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ABSTRACT 

 

As the channel lengths of the conventional planar MOSFET are scaled down to shorter and 

shorter dimensions, severe short channel effects begin to show up that are getting increasingly 

difficult to suppress. As a result, several alternate devices have been studied. A FinFET is a 

variant of the conventional planar MOSFET that is more resilient to short channel effects, and 

is expected to be adopted at the 32 nm node or more likely at the 22 nm node. Besides 

technology integration challenges, there are other problems such as the availability of a good 

compact model that need to be addressed before it can be accepted by circuit designers as a 

viable technology alternative. 

In this work, we have developed a completely closed-form DC model for the intrinsic portion 

(ie. not considering the parasitics) of a symmetric double gate FinFET. The focus was limited 

to the 2-dimensional aspect of the FinFET, thereby modeling a symmetrically driven, 

symmetric double-gate MOSFET (SDGFET). The key feature of the work is that we have 

redefined the boundary of the core model by including velocity saturation effects self-

consistently into the model development, in a manner that Gummel symmetry compliance is 

met. Thus our model is expected to predict the device behavior more accurately when 

compared to existing approaches in the literature. The other salient feature of our model is 

that it is not based on the threshold voltage concept and is instead an inversion charge based 

model. The physical effects of velocity saturation (and the associated channel length 

modulation), low field mobility degradation, body doping and 2-dimensional field effects are 

included in the model. We have validated the model for devices as short as 20 nm. 

The various approaches followed, and the assumptions and approximations made have been 

discussed in this report. Validation of the model was done by comparing with 2D numerical 

simulations. 
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NOMENCLATURE 

 

b Structural parameter, given by (61) 

β1 (β1s, β1d) Intermediate constant (β1s and β1d are its values at the source and drain 
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ends respectively) 

Cox Gate oxide capacitance per unit area 
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Chapter 1 

Introduction 

The holy grail of semiconductor technology has been to scale the conventional planar 

MOSFET to ever reducing channel lengths. This has the benefits of increased performance, 

increased functionality (due to the ability to squeeze in more transistors in the same die area), 

and reduced power consumption (on a per transistor basis). Using this scaling approach, the 

number of transistors on a chip has approximately doubled every 18 months, a trend known as 

the “Moore’s Law” in the industry. The trend has set such a benchmark that industry 

informally sets it as a target to be met in their product plans. 

Over the years, Dennard’s revolutionary idea of simply scaling [1] has more or less worked as 

intended. But in the sub-100 nm regime, technology scaling has reached a point where any 

suggested work-arounds have some other problems linked to them. Reducing the channel 

length further severely increases short channel effects (SCE) like Vt roll-off which refers to 

the lowering of the threshold voltage Vt from the (long-channel) conventionally calculated 

value [2]. In order to keep power consumption within limits (which would also help 

successfully dissipate the heat from the die), the power supply voltage is also being scaled 

down. But that has its problems too. Lowering of supply voltage means lower gate overdrive, 

which means lower ON current ION and thereby slower performance, besides reduced noise 
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immunity. To retain the gate overdrive if one reduces Vt, then that increases sub-threshold 

conduction (increased OFF currents IOFF). Moreover, in proceeding with the conventional 

scaling methodology, the gate oxide thickness has to be reduced to retain adequate gate-

channel control. But that increases gate leakage. Further, doping concentrations need to be 

increased, which worsen the sub-threshold slope and also the substrate sensitivity. Increased 

doping concentrations in the body also mean greater random dopant fluctuation effects, and 

reduced carrier mobility. Efforts are on to have a thicker gate dielectric (but having a small 

effective oxide thickness EOT) in order to reduce gate leakage. This implies using a high-k 

gate dielectric. But this “high-k gate dielectric” search is not a simple effort. It has mostly 

yielded materials with poor thermal stability and/or a large number of interface traps when 

used with silicon. The poor thermal stability implies lower processing temperatures for 

subsequent steps. This in turn has meant that polysilicon gates cannot be used (lower 

temperature => insufficient activation => poly depletion), and therefore the efforts in trying to 

use a metal gate. But finding a metal with an arbitrarily tunable work function is not easy. 

While some high-k dielectrics such as Ta2O5, ZrO2, etc have been found to have good thermal 

stability, they have other problems such as an undesirable band alignment with respect to 

silicon’s bandgap, in a way that worsens the gate direct-tunneling current [3]. Finally, even if 

one has a good high-k gate dielectric (with a thin EOT), one ends up with unwanted effects 

like fringing fields that one could earlier neglect when one had a relatively thin physical oxide 

thickness. While there have been some commendable successes involving the conventional 

planar MOSFET such as the 45 nm technology recently introduced for commercial production 

with a physical gate length of 35 nm, a supply voltage of 1.1V, a hafnium based high-k gate 

dielectric with an EOT of 1 nm, and a metal gate electrode [4], it is felt to be a difficult task 

nevertheless to continue with the conventional planar MOSFET at future technology nodes. 

As a result, various alternate device structures have been studied. The FinFET is one such 

emerging device which is considered to be a suitable successor to the conventional MOSFET 

winning-over many of the hurdles mentioned above, though it too is likely to be made using a 

high-k gate dielectric and a metal gate. The structure of a FinFET is shown in Fig. 1-1. It is so 

called because the thin channel region (body) stands vertically like the fin of a fish between 

the source and drain regions. The gate wraps around the body from three sides, and this is 

responsible for higher gate-channel control and therefore reduced SCE. In strong inversion, 

conduction predominantly occurs close to the sidewalls, whereas in sub-threshold it occurs 

along the fin center (ie. midway between the sidewalls). 
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Figure 1-1: FinFET structure, with dimensions marked (from [5]). 

The dimension Tfin shown in the figure is the fin-width and is alternately referred to as tsi or 

Wfin in the literature. We refer to it as Wfin in this report. Hfin is the height of the fin. 

1.1 Problem definition 

Due to its different structure, the electrostatics of a FinFET is different from those of a 

conventional planar MOSFET. As a result, existing compact models cannot be used as is to 
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simulate FinFET circuits. It may seem arguable that an existing compact model for a 

conventional planar MOSFET (such as BSIM [6] or PSP [7]) could be forced on a FinFET by 

relying on the parameter extraction steps to yield a good match. But such a strategy is risky 

and may not scale well (eg. may yield vastly differing extracted parameter values for slightly 

differing channel lengths, even when based on the same technology). A physically more 

correct and acceptable approach is to re-derive the model equations keeping the new structure 

in mind. 

A reasonably structured FinFET is actually a device in which 3D effects play a non-negligible 

role (where by reasonable, we mean that the fin height is larger but not significantly larger 

than the fin width). Nevertheless, a 3D approach in compact model development is difficult. 

Hence it is customary to focus on the 2D aspect of the FinFET when developing a compact 

model. In other words, the fin height is assumed to be infinite. Thus all quantities derived in 

the model (such as currents, charges, etc) are on a per-unit-fin-height basis. The device being 

modeled is thus deemed as a double-gate MOSFET (DGFET). 

1.2 Existing models 

There have been many efforts to develop a core model for DGFETs. References [8,9] were 

based on charge-sheet-models. References [9-18] assumed a constant mobility. In [9], a 

perturbation technique was used to add support for body doping also. References [8,19] 

considered velocity saturation effects using the Caughey-Thomas model [20] or its variants, 

with exponent n=1. Using an exponent n=1 or any odd number in general is expected to yield 

a model that will not be Gummel symmetric [21]. In the PSP FinFET model [22], which uses 

the velocity saturation model as described in [7], the Caughey-Thomas model with exponent 

n=2 is used in an over-simplified approach. This is discussed in more detail in section 4.1. 

Besides development of core models, which are usually long channel 1D models, there have 

also been efforts to model other effects individually that are then added to the core model. 

Regarding the modeling of 2D field effects, much of the existing work in the literature has 

focused on solving the 2D Poisson equation in the sub-threshold regime, with the intention of 

developing either a scaling theory [23-27] or models for threshold voltage roll-off, sub-
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threshold slope and DIBL [23,24,28-31]. Some works have modeled 2D field effects in the 

above-threshold regime also [32,33], though their approaches are questionable. The above 

mentioned works on 2D field effects do not indicate how the models they develop can be 

incorporated into a closed-form compact model. These are discussed in more detail in chapter 

7. 

Some works have modeled quantum mechanical effects in DGFETs with ultra-thin fins. 

Reference [34] modeled inversion layer quantization effects, but was still a long channel 1D 

model. Reference [35] considered inversion layer quantization and also 2D field effects, but 

needed an iterative solution to a complex implicit equation. Reference [36] discussed quantum 

effects due to structural confinement, and its effect on the modified gate overdrive that is 

needed in order to maintain a certain level of carrier density in the fin. Reference [37] 

modeled structural confinement effects in strong inversion using a variational approach based 

on a trial eigenfunction. The UFDG model [38] is a physics/process based Poisson-

Schroedinger solver that supports 2D field effects, low field mobility degradation, quasi-

ballistic transport (velocity overshoot), parasitic BJT currents, gate induced drain leakage 

(GIDL) and other effects, and also has options to turn on quantum mechanical and self 

heating effects (for SOI-DGFETs). However the model evaluation needs iterative solutions, 

and is therefore considerably slower [38] than other (albeit empirical) models of similar 

capability. 

1.3 Scope of the present work 

In the present work, we have derived a closed-form inversion-charge based drain current 

model for a symmetrically driven symmetric DGFET (SDGFET), under the drift-diffusion 

transport formalism. We have improved over existing models for SDGFETs by redefining the 

boundary of the core model by including velocity saturation effects in a self-consistent 

manner as part of the core model development itself, in a manner that Gummel symmetry 

compliance is met. Futhermore, we have derived a closed form approximation for a key state 

variable, viz. the inversion charge areal density. Baselining this as the core model, we have 

then added into it support for channel length modulation, low field mobility degradation, body 

doping, and 2-dimensional field effects such as DIBL. 
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Besides incorporating 2D field effects into the core model, we have also developed models for 

threshold voltage roll-off, sub-threshold slope and the DIBL coefficient. Since our model is 

not threshold-voltage based, these models are not incorporated as is into our model. But they 

have nevertheless been developed in order to provide key insights into device design. 

