea)(x + 2)]]
q1(2), afg2(2), ¢1(x + 2)] + Blaa(2), d2(x + 2)]]

= alq * ¢@(x), ¢1(2)] + Blg1 * ¢2(x), Pa(x)].

— —

Continuity of ¢; * g2 can be shown as follows. Let ¢, be a null sequence of
test functions.

lim [gy % ga(2), @u(2)] = Tim [q1(2), [g2(2), ¢n (2 + 2)].
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Since g is continuous and has finite support, it is clear that ¢, (z) = [¢2(2), ¢n(z+
)] is a null sequence of test functions so that the limit is zero as required for
continuity.

We next examine the derivative of the convolution of distributions. We

will show that

d(q1 * q2) . dqs
— . = Q17—

dz dz’
We have
{CKCHTZQQ)> ¢($)] = —[q*q, ¢(f’5)]

to avoid notational confusion we denote ¢(x) by ¥(x).

= —lq(2), [g(2), ¥(x + 2)]]
- _ {ql(x), - {%7 oz + Z)H

- [, |20+ 2)]]

Let us denote the distribution ‘% by g3(z). It is defined by

[43(2), 8(2)] = —[a2(2), $(2)].

Thus,
{d@diw W] — (@), las(2), 6z + 2)]
= @ * q3(v), o(2)].
Hence, 7d(q£@) = gy * %2

The way convolution has been defined for distributions does not make the
operation naturally commutative. In special cases, however, this would be
true. For instance, if ¢; is 0 or its derivative of some order and g5 is of finite
support or regular, it can verified that the operation is indeed commutative.

So, pxd =0 %= o.

7.2  Convolution of a distribution with ¢ € S;.

The special case of a distribution with a rapidly decaying function is of
importance in signal processing- the Hilbert transform, for instance, is of
this kind.

We will show that ¢ % ¢ is a tempered distribution when ¢ € S; and ¢ is
tempered. We need the following preliminary lemma.
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Lemma: Let ¢, € S;. Then ¢ x ¢ € S;.

Proof: We have ¢, € S; and therefore by the definition of rapidly
decaying functions g/gg//)\ € S1. But we know that m = 5{/)\ and ¢ * 1 is
continuous in (—o00, 00).

By duality we know that,

(6:0)(x) = 2m % Y(—2)

Thus ¢ % (—x) € S; and therefore ¢ * (x) € 5.
QED

Theorem: If ¢ is a tempered distribution and ¢ € Sp, ¢ * ¢ is a tempered
distribution.
Proof: We have

[+ &, 9] = [a(2), [9(2), ¥ (x + 2)]]
when ¢ € S;. We have,

[0(2), ¥(z +2)] = [o(y —2),¢(y)]

= [o(z = 9), ¥ ()] i
= ¢ *(x), denoting ¢(—t) by ()

Since ¥, ¢ € Sy, ¥ * é(x) € S;. Hence, [g(x),¢ * é(x)] and therefore
lq(z),[6(2),¥(x + 2)]] is well defined. Hence, [q * ¢,1] is well defined for
all v € S;. Linearity of ¢ * ¢ over S; is clear. We need to verify continuity,
i.e., that,

whenever 1, is a null sequence in S7.
Clearly this would follow if {1, * ¢} is a null sequence in S;, whenever
¢ € Sy and {9, } is a null sequence in S;. We need to verify that,

dat =0

lim max
n—oo —oo<r<oo

for every pair of integers k, (.
Now,

wd W 0)a) _ do()

dat dat
dl

jl(f ) € S, whenever ¢ € Sy, it is adequate to verify that,

:77Z)n*

Since

lim max ’ajk(wn * qﬁ(a:))’ =0

n—o0 —oo<r<oo
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for every ¢ € Sj.
We have,

o)) = | [l

< M, /_ Z¢>(¢)d¢,

where M,, = max ‘x’%n(x - T)‘
—o0o<LT<o0

Since lim,,_,o, M, = 0, we have

lim  max |2"(¢y * ¢(x))]| = 0.

n—o0 —oo<Tr<oo

Thus, 9, * q;(a:) is a null sequence whenever 1, € S; and ¢ € S; and the
continuity of ¢ * ¢ on S; follows. Thus ¢ * ¢ is a tempered distribution as

required.
QED

7.3  Convolution of a distribution with 6 and its derivatives

Let us first examine the convolution of § with ¢ € §;. We have
[0 % ¢(x), ¥ (x)] = [0(2), [¢(2), ¥(x + 2)] = [¢(2),9(2)]. So, § x ¢ = ¢.
On the other hand, [¢ * 6(x),¥(z)] = [9(x),[6(2), ¥ (z + 2)]] = [o(x), ¥(z)].
So, pxd =0 %= ¢.