1.4 Organization of the report 

This report is organized as follows. Chapter 2 describes some basic modeling concepts that 

are necessary to make the best use of the rest of this report, covering things such as an 

overview of FinFET operation, some compact modeling concepts and existing core models 

found in the literature. Chapters 3-7 describe the present work in detail. In chapter 3, we 

describe a non-conventional approach to solve the electrostatics of a double-gate FinFET. In 

chapter 4, we describe the core model formulation. Chapter 5 describes how support for body 

doping and low-field mobility degradation was added to the core model. Chapter 6 describes 

our development of an accurate closed form approximation for the inversion charge areal 

density. In chapter 7, we describe the incorporation of 2D field effects for ultra-short channel 

devices into the core model, besides presenting analytical models for threshold voltage, sub-

threshold slope and DIBL. Lastly, we summarize and conclude in chapter 8, in which we also 

state the scope for future work. 
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Chapter 2 

Basic Concepts 

In this chapter, we present some basic background information that would help in following 

the rest of this report in the most useful manner. We first give a brief overview of DGFETs 

and FinFETs and their operation. We then cover some basic modeling concepts starting with 

what is meant by a compact model and then proceeding on to explain the concepts of velocity 

saturation, charge partitioning and Gummel symmetry. We end the chapter with an overview 

of the state of the art of existing core models found in the literature. 

2.1 DGFETs and FinFETs 

2.1.1 Double-gate MOSFETs (DGFETs) 

The schematic of a generic n-channel DGFET is shown in Fig. 2-1. 
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Figure 2-1: Schematic of an n-channel DGFET structure (from [39]). 

The shaded region is the gate dielectric (and spacer). toxf and toxb are the thicknesses of the 

front and back gate dielectrics. In a DGFET the channel is under the control of two gates, viz. 

the front and back gates. This helps in reducing the effect of the drain field in reaching the 

source, and thus results in reduced SCE. A DGFET with identical material and thickness for 

the front and back gate electrodes and dielectric is called a symmetric DGFET (SDGFET). 

Conversely, a DGFET that is not a SDGFET is called an asymmetric DGFET (ADGFET). 

Energy band diagrams across the channel at two gate biases for symmetric and asymmetric 

DGFETs are shown in Fig. 2-2 and 2-3. In a SDGFET with a mid-gap gate electrode, the 

bands in silicon are flat in the sub-threshold regime, implying a uniform (and low) carrier 

density across the fin. At high gate bias, the bands in silicon bend downwards near the 

sidewalls. When they are sufficiently bent so as to be near or above the quasi fermi level 

(which is spatially flat along the fin at VDS=0), the carrier density near the sidewalls increases 

sharply, and the transistor is said to be strongly inverted. There are various definitions for the 

exact onset of strong inversion, and these will be discussed later in the chapter that describes 

threshold voltage modeling considering 2D field effects. The gate bias corresponding to the 

onset of strong inversion is called the threshold voltage Vt. 
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Figure 2-2: Energy band diagram for an SDGFET (from [40]). 

 

Figure 2-3: Energy band diagram for an ADGFET (from [40]). 

Fig. 2-4 shows a vector plot of the typical current distribution in the intrinsic portion of a 

SDGFET for a 60 nm gate length device with a 20 nm fin width and 1.5 nm thick gate oxide, 

as seen from device simulations (with quantum effects disabled), at high gate and drain bias. 

As can be seen, the current is the largest near the sidewalls due to the largest inversion charge 

density there. In an actual device, the peak current actually occurs a little away from the 

sidewalls, due to quantum effects that shift the charge centroid away from the sidewalls. 
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Figure 2-4: Vector plot of the current distribution in an SDGFET. 

Notice the region at the edge of the intrinsic region, where it can be seen that the carriers tend 

to move away from the sidewalls and get uniformly distributed across the fin extension as 

they go into the extrinsic region. 

2.1.2 FinFETs 

Planar DGFETs are difficult to fabricate [5,41]. There are problems in aligning the top and 

bottom gates, as well as in building a low resistance contact to the bottom gate. A variant of 

the DGFET that can be relatively easily fabricated is the FinFET. The structure of a FinFET 

with a cut-plane view across the fin is shown in Fig. 2-5. To make a double-gate FinFET, the 

top oxide is made much thicker than the side oxides in order to effectively inactivate the top 

gate. 

As is evident, the electrical width of a triple-gate FinFET is W=2Hfin+Wfin (some papers use 

an alternate legend, referring to Wfin as tSi). In many cases, Wfin is small in order to have 

acceptably small SCE. Moreover, in a DG-FinFET, the top gate is anyway ineffective. As a 

result, W is approximately 2Hfin. As a result, the physics of a FinFET becomes largely similar 

to that of a DGFET. Thus, most of the literature that discuss compact model development for 
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DGFETs, can be applied to FinFETs with a minor parameter (Hfin) adjustment, as done in 

[22]. 

The long narrow portion of the fin that is not under the gate, is called the extension region. 

This is a region that is technologically unavoidable, because it is not possible to have a steep 

lateral doping gradient, starting from a highly doped source/drain, and ending with a lightly 

doped channel region (a lightly doped body is preferred because it helps reduce corner effects 

[42-44], random dopant fluctuations and mobility degradation effects). As a result, FinFETs 

typically have a relatively large parasitic series resistance. 

 

Figure 2-5: 3D view of a FinFET with a cut-plane across the fin (from the presentation slides 

of [22]). 

2.2 Device models versus compact models 

In their simplest form, device simulators self-consistently solve the Poisson equation, the 

continuity equations and the drift-diffusion equations. The models used by a device simulator 

are called device models. The Poisson equation relates the space derivatives of potential to the 

total charge density (mobile as well as fixed). The continuity equation is a statement of 

conservation of particles, and relates the time rate of change of carrier density to the current 

density and recombination-generation rates. The drift-diffusion equations relate the current 

density to the space derivatives of the potential (drift) and the carrier density (diffusion). 

Given adequate boundary conditions, device simulators solve these equations numerically. 
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They take into account low-field mobility degradation, high field effects like velocity 

saturation, impact ionization and many other effects by means of device models. Under 

certain conditions such as strong inversion in extremely scaled devices, the inclusion of the 

Schrödinger equation’s self-consistent solution can also be turned on for more accurate 

prediction. 

Solving these complex equations for one transistor alone takes a long time. Solving them for a 

complex circuit involving multiple transistors is simply impractical (in a device simulator). 

Hence there is a need to come up with compact models that can be implemented in a circuit 

simulator. A compact model for a device is a model that treats the device as a black box, and 

has simple, closed form expressions for the various external variables that are needed to 

simulate a circuit (involving many instances of that device). These are variables such as 

terminal currents, voltages, capacitances, charge, etc, and their inter-dependencies (eg. 

variation of capacitance with bias). If these expressions are simple and accurate enough, then 

the model is a good one. The simplicity comes at the cost of accuracy, and one of the 

challenges is to make the right trade-off in this regard [45]. Compact models have parameters, 

called model parameters. Physics-based compact models have fewer parameters than 

empirical compact models, and are therefore desirable. The specification of a compact model 

also states the means for extracting the parameters. Besides simplicity and accuracy, another 

figure of merit of a compact model is the ease and accuracy of extraction of the model 

parameters. 

Whereas the conventional planar MOSFET has compact models built into commercial circuit 

simulators, that is not the case for FinFETs. Some of the common compact models for 

conventional MOSFETs are BSIM [6], PSP [7], HiSIM [46], EKV [47], etc. Recently the PSP 

group announced a compact model for FinFETs [22] that leverages the PSP model for 

conventional planar MOSFETs. 

2.3 Velocity saturation 

The velocity-field relationship is given [48,49] by /
L e

v E T Tµ= , where TL is the lattice 

temperature and Te is the carrier temperature. At low electric fields, there is an approximate 
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thermal equilibrium with the carriers absorbing phonons from the lattice at nearly the same 

rate at which they emit to it. Hence Te≈TL and the velocity-field relationship is approximately 

linear with v≈µE, implying a constant, field-independent mobility. As the electric field 

increases, the average energy of the carriers increases. Some of this energy is imparted to the 

lattice by optical phonon emission, at a rate higher than what it absorbs from the lattice. As a 

result, the lattice temperature TL also increases. But the carrier temperature Te nevertheless 

increases faster than TL [48]. At sufficiently high fields, the most frequent scattering event is 

the emission of optical phonons, and the drift velocity saturates at a value called the 

saturation velocity vsat. For silicon, vsat is about 0.6x10
7
 to 1x10

7
 cm/s for electrons and about 

0.4x107 to 0.8x107 cm/s for holes [50]. Velocity saturation causes the drain current to saturate 

at a lower drain voltage than that described by constant mobility models where current 

saturation is found to occur due to channel pinch-off. Indeed, for short channel devices, the 

carriers at the drain end saturate before the onset of channel pinch-off [7]. 

By considerations involving the balance between the rate of energy absorbed from the electric 

field and the net rate of energy lost to the lattice, a field-dependent mobility can be derived. 

The Caughey-Thomas model [20] is a semi-empirical model for expressing this, and is stated 

in (1). 

0

1/

0

( )

1

eff n
n

x

sat

x

E

v

µ
µ

µ

=
    +     

         (1) 

The term Ex is commonly referred to as the driving electric field for velocity saturation [51]. 

Notice the presence of the absolute-value operator around Ex. This is done to make it 

applicable in that same form for normal as well as reverse mode operation. The exponent n is 

equal to 2 for electrons and 1 for holes [2]. 

2.4 Charge partitioning 

For a compact model to be suitable for doing transient analysis, a drain current DC model is 

not enough. One also needs models for source and drain terminal charges. The source 
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terminal charge QS is defined as that quantity whose time derivative represents the charging 

current at the source end, and the drain terminal charge QD is defined as that quantity whose 

time derivative represents the charging current at the drain end. Specifically, QS and QD are 

defined as those quantities that when used in (2) and (3), yield a value for IS(t) and ID(t) that 

represent the total instantaneous current at the source and drain terminals respectively [52]. 

I0(t) is called the transport current, and represents the instantaneous current component that is 

the same at the source and drain ends at a given bias condition (the charging currents being 

the differential that needs to be added/subtracted [53] to/from it in order to make the total 

instantaneous current represent the exact instantaneous current at the respective terminal ends 

(which could be different at the source and drain ends). 

0( ) ( ) S
S

dQ
I t I t

dt
= −           (2) 

0( ) ( ) D
D

dQ
I t I t

dt
= +           (3) 

For such a definition to hold, it was shown by Oh et al. in [52] that QS and QD must be given 

by (4) and (5) respectively, where Qi(y) is the inversion charge areal density at a distance y 

from the origin, L is the channel length, W is the width of the device (for a planar MOSFET), 

and the y-axis is deemed along the channel with the origin at the source end. 