Next, %:%:Qb*%,
On the other hand, consider the distribution % x ¢. We have,

(94 6,0 = [, [6(2), t(w + 2)]] = [£,6 % (2)], where d(x) = 6(a). Now
[0 % V(@) = —[6, “EE) = [0, 0] = [0+ 2, v,
Thus, %*gb:gf)*% = j—x.

By induction it will follow that the convolution of the k™ derivative of §
with ¢ € S; will yield the k" derivative of ¢ and the order of convolution is
immaterial.

The convolution of a distribution ¢ with ¢ yields the same distribution.
We have, [q* g2, ¢] = [q(7), [¢2(2), p(x + 2)]].

So, [q+6,9] = [q(x),[0(2), d(z + 2)]] = la(x), p(x)].
Next we have % = ¢ * 22 when ¢, has finite support. Hence if ¢, is the

dx ’
k" derivative of 6, ¢ * ¢o would be the k" derivative of ¢ x § = q.
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7.4  Fourier transform of convolution of distributions

We define Fourier transform of convolution of distributions only in the special
case where one of them is tempered and other a rapidly decaying function.
Let g be tempered and let ¢ € S;. We have seen that ¢ * ¢ is tempered and
therefore has a Fourier transform. We verify below that ¢x¢ = q.¢. (We
have denoted ¢(—x) by é)

[(q%¢), ¢]

Il
<
*
A
),

By using duality, or directly, we can verify, when ¢ is tempered and ¢ is
rapidly decaying, that

—~ 1~
q'¢=2—q*¢-
v

We remind the reader that the tempered distribution % is defined by,for

¢ € S,
I . ~o(x) = o(x)

We have shown earlier that % = —jmsgn(x).

The distribution % x ¢ where ¢ € &) is tempered and has the Fourier
transform —jﬂsgn(x)a(x).

In signal processing literature = * ¢(t) is called the Hilbert transform of
¢(t) and has important applications in the study of modulation. We give an
illustration below.

7.5 An application of the Hilbert transform

In the discussion to follow, we follow the convention of signal processing
literature and take signals to be lower case functions of ‘¢’ and their Fourier
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transform to be the corresponding upper case functions of ‘jw’. Thus a(t) is
denoted A(jw).

Consider an amplitude modulated wave a(t) cos(wot) = a(t). We assume
that A(jw) is zero for |w| > wy and is infinitely differentiable. As a conse-
quence, we have that a(t) and «(t) are rapidly decaying. Given «(t), the
problem is to recover the signal a(t). For simplicity let us take a(t) to be
real. We have

6(jw — jwo) + 6(jw + juwo) 1

a(jw) = A(jw)* 5 = i(A(J'W—]'WO)+A(J.W+]'WO))‘

Hence,
A(jw — jwo) = 2a(jw).1(jw)
and therefore
A(jw) = [(2a(jw)-1(jw)) = 6(jw + jwo)] -

We then have

alt) = F[(22()1) + 3 + o)l = [ (@t (£ +00)) | 0

= [a(t) + ja" (t)] e 7",

where )
H
t) = — t).
a(t) = —xalt)

Since we assumed a(t) to be real, we must have
a(t) = a(t) cos(wot) + o (t) sin(wot).

afl(t) is the Hilbert transform of a(t).

As we noted before «(t) is a rapidly decaying function. % is a tempered
distribution. Wit « (t) is therefore a tempered distribution. In the present
case it turns out to be a regular distribution.

1 xat) = /_00 iOz(t — 7)dT.

mt 0o T
I /61 (t—7)d +/001 (t—)d
lim N 7rt04 T)dT 6 ’/TtQ T)dT| .

29



8 Summary of properties of Fourier Trans-
forms for tempered distributions

For notational convenience, we use the convention of signal processing liter-
ature: a tempered distribution is written as ¢(t) and its Fourier Transform
is written as q(jw).

1. Linearity

aq + Bg = aq + Bg.

2. Time shifting:

—

q(t — to) = e 7" q(jw).

3. Frequency shifting:

—_—

elotq(t) = q(jw — jwo).

4. Time scaling:

— 1 .
q(at) = mé}(m)-
5. Time differentiation:
dg i)
— = jwq(jw).
at Jwal
6. Frequency Differentiation:
— dq
tq(t) = j—=

7. Convolution:
g f(t) =q.f,
where ¢ is tempered and f rapidly decaying.

8. Multiplication:

— 1 ~

where ¢ is tempered and f rapidly decaying.
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9. Duality:

7 =2nq,

where ¢(t) = q(—t).

The proofs are routine with the starting point [q, ¢| = [q, q/g] and proceed by
using the corresponding property for Fourier transformable functions.

9 Periodic Distributions

In the discussion to follow, we follow the convention of signal processing
literature and take signals to be lower case functions of ‘¢’ and their Fourier
transform to be the corresponding upper case functions of ‘jw’. Thus a(t) is
denoted A(jw).

A distribution ¢ is said to be periodic with period T iff

[Q7 d)] = [Q7 d)T]

In signal processing applications it is quite common to encounter the situation
described in Figure 4 over one period.

We wish to show that we can obtain the Fourier series expansion (a
distributional equation that has the same form as the usual Fourier series
expansion) of this generalized function by the usual process valid for the
functions satisfying Dirichlet conditions:

[e.°]

o) = 3 coeton

n=—oo

where

Sy a(t)ye It

n jwont pjwont ’
< eJvo 76]0 >

The integral on the numerator is to be interpreted appropriately for the
singular distributions which are the constituent parts of ¢(¢). The technique
that we describe is valid for periodic distributions whose ‘average value’ over
one period is zero. Essentially this means that ¢(¢) must be composed of
regular distributions, ¢ functions and derivatives. In this case the action
[¢, 1] would be defined over one period and this can be subtracted out before
we seek an expansion.
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0 1 1 3 T
PO S
Figure 4:

While we usually treat the above construct as a function it is clearly a
distribution ¢ which is the sum of f, d(¢ — 2L) and 20(t — ). This may be
regarded as periodic with period T" in which case we would be working with

= 3T = . T
+ ) Ot == —nT) +2 > 5(t—7 —nT).

n=—oo n=—oo

[ being a periodic function agreeing with f over the period [0, 7.
Its action on a rapidly decaying function ¢ is given by

:/Oof(t dt+z —+nT —22 —|—nT

n=—oo n=—oo

Let us examine whether we can obtain a Fourier series expansion of this
periodic distribution. By such an expansion we mean that we should be able
to write the following distributional equation

> 2T
jwont
q= g Cn€’" + g, wp = T

n:foon?go

We will now assume that f in [0, 7] is made up of polynomials over some
subintervals say [0, T4], [T1, T3)...[Tk—1, T].
Clearly there exist functions fo(t), gs(t), gs1(t) such that

(a.) f2(t) is made up of polynomials over [0, T3], ..., [Tx_1,T],

(b) £LO — ¢1)in (0,T)), ..., (T, T),

dt?

2
(c) LoD — (¢ — 51),

(d.) Lo® — yo5(4 — T,

dt?
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The Fourier series expansion of m(t) = fo(t) + ¢5(t) + gs1(t) over [0,T7] is
say m(t) = Y 07 an,e’". The second derivative of the periodic function

m,(t) would differ from ¢(¢) by a constant.

Let p(t) be such that d';g,ﬁ“ = m(t). then the Fourier series expansion of
p(t) would be

[e's)
an jwomn
PO= 3 Gt )
T

Since m(t) is made up of polynomials, for k sufficiently large (actually 2)
we can take the series to be absolutely convergent. It would follow that in
the equation (**) the series on the right converges to p(¢) uniformly. Hence
(**) is an equation valid distributionally. Differentiating term by term, we
get,

dk+2p(t) — i Qp, (jwon)kJrQ ejwont (*)
dtk+2 S (jwon)k‘
n#0

to be a valid distributional equation. But the left side would be the distribu-
tion ¢ (within a constant) that we began with. Thus ** is a distributionally
valid Fourier expansion for ¢ minus a constant.
We will now show that the coefficients could have directly been obtained
as
<q(t), e’ > fOT q(t)e=Iwontqt
T B T

as though ¢(¢) is an ordinary function satisfying Dirichlet conditions. In the
present case this term would be

Cp =

T T T
; 3T . , T
/ f(t)e—ﬂwontdt + / (5(t — _)e—onntdt 4 / 2 5 (t . _)e—onntdt
0 0 4 0 4
where we interpret the second and third terms above as

o 3T, _. o T . ) ,
/ 5(t—z)e_7“°”tdt+2/ ) (t—z)e_womdt:e_%(WO”T)%—Z(ijn)e_i(JWO”T)

—00 [e.o]

Consider the Fourier series expansion for m(t)

m(t) = Z an e,

n=—oo
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Hence . ,
<mf(t), e > [m(t)e I ortdt

- < ejwont’ ejwont > T

n

We saw that this was also valid distributionally. The Fourier series ex-
pansion q(t) =Y o0 c,e?0" could be obtained by taking ¢, = (jwon)?as.

But this is exactly the same as

2 T d2 —jwont
(—1) @(e Jwo )dt
0

If m(t) had a second derivative in the ordinary function sense by integrating
by parts we would get (using m(0) = m(7T), ?777) the above to be equal to
Jof Lol —jesont gt

T
WheTn dg;;(t) = ¢, the meaning of fOT q(t)e*"dt would be the same as
(—1)2 [ & (e—dwont)dt

The above discussion may be summarized as:
If a periodic distribution ¢ is composed of polynomials, delta functions
and its derivatives, the Fourier series coefficient can be obtained directly as

[q, e—jwont]

T

Cp —

just as though ¢(t) is a regular function and the integral is over [0, T7].