0
( ) ( )

L

S i

W
Q L y Q y dy

L
= − −∫         (4) 

0
( )

L

D i

W
Q yQ y dy

L
= − ∫          (5) 

Equations (2) - (5) are derived [52] using a non-quasi-static analysis starting from the 

continuity equation using the drift-diffusion transport model, under conditions of constant 

mobility, and are referred to as the Ward-Dutton charge partitioning scheme in the literature. 

The point where quasi-static assumptions are usually introduced are hereafter, viz. in the 

modeling of Qi(y), in order to evaluate (4) and (5). 
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Equations (4) and (5) can very easily be adapted to a DGFET if W is set to 1 and the resulting 

terminal charges (and the currents) are interpreted as values per unit fin height. 

2.5 Gummel symmetry 

A model is said to be Gummel-symmetric [21] in currents if the first and second derivatives 

of IDS with respect to VDS are differentiable and continuous (with a value of 0) at VDS=0, 

respectively. 

Model symmetry around the VDS=0 operating point is essential for simulating inter-

modulation in RF circuits like passive mixers. It is well known [54,55] that asymmetry around 

VDS=0 produces incorrect frequency dependence for the third harmonic (which is related to 

the 3
rd

 derivative of IDS with respect to VDS) and amplitude. The third harmonic is the first 

major harmonic that one usually needs to worry about in circuits using balanced topologies, 

since even-order harmonics are reduced by about 40dB [56]. Other circuit simulations that are 

problematic from this standpoint are those of R-2R ladder circuits, and in general any 

application where the transistor is used as a gate-controlled resistor [56]. Hence model 

symmetry is very important especially for simulating analog circuits. 

Models are usually [54] made symmetric by interchanging the source and drain internally for 

VDS<0. However, if the model is inherently asymmetric (for example if it uses source-

referenced threshold voltage), then such enforced “symmetrization” results in a singular 

behavior (ie. 2nd derivative d2IDS/dVDS
2 doesn’t exist at VDS=0) regardless of the nature of the 

mobility or velocity saturation models. Indeed, this is a problem in BSIM3v3, and it was 

attempted to be fixed in BSIM4 by introducing a new effective VDS through purely numerical 

means as ( )2 2 2 2 2

,DS new DS DSV V Vδ δ δ= + − +  where δ is sufficiently small (a model 

parameter), but this idea was later dropped due to some numerical issues [45]. Besides, it has 

been suggested [45] that such an approach would anyway not be able to solve the asymmetry 

in some of the capacitances at the VDS=0 point. 

On the other hand, for a more physical model, interchanging source and drain for VDS<0 

would yield the correct result provided that the underlying velocity saturation model used is 
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nonsingular. The root of this assertion goes back to the implicit use of the ABS() function 

around a term containing VDS (on which the driving electric field Ex depends), in some 

velocity-field relationships (which form the basis of velocity saturation models). This has 

been one of the driving forces behind our choice of the velocity-field relationship in the 

present work. 

A circuit that is used to test for Gummel symmetry is shown in Fig. 2-6. 

  

Figure 2-6: Circuit used to test for Gummel symmetry (from [21]). 

In Fig. 2-6, VDS always equal to 2Vx. If Vx is swept from a negative value to an equal positive 

value, the transistor is driven symmetrically from reverse mode to forward mode. 

2.6 Some existing core models 

A good review of existing core models for undoped DGFETs is given in [57]. We discuss 

below some of the existing drain current core models in the literature and how they relate to 

our present work. Our discussion includes some works not covered in [57]. 

In the discussion below, the term 1D model refers to a model developed under the premise of 

the gradual channel approximation (GCA), and is therefore a long channel model. Also, the 

term core model refers to the model that is developed consistently from fundamental 

principles, to distinguish it from the enlarged model that encompasses second-order effects 
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(such as 2D field effects, junction leakage, etc) that are usually added later on to the core 

model. 

In [8], Pei et al. presented a core model that was a 1D piece-wise threshold voltage based 

closed-form model developed using constant mobility for an independently driven ADGFET. 

The strong inversion piece was developed using a simplified charge sheet model. The pieces 

were joined using smoothing functions. Physical effects added onto the core model were 

DIBL and source/drain series resistance, both of which were modeled empirically. Low-field 

mobility, velocity saturation and channel length modulation (CLM) were also added to the 

core model. Velocity saturation was modeled using a variant of the Caughey-Thomas model 

with exponent n=1 and using an averaged driving field VDS/L. 

In [9], Dunga et al. presented a core model that was a 1D closed-form model for the above-

threshold regime developed using constant mobility for a symmetrically driven SDGFET, and 

was based on a charge sheet approximation. The core model included support for body doping 

developed using a perturbation technique. This actually forms the basis of the BSIM-MG 

model [58]. 

Reference [10] was one of the pioneering works by Prof Taur’s group where the core model 

for a symmetrically driven SDGFET was very elegantly developed. It was a 1D single-piece 

model developed using constant mobility, and needed the solution of an implicit equation. All 

the 1D models developed after this were more or less similar in approach to that developed in 

[10]. 

In [11], He et al. presented a core model that was a 1D single-piece inversion-charge based 

model developed using constant mobility for a symmetrically driven SDGFET. It relied on the 

solution of the Lambert-W function [59] for calculation of the inversion charge, but did not 

present any closed form solution of the Lambert-W function. 

In [12], the EKV group presented a core 1D single-piece inversion-charge based model 

developed using constant mobility for a symmetrically driven SDGFET. It differed from other 

similar approaches in that it made some approximations in calculating the inversion charge 

areal density, although it was still an implicit equation finally. 
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In [13], the EKV group added to their earlier work [12] by adding support for asymmetric 

DGFETs. They presented a core 1D single-piece inversion-charge based semi-empirical 

model for an ADGFET, by introducing the concept of common-mode and difference-mode 

gate voltages. The single-piece model was developed by joining three regimes using a 

smoothing function. 

In [14], Prof. Taur’s group enhanced their earlier work [10] by presenting a core 1D single-

piece model developed using constant mobility for SDGFETs as well as ADGFETs. 

Expressions for terminal charges using the Ward-Dutton charge partitioning scheme were also 

presented, though they involved complex unevaluated integrals, and it was suggested that for 

a simulator implementation, the integrals could be pre-calculated in the expected range and be 

stored in memory before-hand, to be used in a table-lookup manner. 

In [15], Ortiz-Conde et al. presented a core 1D single-piece surface potential based model for 

a symmetrically driven SDGFET that was developed using constant mobility. It relied on an 

evaluation of the surface potential using an expression developed earlier in [60], which was 

claimed to be a closed form expression, but in reality it was expressed in terms of the 

Lambert-W function [59], for which closed form expressions were not presented. Besides, 

[60] included some empirical parameters. 

In [16], He et al. presented a core 1D single-piece inversion charge based model for a 

symmetrically driven SDGFET that was developed using constant mobility. It was very 

similar to their earlier work in [11] except that an intermediate implicit equation was retained 

as an implicit equation, unlike in [11] where they had transformed it approximately into a 

form whose solution can be expressed in terms of the Lambert-W function. Thus, the final 

model in [16] continued to need the solution of an implicit equation. With suitable variable 

substitutions, their core model was claimed to be essentially the same as that presented in [10] 

and [15]. 

In [17], Zhu et al. presented a core 1D single-piece surface potential based model for a 

symmetrically driven SDGFET that was developed using constant mobility. With suitable 

variable substitutions, it can be easily seen that it is essentially the same as the core model 

presented in [10]. It relied on the surface potential expressions presented in [18] (for 
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ADGFETs in general) which were claimed to be explicit, but in reality they were expressed in 

terms of the Lambert-W function [59], for which closed form expressions were not presented. 

In [19], Wong and Shi presented a core 1D single-piece surface vertical electric field based 

model (or equivalently put, inversion charge based model) for a symmetrically driven 

SDGFET. The core model included within its boundary the physical effects of low-field 

mobility degradation and velocity saturation, although results were presented with one effect 

turned on at a time for the sake of simplicity. The model needed the solution of an implicit 

equation for the surface electric field at the source and drain ends. The velocity saturation 

model used was the Sodini-Ko-Moll model [61], which is a piece-wise variant of the 

Caughey-Thomas model with exponent n=1 (the variant differing in the way the critical 

electric field relates to vsat), and therefore violates the Gummel symmetry condition in the 

final model, which has been verified by us. 

The PSP FinFET model [22] presents a core 1D single-piece surface potential based model 

developed using constant mobility for a symmetrically driven SDGFET. Many other physical 

effects are then added on to the core model, such as low-field mobility degradation, velocity 

saturation, DIBL, etc all of which are based on the respective models for the conventional 

planar MOSFET as described in [7]. Thus, velocity saturation is modeled by replacing the 

constant mobility in the core model with an effective mobility that considers a spatially 

averaged lateral electric field as the driving field for velocity saturation. 

To summarize, a vast majority of the core models in the literature have been developed using 

constant mobility. The only core model [19] for an SDGFET that considered velocity 

saturation within the boundary of the core model, was not Gummel-symmetry compliant. It is 

thus clear from this review that there exists a need for a core model that goes beyond constant 

mobility considerations and in a manner that Gummel-symmetry is preserved. The greater the 

number of physical effects considered in the core model (as opposed to adding them as second 

order effects onto a constant mobility core model), the greater is the physical accuracy (and 

complexity) of the model. The present work is motivated by such considerations, and is 

described in the subsequent chapters. 
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Chapter 3 

Non-conventional Approach Using Functional Forms 

 

As stated earlier in this report, there have been many works that do a 2D Poisson analysis in 

the sub-threshold regime, but none that correctly does a 2D analysis in strong inversion. In 

this chapter, we present an attempt made at doing a 2D analysis in the strong inversion region 

of operation (of a N-channel DGFET). The general approach was to assume a functional form 

for some quantity where it was felt acceptable to do so, and proceed with the analysis. We 

show how the Poisson, drift-diffusion and continuity equations were attempted to be solved 

analytically using the approximate functional forms. 

The schematic of the SDGFET under consideration is shown in Fig. 3-1. All vector quantities 

are deemed positive if directed along the positive coordinate axes. S and D are the source and 

drain regions. Gf and Gb are the front and back gate electrodes, and are assumed to be driven 

symmetrically (ie. Vgf = Vgb). The source-body and drain-body junctions are assumed to be 

abrupt.  
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Figure 3-1: Schematic of a SDGFET, showing the coordinate axes and the dimensions 

labelled. 

The structure, dimensions and coordinate axes shown in Fig. 3-1 are the ones considered in 

the rest of this report. 

3.1 Analytical formulation 

Neglecting recombination-generation, considering steady state conditions and focussing on 

electron currents alone, the 1D continuity equation is: 

. 0x nxJ∇ =            (6) 
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and /t kT qφ =  is the thermal voltage, fn fnE qφ= −  is the electron quasi fermi energy level, 

and 
iE qψ= −  is the intrinsic fermi level. The reference for ψ and 

fnφ  is the spatially flat 
fpφ  

line (which is flat because hole currents are neglected). Thus deep in the source region: 

0fnφ =  (since 
fn fpφ φ= there, due to zero inequilibrium), and 

( / )t d iln N nψ φ=  

Let the boundary conditions be given by: 
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          (9) 

where ∆ = VDS -  <drop across extension region> is the effective voltage across the active fin 

(where by active we mean the portion of the fin that is under the gate). The potential 

summation rule traversing from the gate electrode to the source can be written as: 

( )
( , 2)
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GS fin

ox

E x
V x W

C

ε
φ ψ−∆ = − +        (10) 

where ∆φ is the work function difference between the gate electrode and intrinsic silicon, and 

Eys(x) is the vertical electric field at the oxide-silicon interface. From (7) and (8) we get: 
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From (6) and (11) we get 
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Based on observations of the spatial variation of φ
fn

 along the fin up to 3
rd

 order derivatives, a 

functional form for it was assumed as: 

( )

1( ) ( / 2) ( 2 ( / 2))
2

bc bc b x c

fn

x
x p ae cosh bL ae sinh bL ae

L
φ − − −∆

= + − + ∆− +   (13) 

where u1, p1, ∆, a, b and c are spatially independent, but bias-dependent constants. Basically 

this is a linear and exponential relation in x, with coefficients chosen so as to exactly match 

the boundary conditions (9). This fits very well with the φfn variation obtained from device 

simulations. 

For carrier mobility, the Caughey-Thomas model for velocity saturation and the Lombardi 

model for low-field mobility degradation models the mobility as [51]: 
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        (14) 

where E
x
 and E

y
 are the x and y components of the electric fields, and m has a default value of 

about 2x10−15 s/V [51]. In [51], there was also a term e−(y−W
fin

/2)/l
crit alongside m in (14) in order 

to model the damping of the degradation far from the interface, but we have not considered 

this for the sake of simplicity, considering the fact that far from the interface, the reduction of 

E
y
 would be sufficient to model this damping. 

Next, the mobility model of (14) was simplified to: 
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         (15) 

The justification for this form of the expression is that exponentials are very convenient to 

handle. Besides, we were successfully able to fit (15) to corresponding device simulated 

mobilities along the fin center, in strong inversion at low as well as high VDS. This is shown in 

Fig. 3-2. 
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Figure 3-2: Goodness of fit for the mobility spatial functional form along the fin center, at 
VGS=VDS=1V. 

Note that the constants a0, a1 and a2 are all bias dependent. To use (15), we need an 

expression for the vertical electric field Ey. Using 1D electrostatics (and as will be shown in 

detail in the next chapter), one can easily show that: 

( )( )

1( , ) ( ) 2 ln sec( )x

tx y A x ye
αψ φ β= +        (16) 

where 

1/2

2

i

t

qn
β

εφ

 
 =   

           (17) 

1( ) ( )
( )

2

fn

t

A x x
x

φ
α

φ

−
=          (18) 

2 ( )y tE e tan ye
α αβφ β=−          (19) 

and A1(x) = ψ(x, 0) is the electrostatic potential along the fin center. 

The 1D solution (16) is used only for computing Ey in the mobility relation. From (15), we 

have: 

0

1 2 2

0

2 /1
( 2 )

1

y yn

n y

mE E x
a a x

x mE

µµ

µ µ

∂ ∂∂
=− + −

∂ +
       (20) 
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Based on the value of m as stated below (14), we can neglect the denominator in (20) and this 

approximates to: 

1 2 0

1
( 2 ) 2 /n

y y

n

a a x mE E x
x

µ
µ

µ

∂  =− + + ∂ ∂  ∂
       (21) 

Per numerical simulations, it was found that the third term in the RHS of (21) is negative 

(since |Ey| reduces with x), but is smaller in magnitude than the first two terms on the RHS put 

together (which are positive per curve fit extractions), and hence the overall expression for 

1 n

n x

µ

µ

∂
∂

 is negative, which is in agreement with physical observations (see Fig. 3-2). From 

(19) we have: 

2
| |

2 [ ( ) ( )]
y

t

E
e ye sec ye tan ye

x x

α α α α α
βφ β β β

∂ ∂
= +

∂ ∂
      (22) 

Substituting for / xα∂ ∂  in (22) using (18) and (13), equation (22) becomes: 

2 ( )1
| | 2 sinh( / 2)

( ) ( )
bc

y b x c
E dA ae bL

e ye sec ye tan ye abe
x dx L L

α α α αβ β β β
−

−
 ∂ ∆   = + − + −    ∂  

 (23) 

Equations (19), (21) and (23) give 

1 2

2

2 2 ( )1
0

1

2

( ) 2 sinh( / 2)
4 ( )

( )

n

n

bc
b x c

t

x

a a x

ye sec ye dA ae bL
m e tan ye abe

dx L Ltan ye

α α

α α

α

µ

µ

β β
µ β φ β

β

−
−

∂
=

∂

 + +
 
    − + ∆    − + −          

            (24) 

Equation (13) gives 

2

2 ( )

2

fn b x cab e
x

φ −∂
=

∂
          (25) 
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Substituting (13), (24) and (25) in the continuity equation (12), we have: 

( )

( )

2 ( )

1 2
( )

2

2 2 2 ( )1
0

( , ) 2 sinh( / 2)

2
2 sinh( / 2)

( ) 2 sinh( / 2)
4 ( )

( )

bc
b x c

b x c

t
tbc

b x c

bc
b x c

t

x y ae bL
abe

x L

ab e
a a x

ae bL
abe

L

ye sec ye dA ae bL
m e tan ye abe

dx L Ltan ye

α α

α α

α

ψ

φ
φ

β β
µ β φ β

β

−
−

−

−
−

−
−

∂ ∆−
= + −

∂

+ + +
∆−

+

   + ∆   − + −       

            (26) 

From (26), dA1/dx can be simply derived by evaluating ∂ψ/∂x at y=0. After finding dA1/dx, we 

can easily integrate it to get: 

( )
( ) ( )

1 1

/2

2 2

1 2

( )

( )
2

/ 2
( ) 2 sinh( / 2)

/ 2 / 4

2 sinh( / 2)

ln
2 sinh( / 2)

bc

bc bx bL

t t

bc
b x c

t Lbc
b c

x L
A x u ae bL

L

ae e e

a x L a x L

ae bL
abe

L

ae bL
abe

L

φ φ

φ

−

− −

−
−

− − −

+  = + ∆− +  

− +

+ + − −

 ∆− + 
 
∆− +   

      (27) 

From (26) and (27), we get: 

1

2

2 2 2 ( )1
0

( , ) ( )

( ) 2 sinh( / 2)
4 ( )

( )

bc
b x c

t

x y A x

x x

ye sec ye dA ae bL
m e tan ye abe

dx L Ltan ye

α α

α α

α

ψ

β β
µ β φ β

β

−
−

∂ ∂
= +

∂ ∂
   + ∆   − + −       

            (28) 

In theory, (28) can be integrated to get a first-order solution for the electrostatic potential, 

which can then be substituted into the 2D Poisson on the LHS, and the second-order potential 

solution ψ(x,y) can then be derived from the RHS, which would be in terms of the seven bias-

dependent constants a, b, c, a0, a1, a2 and p1. Boundary conditions (10) can then be used at 
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multiple values of x to get bias-dependent closed form expressions for the seven constants. 

Thus, six x-locations would need to be considered (viz. one less than seven, because 2 

relations can be got from the ψ-related boundary conditions in (9), but one more constant 

would get introduced when integrating (28)). Constants u1 and ∆ are deemed external to the 

intrinsic device, and would come from the circuit simulator (taking pseudo nodes, and 

modeling parasitic resistance, for instance). 

However, integrating (28) is not easy. Besides, other than the electron quasi fermi potential 

and the electrostatic potential along the fin center, the potentials elsewhere do not match very 

well with device simulated values, as is shown in the next section. 

3.2 Comparison with device simulations 

Device simulations were done using Synopsys Sentaurus Device [51], to compare the 

potential and electric field variations with the model predicted values. The 2D simulated 

structure is shown in Fig. 3-3 and zoomed into in Fig. 3-4. 

The source-body and the drain-body junctions were abrupt. The default low-field (Lombardi) 

and high-field (Canali) mobility degradation models were turned on. Recombination-

generation and quantum mechanical models were turned off. Table 3-1 lists the device 

dimensions and other details. The dimensions chosen were representative of realistic devices 

obtained from IMEC, Belgium. The doping profiles however were idealized. 

Constants a, b, c, a0, a1, and a2 were extracted from their introducing-equations (eg. (15) is 

the introducing equation for constants a0, a1, and a2) by fitting to corresponding device 

simulated data. The extracted values were obtained for the VDS=VGS=1V case as: 

    a = 1.52  b = 122.4  c = 0.04 

and  

    a0 = -1.9  a1 = 38.3  a2 = 936 
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Figure 3-3: Simulated DGFET structure. 
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Figure 3-4: Simulated DGFET structure (zoomed into the fin region). 

Table 3-1: Dimensions/profiles of the simulated structure. 

Dimensions/Profiles Description 

L=60 nm Gate length 

Lsde=40 nm S/D extension 

Lsd=75 nm S/D length 
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Wsd=103 nm S/D width 

Wfin=20 nm Fin width 

tox=1.5 nm (SiO2) Oxide thickness 

Na=1015 cm-3
 Fin doping (p-type) 

Nd=10
19

 cm
-3

 Source/drain doping (n-type) 

Φm=4.6eV Gate work function 

For this bias condition, the other constants were measured from numerical simulations to be: 

    p1 = 0.164V  u1 = 0.64V  ∆ = 0.488V 

Using these constants, the φfn fitting curves are shown in Fig. 3-5, 3-6 and 3-7 for up to 2
nd

 

order derivatives. The matching curves for the predicted values of A1(x) and its x-derivative 

are shown in Fig. 3-8 and 3-9 respectively. As can be seen, the match is very good. However, 

the accuracy of the predicted spatial variation of the lateral fields (given by (28)) across the 

fin is quite poor, as can be seen in Fig. 3-10, 3-11 and 3-12 (at three different points along the 

channel).  
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Figure 3-5: φfn along the channel. 
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Figure 3-6: First derivative of φfn along the channel. 