Let us consider an important special case of periodic distributions.

g(t) = Y o(t—nT).

n=—oo

In the interval (0_,7_) we have the single delta function 6(¢). The Fourier

series expansion is therefore ¢(t) =Y 07 ¢,e’0™ where

[q(t), e
< ejwont’ ejwont >
[ 8(t)eIwontdt
T

Cp —
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Distributionally

oo

i (5(t—nT):% Z egJwont

n=—oo n=—oo

Consider the infinite series of distributions on the right. We know that if

o0 o0
Y gi=gqtheng= ) g

1=—00 1=—00

The Fourier transform of e/“0™ is 276(w — wy) (by duality). Hence

LT &
q:le d(w — wp).

1=—00

Thus the Fourier transform of the train of impulses > 2 6(t —nT) is the

train of impulses wy Y o d(w — wp)

10 Infinite series of tempered distributions

Our primary interest in infinite series of distributions is in dealing with
Fourier transforms of such series. Therefore we confine ourselves only to
tempered distributions.

We say Y .2, ¢; = ¢ iff the sequence of partial sums s, = Y " | ¢; converges
to g,i.e.,

77,11—{20 [ZQZ’QS] = [Qa ¢]7¢ € 81.
=1

We say > > ¢ = ¢ when the same thing happens to the partial sum
n

Sp = Zi:—n qi
If a sequence > f; of locally integrable functions converges to another
such function f uniformly within (—oo, 00), we know that

n—-+o0o

lim [Z flud)] = [f7¢]7¢ € 81

1=—Nn

We thus have the distributional equation



Distributional equations involving infinite series have a very convenient
property (which is not shared in general by uniformly convergent series of
functions ) viz. the equations remain valid even if we differentiate both sides
term by term.

The proof is easy to see

o0
Suppose Z % = q

1=—00

2 - {50

) - [

This fact is of great importance in signal processing. Suppose the periodic
function f is expanded into Fourier series as

o'}
—_ E cnejwont

n=—oo

Then

When f satisfies Dirichlet conditions we expect pointwise convergence at
t provided f is continuous at ¢ . Sometimes however, the series on the right
converges uniformly to f in (—o0,00). More often the following situation
occurs.

We consider the sequence,

oo
Cn
9(t) = — eIt i £ ).
0= 2 Gomy
For k sufficiently large, the series >~ (w‘gz‘)kewom n # 0, would often
be convergent (i.e. > ° Ganaye» 1 7 0, Is absolutely convergent).
In such a case, >~ Gy eIwont p £ 0, converges to g(t) uniformly in
the interval (—oo, 00). We then have the distributional equation
g t) = ‘ ejwont7n ?é 0.
0= 2 Gowy

We know that the distribution ztkg is then obtained by differentiating the
right side term by term k& times.
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We therefore have the distributional equation

fl(t) —_ Z Cnejwont’n?éo’

n=—oo

where f; = %, even though regarded as functions the RHS does not converge
uniformly over (—oo,00) to fi(t). On the other hand, the series

o0
E Cre?O™ i £ 0,

n=—oo

converges pointwise (at points of continuity) in the interval (—oo,o0) to
f(t) — co. The function f(t) — ¢y and the distribution f;(¢) are therefore
equal distributionally. Therefore f(t) has the Fourier series expansion

e}

f(t) = Z el

n=—oo

that is also distributionally valid. Once this happens we can take derivatives
on either side any number of times and get valid distributional equations that
will have the form of a Fourier series expansion. This situation occurs for
instance when 0 < 77 < ..T,,, = T and f equals some polynomial in [7}, T}]
and the function is periodic with period T'.

These polynomials could be different in different subintervals and f could
be discontinuous at the 7;.

Figure 5:
In particular, consider the function f(¢) = ¢,¢ € [0,T]. Let f, be the

periodic function which agrees with f over [0,7] (see Fig 6).
We can show that
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Figure 6:
= 1 1
fp(t) = Z — nejwont + 5(* % %)
e oo IO
We have,
= Cn jwont
gp(t)zz , Sl — 00 <t < o0
wt (o)

with the right side converging uniformly to the left side over (—o0, 00). We
can obtain equation (x * %) from the latter equation by differentiating term
by term k times and adding the term ¢y. Therefore equation (* * ) is valid
distributionally.

Therefore, we have the distributional equation,

62—]% =1- io: (t—nT)=— io: 0™ n £ 0.
Thus - . 0o
Z (5(t _ TLT) =14+ Z ejwont, n+#0= Z elwont
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