-1000

 0

 1000

 2000

 3000

 4000

 5000

 6000

-0.02 -0.01  0  0.01  0.02

2
n
d
 d

e
ri
v
a
ti
v
e
 o

f 
φ

fn
 (

V
/u

m
2
)

x (um)

Dev-sim
Model

 

Figure 3-7: Second derivative of φfn along the channel. 
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Figure 3-8: A1(x) along the channel. 
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Figure 3-9: Lateral electric field along the channel midway between the 2 gates. 
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Figure 3-10: Ex across the fin at x = -L/4. 
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Figure 3-11: Ex across the fin at x = 0. 
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Figure 3-12: Ex across the fin at x = L/4. 

The accuracy of the predicted spatial variation of the vertical field (given by (19) at the 

silicon-oxide interface along the channel is also poor, as can be seen in Fig. 3-13. 
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Figure 3-13: Ey as given by (19) from source to drain along the sidewalls (y = Wfin/2). 

3.3 Summary 

In this chapter, we presented a non-conventional 2D analysis of an SDGFET in the strong-

inversion regime, using assumed functional forms. It was found that the model-predicted 

spatial variations of the mobility, the quasi-fermi potential and the electrostatic potential along 

the fin center match very well with 2D device simulations. But the fields (and therefore the 

potentials) elsewhere in the device do not match well. It is felt that the key reason for this is 

that the 2D Poisson equation had not been considered. 
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Considering that this approach did not yield an acceptable match for the core physical 

quantities of interest (potential, electric fields) in much of the device, and that neither the 

subsequent integration of (28) nor the determination of the bias-dependent constants seemed 

to be a tractable task, future work on this approach was abandoned. Instead, attention was 

hereafter focused on developing a 1D core model that self-consistently includes velocity 

saturation effects, with other effects added onto the core model as second-order effects. These 

are described in the subsequent chapters. 
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Chapter 4 

Core Model 

In the compact modeling arena, one usually starts with a basic long channel model 

(considering constant mobility) as the core model, and then adds one physical effect at a time. 

The more the number of physical effects considered simultaneously in the core model itself 

(the ideal desired objective) as opposed to adding one by one later on, the more accurate 

(although complex) the model becomes [53]. 

In this chapter, we describe the way in which we have improved over existing core models by 

including velocity saturation effects in a fundamental way as an integral part of the model 

derivation, and in a manner that Gummel symmetry compliance is met. We have focused on a 

FinFET with undoped or lightly doped body because FinFETs are expected to be undoped at 

the technology node where they will be introduced [5,30,62]. This is the reason many existing 

DGFET modeling works [10-17,19,30] also proceed with the undoped or lightly doped 

assumption. 
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4.1 Introduction 

Amongst the models in the literature that considered velocity saturation effects, [8,19] had 

used the Caughey-Thomas model [20] or its variants with exponent n=1 (the variants, such as 

the Sodini-Ko-Moll model [61], differing in the way the critical electric field Ec relates to vsat, 

but all of them nevertheless using an exponent n=1). References [7,22] considered velocity 

saturation effects using the Caughey-Thomas model with exponent n=2 but in an over-

simplified approach, where by the term over-simplified approach, we refer to the approach of 

deriving a model using constant mobility and then simply replacing the constant mobility with 

an effective mobility that considers a spatially averaged lateral electric field as the driving 

field for velocity saturation. Prior to the present work, there has been no work done on 

modeling velocity saturation effects in DGFETs using the Caughey-Thomas model with 

exponent n=2 where the spatial variation of the lateral electric field driving the velocity 

saturation effect is represented accurately. We describe in this chapter a way in which 

velocity saturation effects are included as an integral part of the model derivation, as opposed 

to an over-simplified modeling. Hence, this approach is expected to be physically more 

accurate. 

Using an exponent n=2, even though more complicated, has been found to yield a better 

match with experimental data for N-channel devices [2]. Further, it has been suggested [21] 

that using an exponent n=1 or any odd number in general, would yield a model that would fail 

the Gummel symmetry test at VDS=0. That is the reason why models like PSP use n=2 for 

conventional MOSFETs; not just for N-channel devices, but also for P-channel devices [7,54] 

(PSP actually uses an adjusted form of the Scharfetter-Gummel model for velocity saturation 

in an over-simplified approach, which simplifies to the Caughey-Thomas model with n=2, 

except that the saturation velocity parameter vsat becomes bias dependent in the case of P-

channel devices [7]). Even though efforts after [20] such as the Canali model [63] have found 

a good experimental fit using fractional values for exponent n between 1 and 2, their work 

showed that the exponent n increases (towards 2) at temperatures higher than room 

temperature. Then, considering the fact that fractional exponents are hard to accommodate in 

a compact model derivation, and that the operating temperatures especially of high-speed 

devices are higher than room temperature, and that the Caughey-Thomas exponent is usually 
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not a temperature scaled parameter in compact models, this lends further justification for 

modeling velocity saturation using an exponent n=2 in a compact model. 

Lastly, threshold voltage based models are not very physical [7], and charge sheet models are 

not valid in ultra-thin DGFETs as they fail to model phenomena such as volume inversion 

[10]. Hence we have developed an inversion-charge based drain current model. This is done 

by solving for the drain current (IDS) of an undoped/lightly-doped SDGFET under the Gradual 

Channel Approximation (GCA), considering the intrinsic portion of the device. We have 

focused on mobility degradation due to velocity saturation; and other mobility degradation 

effects such as that due to the vertical field, have not been considered in the core model. This 

is not because vertical field mobility degradation is not important, but rather because it may 

be acceptable to incorporate an engineering model for vertical field mobility degradation 

(such as the one used in [7]) in an over-simplified manner (ie. replacing basal mobility with 

vertical field degraded mobility), since they have a stronger gate voltage dependence, and not 

so much of a spatial dependence. This is described in the next chapter. 

4.2 Basic formulation 

The schematic of the intrinsic portion of an N-channel SDGFET is shown in Fig. 3-1. Under 

the GCA and neglecting the body doping term, the 1D Poisson equation can be written as: 

( )
2

2

fn tiqn
e

y

ψ φ φψ

ε

−∂
=

∂          (29) 

where ψ is the electrostatic potential and φfn is the electron quasi fermi potential. The latter is 

assumed to be constant along y, in line with the assumption that the current is negligible along 

the y direction. All potentials (electrostatic as well as quasi-fermi) are referenced to the 

electron quasi fermi potential deep in the source region. Subject to the boundary condition 

that the electric field component Ey vanishes at y=0, the solution to (29) can very easily be 

obtained as: 

( )( )1( , ) ( ) 2 ln sectx y A x ye
αψ φ β= +         (30) 



  37 

( )( , ) 2 tany tE x y e ye
α αβφ β= −         (31) 

where: 

2

i

t

qn
β

εφ
=            (32) 

1( ) ( )
( )

2

fn

t

A x x
x

φ
α α

φ

−
= =          (33) 

A1(x) is the electrostatic potential at some point x along the center of the fin (y=0). ( )xα is 

related to the electron density along the center of the fin. In terms of the surface potential 

ψs(x), the normal component of the electric field at the oxide-silicon interface Eys = Ey(x, 

Wfin/2) is: 

/
( ) 2 1s t

ys s tE e e
ψ φαψ βφ= − −         (34) 

where: 

1
( ) ( , 2) ( )

s fin
x x W A xψ ψ= −          (35) 

The potential summation rule traversing from the gate electrode to the source can be written 

as: 

( )
( , 2)

ys

GS fin

ox

E x
V x W

C

ε
φ ψ−∆ = − +        (36) 

where ∆φ is the work function difference between the gate electrode and intrinsic silicon. 

By Gauss law, the inversion charge areal density is given by: 

( ) 2 ( )
i ys

Q x E xε=           (37) 
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The algebra gets easier if we define another intermediate variable β1 as: 

1
2

finW e
αβ

β =            (38) 

Note that this β1 is the same as β in [10]. Therefore, 

12
2 2 lnt t

finW

β
αφ φ

β

  =   
          (39) 

Then, setting y=Wfin/2 in (30), and using (33) and (38) we get: 

( )( )1( , ) 2 ( ) ( ) 2 ln sec
2

fin

t fn t

W
x x xψ φα φ φ β= + +       (40) 

Setting y=Wfin/2 in (31), and using (38) we get: 

1 14 tan
( ) t

ys

fin

E x
W

φβ β−
=          (41) 

Substituting (41) and (40) in (36), and then using (39), we get: 

( )1 11 1
1

2 sec4 tan( )
( ) 0 2 ln ( )t

fn t GS

fin ox fin

f V
W C W

β βεφβ β
β φ φ φ

β

  = = + + − −∆  
   (42) 

Equation (42) is the same as (4) in [10]. It is referred to as the input voltage equation in the 

literature [64].  β1 is plotted versus ( )GS fn
V φ φ−∆ −  in Fig. 4-1. Note that φfn is the smallest 

(= 0) at the source end and is the largest (= VDS) at the drain end. It is thus clear, and as is also 

stated in [10], that 0 < β1 < π/2, in order for all the expressions encountered till now to be 

finite and physical. Thus, using (42), we can in principle determine β1 at the source and drain 

ends by setting φfn=0 and φfn=VDS respectively. We refer to these as β1s and β1d respectively. 

An approximated form of (42) is [19]: 
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( ) ( )( )2 2

1 1 1 11 1
1 2 2

4 tan tan4 tan( )
( ) 0 ln ( )t

fn t GS

fin ox fin

f V
W C W

β β β βεφβ β
β φ φ φ

β

 +  = = + + − −∆   
 (43) 

Recently there have also been [65,66] closed form approximate solutions to (42). 

 

Figure 4-1: β1(x) versus (VGS-∆φ-φfn(x)). Alternately, if x is pinned at L/2, then this plot can be 

interpreted as a plot of β1d versus (VGS-∆φ-VDS). 

Now, in the drift-diffusion model, the drain current per unit fin height is written as: 

( ) ( )
fn

DS eff i

d
I x Q x

dx

φ
µ=−          (44) 

We now model µeff(x) using the Caughey-Thomas model [20] with exponent n=2 as: 

0

2 2

0

2

( )

1

eff

xs

sat

x
E

v

µ
µ

µ
=

+

         (45) 

where: 
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( , 2)
( )

fin

xs

x W
E x

x

ψ∂
=−

∂
         (46) 

In (46), we have simplistically chosen to model the driving field for velocity saturation as 

being the lateral field at the oxide-silicon interface. This is not unreasonable, since even 

though charge sheet models are invalid in DGFETs [10] and there is non-negligible current 

flowing even far from the oxide-silicon interface, the fact still remains that the current at the 

interface is dominant when compared to elsewhere as can also be seen in Fig. 2-4 (except in 

the sub-threshold regime [30] where the leakiest path is along the fin center. But as we will 

see, our model predicts the current quite well in the sub-threshold regime also). 

To compute IDS, our first effort is to compute Exs, Qi and dφfn/dx in terms of the intermediate 

variable β1. Substituting (40) and (39) in (46), we get: 

( ) 1
1 1

1

2
( ) 1 tan( )

fn t
xs

d d
E x

dx dx

φ φ β
β β

β

 
 =− + +  

       (47) 

From (37) and (41) we get: 

1 18 tan( )t

i

fin

Q
W

εφ β β−
=           (48) 

Differentiating (42) with respect to x and rearranging, we get: 

( )2 1 1 1
1 1 1

1

1 tan2
2 sec tan

fn

t

fin ox

d d

dx W C dx

φ β β βε
φ β β β

β

 + =− + + 
  

    (49) 

Substituting (49) in (47), we get: 

( )2 1
1 1 1 1

4
( ) sec tant

xs

fin ox

d
E

W C dx

εφ β
β β β β= +        (50) 

where it is to be noted that dβ1/dx is negative (because ( )xα decreases towards the drain, and 

this is because the carrier density decreases towards the drain). 
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From (44) and (45) we get: 

2
2 2 2 2

0 0

2 2
1

fnxs i

sat DS

dE Q

v I dx

φµ µ   + =    
         (51) 

Substituting (48), (49) and (50) in (51) and working out the algebra, we finally get an 

expression for dβ1/dx in terms of β1: 

( ) ( )

1 2
2

2
21 1 1 22 2 2

1 1 11 11

2 2 2

0 1 1

1

2
sec tan

sec tan16 tan

4 1 tan

fin oxfin t

t DS ox sat

W CW

x I C v

ε
β β β

β β βφ β ββ

µ εφ β β

β

−     +    +−  ∂   = −   ∂ +  +       

 (52) 

Integrating (52) from the source end to some arbitrary point x gives: 

( ) ( )1

1

0

1 2
2

2
21 1 1 22 2 2

1 1 11 1
12 2 2

1 1

1

4 2

2
sec tan

sec tan16 tan

1 tan
s

fin

t

fin oxt

DS ox sat

W L
x

W C
d

I C v

β

β

µ εφ

ε
β β β

β β βφ β β
β

β β

β

−   + =  

     +    +    −   +  +       

∫
  (53) 

 

The limiting case of (53) for the constant mobility case, got by setting vsat=∞, can be 

recognized as the exact same equation as the unnumbered equation between (5) and (6) in 

[10], which had solved it for the constant mobility case. 

Equations (42) and (53) are the key equations in our approach. 

In principle, an approach to find IDS could be thus: From (42), we can find β1s and β1d for a 

given VGS and VDS. Then we can integrate (53) (assuming it is integrable) till the drain end 

(setting x=L/2 in the LHS and setting β1d as the upper limit of the integral in the RHS), and 

the resulting equation would then only have IDS as the unknown; thus we can find IDS. 
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An Id-Vd plot generated by numerically solving (53) and (42) in Scilab [67] is shown in Fig. 

4-2 (see trace labeled Exact). 

 

Figure 4-2: Id-Vd plot by numerically solving (53) and (42) using a constant IDS step-size. 

Numerically solving (53) is tricky. It involves ramping IDS for a given VGS instead of ramping 

VDS (as usually done), and finding β1d using Newton-Raphson iterations that would make (53) 

hold. Once β1d is found, then (42) can be used to find VDS. 

Now, (53) is not easily integrable, so we make some approximations in order to proceed. This 

is described in the next section. 

4.3 Approximations 

In (53), let us denote the 1 1

1

1 tanβ β

β

+
 term by t12. If this term t12 is multiplied by 

( )
1 1

1 1 1

tan
1

2 tan tan

β β

β β β

−
−

+
, then the analytics become simpler. Before proceeding with the 

simplified analytics, the origin and justification of this approximation is explained first. 
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4.3.1 Origin and justification of the approximation 

In (53), it is clear that there is a maximum value of IDS beyond which the integrand becomes 

imaginary. When IDS is just large enough to cause the integrand to vanish, we can see that this 

situation corresponds to dβ1/dx (from (52)) and therefore Exs (from (50)) and dφfn/dx (from 

(49)) all becoming infinite, and therefore µ eff (from (45)) becoming 0. The model cannot 

handle these singularities, and so this extremum point must be considered as a limit of validity 

of the model. Physically, this means that near the drain end the carriers are traveling at their 

saturation velocity; and that between that point and the drain end, Ex and φfn are varying very 

rapidly. The limiting VDS that causes this extremum is VDSat. As stated in [2], if VDS is 

increased beyond VDSat, then the point where this extremum happens starts moving closer to 

the source. The electron quasi-fermi potential at that point continues to be pinned at VDSat. It is 

only the region between the source end and that point that can be reasonably considered as the 

region where the GCA is valid. 

Setting the integrand in (53) to 0, the limiting IDS (IDSmax) can be got as: 

( )
1 1

max 1 1 2

1 1 1 1

1 tan2
4 tan

sec tan
DS t ox sat

fin ox

I C v
W C

β βε
φ β β

β β β β

 + = + +  

     (54) 

The second term in (54) can be rewritten as: 

( )
1 1

1 1 2

1 1 1 1 1

1 tan
( )

1 tan tan
f

β β
β

β β β β β

+
=

+ +
        (55) 

Compare this to: 

( )
1 1

2 1

1 1 1 1 1 1

1 tan
( )

tan 1 tan tan
f

β β
β

β β β β β β

+
=

+ +
       (56) 

Equation (55) and (56) differ only in the first term in the denominator. They are both plotted 

in Fig. 4-3. 
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Figure 4-3: Comparison of f1(β1) and f2(β1). 

We see a reasonably good match, with a maximum error of 10.62% and an average error of 

5.82%. Approximating f1(β1) as f2(β1) translates to making the approximation that is stated in 

the first paragraph of section 4.3 As a further validation of this approximation, the Id-Vd plots 

have been re-generated using Scilab by numerically solving (53) and (42) but this time using 

this approximation, and they are shown in Fig. 4-2 (see trace labeled Approx). One can clearly 

see a very good match. 

4.3.2 Use of the approximation 

Approximating (55) as (56), equation (53) can be simplified as: 

( )

2

2

2
2 2

2 2
22 2 2

0 2 2

16 12 1

4 2 2
s

fin t

t D S fin ox ox sat

W L
x d

I W C C v

β

β

φ β βε
β

µ εφ β β

 −   +  + ≅ + −    +  
∫  (57) 

where we have changed from the state variable β1 to β2, which is given by: 

2 1 1tanβ β β=            (58) 
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Note: 2 1 1tans s sβ β β=  and 2 1 1tand d dβ β β=  

Equation (57) is still not easily integrable and we need to make further approximations. The 

integrand in (57) is of the form 2 ( )Af x B− , where the second term 
2 2

1

ox sat

B
C v

= . Noting 

that this term B will be small (limiting to 0 in the case of negligible velocity saturation 

effects), this expression can be approximated as: ( )
2 ( )

B
A f x

A f x
− . Making this 

approximation in (57) and after solving some simple integrals and some algebra, we finally 

get: 

1

2

1 2

2 2

0 0

8 ( )

( 2) ( 2) ( ) ( )

4 4

t
DS

fin fin

t t ox sat

a x
I

W x L W x L a x a x

b C v

φ

µ εφ µ εφ

=
 + +  + +   ⋅ 

      (59) 

where: 

( ) ( )

( )
( ) ( )

( ) ( )

2 2 2
1 2 2 2 2

2

2 2

2 2

2
2

2 2

2 2

2
( ) ( ) ( ) ln

2 ( ) 2

2 1 1 2 ( ) 1 1
1 . 1

2 1 4 1 4 1
( ) ln

2 1 1 2 ( ) 1 14 1
1 . 1

4 1 4 1

s
s s

s

s

b
a x x x

x

b b x

b b b
a x

b b xb

b b

β
β β β β

β

β β

β β

 +  = − + − −    + 

     + + + +    + −   − + +       =      + + + ++     − +    + +       

2

2 2

2

2 2

(2 1) 1
ln

( ) (2 1) ( ) 1

s sb b

b x b x

β β

β β

   + + +   +    + + + 
            (60) 

and: 

2

fin ox

b
W C

ε
=            (61) 

The drain current IDS expression can then be derived by setting x=L/2 in (59) and β2= β2d in 

the expressions for a1 and a2 in (60) (and calling them a1d and a2d respectively). We get: 
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0

2 2

0 1 2

2 2

2

8
1 1

DS
DS

t d d

fin ox sat

I
I

a a

W L C v

µ εφ
=

+ +

         (62) 

2

0 1
0

16 t d
DS

fin

a
I

W L

µ εφ
=           (63) 

where IDS0 is the current in the absence of velocity saturation (constant mobility current). 

After determining IDS using (62) and (63), (59) and (60) can in principle be used to determine 

the spatial variation of β2(x), though it is not in closed form. From that, we can determine the 

spatial variation of Qi(x) using (48) directly, without having to determine the intermediate 

variable β1(x) first using (58). Once we know the spatial variation of Qi(x), we can then use 

the Ward-Dutton charge partitioning scheme [52] to derive expressions for the source and 

drain terminal charges. 

IDS in (62) can be further simplified by considering that the second term in the square root is 

small (meaning large vsat). We then get: 

0

0 0 2

2
1

8

DS
DS

DS d

ox sat

I
I

I a

C v L

µ
=

+
          (64) 

Further, a plot of the terms comprising a2 in (60) reveals that the first logarithm term is 

negligible. Thus a2 can be approximated as: 

( ) ( )2 2 2
1 2 2 2 2

2

2

2 2
2 2

2 2

2
ln

2 2

(2 1) 1
ln

(2 1) 1

s
d s d s d

d

s s
d

d d

b
a

b b
a

b b

β
β β β β

β

β β

β β

 +  = − + − −    + 
 + + +  =    + + + 

       (65) 

The ratio of the dominant (retained) terms and the neglected terms (in approximating (60) as 

(65)) is plotted in Fig. 4-4. As can be clearly seen, the approximation in a2d is quite valid. 
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(a) L=1 um, Wfin=20 nm, tox=1.5 nm 

 

(b) L=30 nm, Wfin=10 nm, tox= 1 nm 

Figure 4-4: Ratio of the retained terms to the neglected terms in a2 for long and short channel 

devices, for VGS=0.05V, 0.1, 0.2, …1V. 

Equations (63), (64) and (65) are the final drain current equations in our model. 

4.4 The drain saturation voltage VDSat 

As explained earlier, the approach loses validity when IDS becomes so high that the integrand 

in (53) becomes 0. This value of IDS is IDSmax, or IDSat. To determine IDSat and VDSat, it is not 

immediately obvious whether the approach of obtaining them by setting the integrand in (53) 

to 0, is the same as the approach of obtaining them by setting the derivative of IDS with respect 

to VDS to 0. We make this clear below by a simple use of the chain rule and Leibniz rule [68]. 

From (42), we have the following facts: 

1
( , ) is a function of  and 

d GS DS GS DS
V V V Vβ  (Statement A1) 

Further, if 
1

( , )
DS

g Iβ  is the integrand in (53), and if 
1

( , )
DS

f Iβ  is its integral, then we have the 

following facts from (53): 

1 1( , ) ( , ) , a constantd DS s DSf I f I kβ β− =   (Statement A2) 
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1 1 1( , ) ( , )DS DSg I d f Iβ β β=∫    (Statement A3) 

From (Statement A3), we see that 
1d

f

β

∂
∂

equals 
1( , )d DSg Iβ , which is the integrand in (53) 

evaluated at the drain end. But 
1 1

DS DS

d DS DS d

I Vf f

I Vβ β

∂ ∂∂ ∂
=

∂ ∂ ∂ ∂
. Thus if DS

DS

I

V

∂
∂

 is 0, then 
1d

f

β

∂
∂

 is 

also 0, meaning that the integrand in (53) evaluated at the drain end is also 0. Thus the two 

approaches/conditions for finding IDSat and VDSat are equivalent. 

One could therefore argue that an approach to find VDSat is to set the integrand in (53) to 0, as 

computed at the drain end (meaning that using β1d in place of β1 in (53)). The drain end is the 

end where the integrand would vanish first, because IDSmax is smaller if β1 is smaller, and β1 is 

the smallest at the drain end as seen from Fig. 4-1. But this approach is not easy, because 

β1DSat in (53) is not known (because VDSat is not known). So we will instead set 0DS

DS

I

V

∂
=

∂
 in 

our final drain current equations (63), (64) and (65). 

From (65), we can eliminate β2d in the expressions for a1d and a2d, and thus write a2d in terms 

of a1d. Thus, we can have an expression for IDS in terms of a1d alone. Then, since β1d is a 

function of VDS from (42), and β2d is a function of β1d from (58), and a1d is a function of β2d 

from (65), then, setting DS

DS

I

V

∂
∂

 = 0 is equivalent to setting 
1

DS

d

I

a

∂
∂

 = 0. This simplifies the 

algebra. 

We describe next three methods that were employed to calculate VDSat using this approach. 

4.4.1 Method 1: 5th degree polynomial 

Differentiating (64) with respect to a1d and setting it to 0 and rearranging gives: 

2

0 0 0 2

2

1 18

DS DS d

d ox sat d

I I a

a C v L a

µ∂ ∂
=

∂ ∂
         (66) 
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Now, 

2

2 2

11

2

d

d d

dd

d

a

a

aa

β

β

∂
∂ ∂= ∂∂

∂

          (67) 

From (65), we can easily calculate 1

2

d

d

a

β

∂
∂

 and 2

2

d

d

a

β

∂
∂

, and then substituting them into (67) and 

simplifying, we finally get (68). Note however that in calculating 1

2

d

d

a

β

∂
∂

, we neglect the sole 

logarithm term in the expression (65) for a1d in order for the algebra to be tractable. This 

approximation is justified because that logarithm term is negligible in above-threshold 

conditions, which is the regime velocity saturation effects are predominant in. 

( )
2

1 2

2
1 2 1

2

2 (1 2 )

d

d d

b
b

a b c

a c c c bβ

 − +  ∂  
= +

∂ + − −
        (68) 

where: 

( )2 2

1 2 2 1
( ) 2 1 2 1

d s s d
c c a b b b aβ β= = + + − +        (69) 

From (69) and from the expression for a1d in (65) after neglecting the sole logarithm term 

therein, we get: 

2

1
d

b c

b
β

+ −
=           (70) 

Substituting (70) in (68), we get: 

( )

( )
2

1

2
1 2 1

2

1 2 (1 2 )

d

d

b
b

a b c

ca c
b c c b

b

 − +  ∂  
= +

∂ + − + − −
       (71) 

From (63) we have: 
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2

0 0

1

16DS t

d fin

I

a W L

µ εφ∂
=

∂
          (72) 

Substituting (72), (63) and (71) in (66) gives: 

( )

( )

2
2 2

0 0 0 1

2

2
1 2 1

16 16 2

8
1 2 (1 2 )

t t d

fin ox sat fin

b
b

a b c

cW L C v L W L c
b c c b

b

µ εφ µ µ εφ

   − +        = +      + − + − − 
  

   (73) 

Rearranging to get the b c+  term isolated and then squaring, we get: 

2
2

1

2

1

( 2 )1 2

2

d

d

bk c b ab
b c b c

c c bka

     +−   + = + +     −    
       (74) 

where: 

2 2

0

2 2

2 t

fin ox sat

k
W L C v

µ εφ
=           (75) 

From (69), we have: 

1
2

d

n c
a

b

−
=            (76) 

where: 

( )2

2 1sn b bβ= + −           (77) 

Substituting (76) in (74) and after some tedious algebra, we get a fifth degree polynomial 

equation of the form: 

5

0

( ) 0i

i
f c m c= =∑           (78) 
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where: 

( )

( )( ) ( )

( )( ) ( )

2 4 2 2 2 2

0

2 4 2 2 2 2

1

22 2 2 2 2 2 2 2

2

22 2 2

3

2

4

4 (4 ) (1 2 )

4 4 4(4 )(2 )(1 2 )

4 2 2 4 4(2 ) (1 2 ) 2 (4 )(1 2 )

4 2 2 4 4 (2 )(1 2 )

4 4

m bk n b kn b

m k n bkn b kn b kn b kn b

m b k n b kn kn b kn b kn b k b kn b

m k n b kn bk b kn k b kn b

m bk

= − − −

 = − + − − + −  
 = + + − + − + − + − −  
 = + + − + + + −  

= − ( ) 2 2

2

5

(1 2 )

4

k b kn k b

m k

 + − −  
=

 (79) 

where k and n are given by (75) and (77) respectively. 

For a given VGS: β1s, β2s and n can be calculated in order from (42), (58) and (77) respectively. 

Having calculated n for a given VGS, and having calculated k, all the mi coefficients can be 

calculated using (79), and (78) can then be solved for c. Being a 5
th

 degree polynomial 

equation, it will have 5 roots. We should reject those roots for which the term being squared 

in the RHS of (74) is negative. This is because in arriving at (74), we have done a squaring 

operation, which artificially expands the root set. Having rejected such roots if any, amongst 

the remaining roots, we should then look for the largest, real root that would yield a value of 

β2d (as calculated using (70)) that lies between 0 and β2s (to be physically meaningful). This 

would correspond to the smallest VDS at which IDS saturates. If such a root does not exist, then 

it means that the slope never becomes 0, and the single expression (64) can be used as is in all 

regimes. This is indeed found to be the case for low VGS. 

Per the Abel-Ruffini theorem [69], polynomials of order 5 (ie. quintics) and higher cannot be 

solved analytically in general. They can only be solved numerically, using methods like the 

Jenkins-Traub method [69]. However it is found that by discarding m5, the resulting 4th order 

polynomial (ie. quartic) gives a very close match to that obtained from the 5th order 

polynomial, with a maximum error of 0.06%. This is shown in Fig. 4-5. This could be 

advantageous because quartics and lower order polynomials have a closed form analytical 

solution [69], though it is still quite complex. In conjunction with the constraint that it should 

be the largest, real root, one could in principle solve (78) non-iteratively after approximating 

it to a quartic. However in the results discussed in section 4.7.1, we have solved the quintic 

numerically. 
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Figure 4-5: Comparison of polynomial solutions obtained by using the 5th and 4th degree 

versions. 

Fig. 4-5 may need an explanation as to why (78) doesn’t have a valid root at lower VGS. The 

cause of this is our formulation accounting for drift and diffusion (using the product 

. ( )eff x fngradµ φ ), as opposed to just drift (using the product . ( )eff xgradµ ψ ). In the latter case, 

velocity saturation would ensure that the product saturates at vsat when Ex becomes infinity. 

From (49) and (50), we have: 

( )
1 1

2

1 1 1 1

( ) 1 tan
1

sec tan

x fn

xs

grad

E b

φ β β

β β β β

+
= +

+
       (80) 

where b is given by (61). 

At moderately low VGS (and below) and moderately high VDS (and above), it is clear from Fig. 

4-1 that β1 is very small (→0). Then, clearly the second term in the RHS of (80) is dominant. 

Thus the first term “1” can be neglected. Then, multiplying it by Qi given by (48) gives: 

( )
( )

1 1 1

2

1 1 1

( ) 1 tan tan 8
.

sec tan

x fn t

i

xs fin

grad
Q

E Wb

φ β β β εφ

β β β

+
≅ ⋅

+
       (81) 
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It is clear that this term tends to 4
t fin

bWεφ  for very small β1. Thus, 

( )
. . ( ) . . .

x fn

eff i x fn eff xs i

xs

grad
Q grad E Q

E

φ
µ φ µ=  tends to 

4 .eff xs t

fin

E

bW

µ εφ
, which monotonically 

increases towards 4 sat t finv bWεφ  as VDS is increased. This explains why there is no 0 slope in 

the Id-Vd curve at lower VGS. 

On the other hand, at higher VGS, the converse is true (β1 tends towards π/2 as can be seen 

from Fig. 4-1) and the RHS of (80) tends towards 1 (the second term can be neglected; this 

physically means that the ratio of diffusion to drift component is negligible, which is a known 

situation at moderately high VGS). Then, 
( )

. . ( ) . . .
x fn

eff i x fn eff xs i

xs

grad
Q grad E Q

E

φ
µ φ µ=  tends 

towards . .
eff xs i

E Qµ . Then, since 
eff xs

Eµ monotonically tends towards vsat starting from 0, 

whereas Qi monotonically decreases as VDS is increased, there is a point where their product 

peaks (ie. has a 0 slope) in the Id-Vd curve. 

This situation was also verified by numerically solving (53) exactly (ie. by not using the 

approximation stated in section 4.3), where it was seen that at lower VGS, a zero slope doesn’t 

occur for any VDS, but it does occur when solved for higher VGS (to detect this, the IDS step size 

was progressively reduced at higher VDS). This is in agreement with our analytical VDSat-

determining procedure, which has a valid root for the polynomial (78) only for large VGS, as 

seen in Fig. 4-5. 

Having calculated a physically meaningful root for c as explained above, β2d, β1d and VDS 

(=VDSat) can be calculated in order from (70), (58) and (42) respectively. Finding β1d using 

(58) also involves a numerical solution. 

Thus, we can find VDSat for a given VGS. All in all, it involves solving a polynomial equation 

(iteratively or non-iteratively as described above), and 2 more iterative (Newton-Raphson 

like) numerical computations (one for calculating β1s for a given VGS using (42), and one for 

calculating β1d using (58) for a given β2d). 
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4.4.2 Method 2: Introducing a new model parameter VGSC 

Solving a fifth or even a fourth order polynomial given by (78) in a compact model 

implementation is a daunting task. Even if one approximates it as a fourth order polynomial 

and relies on the closed form exact solutions (as that given by the Ferrari method [69], for 

instance), there are implementation problems such as which of the four multiple roots to 

choose. Switching amongst the multiple roots based on root values, essentially means 

implementing IF statements whose conditional involves expressions that are bias dependent. 

This is in violation of recommended ways [70] to implement compact models in high-level 

languages like Verilog-A, because it could result in a discontinuity in the derivatives and 

hence cause convergence problems. Hence, an alternate method was explored which did not 

involve solving a high-order polynomial. This is described in this section. 

The two terms in the RHS of (71) were examined. A plot of the ratio of the first term to the 

second term was analyzed for various geometries. It turns out that the second term is much 

smaller, as can be seen in Fig. 4-6 which was plotted for a L=1 um, Wfin=20 nm, Tox=1.5 nm 

device. It was also tried for much shorter channel length devices (20 nm) and a similar 

dominance was noticed. We can see from the figure that the first term is very dominant. 

Hence we proceed by approximating the second term by a greatly simplified term, viz. 

3

1 2b

cP

−
, where P3 is a sufficiently large parameter. The right axis in Fig. 4-6 also shows the 

exact VDSat (using the 5th degree polynomial solution), and the approximate VDSat calculation 

done assuming P3=∞. We can see a reasonably close match. 

Thus, the approximation to (71) that we propose is: 

2

1 3

2 1 2
d

d

a b b

a c cP

∂ −
≅ +

∂
          (82) 

The form of the 2
nd

 term in the RHS of this approximation is chosen so that it results in a 

quadratic equation in c, and also so that the sign of the 2
nd

 term is in agreement with that of 

the corresponding term in the exact equation. It can be easily seen that a necessary condition 

(but not sufficient) for the 2nd term in the RHS of (71) to be positive is that (1-2b) be positive. 
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Such a design on the sign is not a required design; we devised it such simply so that a sign 

constraint can be imposed on the P3 model parameter that it be positive. 

 

Figure 4-6: VDSat approximation Method 2. 

Using this approximation, we get a quadratic equation that finally yields a closed-form 

solution for c as given by (as a replacement to solving the quintic polynomial (78)): 
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b
b b kn b b
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c n

b
k b

P

  −  + + −     = −
 −  +   

       (83) 

Having found c, the rest of the procedure remains the same to calculate VDSat. 

One disadvantage of this method is that there is a minimum VGS below which a physically 

valid solution to (83) does not exist (corresponding to the constraint that β2d > 0 to be 

physically meaningful, where β2d is calculated using (70) after calculating c using (83)). We 

call this minimum VGS as VGSC. However it should be noted that this conclusion is in 

agreement with the physical arguments given in the discussion of (80) for this situation (viz. 

the fact that drift as well as diffusion is considered). 
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It is not possible to derive a closed-form exact expression for VGSC. So instead we deem VGSC 

as a model parameter and extract it. 

4.4.3 Method 3: Considering only drift component 

The approach in Method 2 is not as robust as we would like. For instance, it was found that 

the validity of the underlying approximations (in the terms analysis) get questionable if oxide 

thicknesses even slightly away from realistic ones are considered. Besides, it introduced a 

model parameter VGSC, whose extraction is not very straightforward. Hence an alternate 

approach was developed which we describe in this section. 

To find VDSat, we limit our focus to the drift component. For this, we follow the same 

approach described earlier except that we only consider the drift component drift

DS
I  (as also 

done in MOS Model 11 [56] for conventional MOSFETs), and we make the approximation 

(in the equation equivalent to (53)) that drift

DSI  is spatially constant, which is a valid 

approximation in strong inversion since majority of the current is then due to drift. We get an 

equation similar to (64), but with modified expressions for a1d and a2d as shown below 

(compare with (65)): 
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          (84) 

We then set 0
drift

DS

DS

I

V

∂
=

∂
. By doing so, we get: 
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=          (85) 

It is clear that β2dsat as calculated using (85) always satisfies the condition 0<β2dsat<β2s, 

implying that VDSat exists for all VGS thus obviating the need for a parameter like VGSC, and 

also being in agreement with the physical arguments given earlier for this situation (viz. the 
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fact that only drift is considered). For a given VGS, the quantities β1s and β2s can be calculated 

in order using (42) and (58) (or using the closed form approximation described later), and (85) 

can then be solved in closed form for β2dsat, from which VDSat can be calculated in closed form 

using (43) and (58). 

Amongst the three methods, Method 3 was chosen to be used in the final version of the model, 

because of its simplicity. 

4.5 VDSeff smoothing function 

Having found VDSat, a VDSeff was defined as in [54], in order to smoothly vary between the 

transition regions and limit VDS at VDSat when it exceeds VDSat: 

1/

1

X
X
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DS
DSeff DS

DSat

V
V V

V

−      = +        
        (86) 

where AX is a smoothening model parameter that controls the sharpness of the transition of 

VDSeff between the values of VDS and VDSat. 

VDS is then replaced by VDSeff wherever it occurs in the model equations developed until now, 

so that those equations remain applicable even if VDS exceeds VDSat. 

4.6 Channel Length Modulation (CLM) 

We next describe the model for CLM in the post-velocity saturation regime for DGFETs. It is 

on the same lines as the analysis done by Ko et al. in [71] as described in [2], except that we 

have adapted it to a double-gate structure. 

Refer to Fig. 4-7. It shows the velocity saturated region near the drain. Notice that the (x1, y) 

coordinate axis has its origin at the start of the velocity saturated region. 



  58 

 

 

 

 

 

Figure 4-7: Velocity saturated region (shown shaded) in a SDGFET. An elemental vertical 
strip is shown hatched. 

Once VDS > VDSat, the carriers are moving at their saturation velocity in a small region near the 

drain end. The GCA is violated in this region as Ex and Ey are both sizeable and rapidly 

changing. Consider a small vertical strip (shown hatched) of width dx1 at a distance x1 from 

the origin O1. Let us make the quasi-2D approximation that Ex is constant along y, and is 

equal to the x-gradient of the potential at the oxide-silicon interface. That is, let us 

approximate that: 
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Applying Gauss Law to the hatched strip, we have: 
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This translates to: 
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This is similar to (24) in [19]. 

Now, in the velocity saturated region where all the carriers are moving at vsat, Qi has to be 

constant with x1, because IDS=Qi(x1)vsat which is the current per unit fin height, is constant. 

Therefore: 

x1 

y 

D Wfin 

dx1 

S 

L ∆L 

O1 
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1
( ) (0)

i i
Q x Q=            (90) 

Now at x1=0, the GCA is still valid, and we can apply the 1D Gauss Law, which gives: 

(0)
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2

i
ys

Q
E

ε
=            (91) 

Using (90) and (91) in (89), we get: 
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        (92) 

Using (36), which is valid even if the GCA is not, (92) becomes: 
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ψ ψ

ε
 = −         (93) 

In (93), (0, 2)finWψ  is in the O1 coordinate system. In other words, in the O coordinate 

system, it is equal to ( , 2)finL L Wψ −∆ . Let us call this ψsat. It can be got once VDSat is 

obtained as per the procedure described in the previous section. In that section, we found β2d 

when finding VDSat. Once β2d is known, then we can use (58), (41) and (36) to find: 

24
( , 2) t dsat

sat fin GS

fin ox

L L W V
W C

εφ β
ψ ψ φ= −∆ = −∆ −       (94) 

An alternate approximation for ψsat is: 

0sat dsat
Vψ ψ= +           (95) 

where ψ0 is the amount by which the electrostatic potential ψ is above the electron quasi fermi 

potential φfn in the source end. This is based on the approximation that the electron density is 

approximately constant with x between O and O1 (meaning that ψ(x, y) and φfn(x) are 

approximately parallel for all y for 0<x<L-∆L). 

We have used (95) in the present work. From (93) and (87), we have: 
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       (96) 

The boundary conditions for this differential equation are: 
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where Esat is a model parameter. 

With these boundary conditions, the solution to (96) is: 
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Then, ∆L is got by setting 0( , 2)fin DSL W Vψ ψ∆ = + . We get: 
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Using (95) in (100), this simplifies to: 
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   − −  ∆ = ⋅ + +    ⋅ ⋅   

      (101) 

This is exactly the same as (3.97) in [2], the only difference being the expression (99) for l 

(compare with (3.95) in [2]) where we see that Wfin/2 is taking the place of the junction depth 

term xj. 
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In our model implementation, in (101), we replaced the VDSat term with VDSeff as defined in 

(86), in order to have a non-zero ∆L only when VDS > VDSat. 

4.7 Model validation 

2D device simulations of an N-channel SDGFET were done using Synopsys Sentaurus 

Device [51]. The device structure was created with abrupt source-body and drain-body 

junctions. The body was lightly doped at 1x10
15

 cm
-3

 p-type, and the source and drain regions 

were kept short in length and were doped 1x10
19

 cm
-3

 n-type. In order to focus on just the 

mobility degradation due to the lateral field, other models were disabled, such as vertical field 

mobility degradation, doping dependant mobility, etc. Long channel devices were simulated 

in order to help do a reasonable comparison with the analytical model, because the analytical 

model described thus far is not geared to handle effects such as DIBL, etc. For the same 

reason, recombination-generation models and quantum mechanical models, etc were also 

turned off.  

In the device simulations, the driving field for the Canali model [63] was specified as the 

gradient of the quasi-fermi-potential instead of the lateral electric field, due to numerical 

stability issues. Though this is different from what our analytical model does (the analytical 

model uses the lateral electric field as the driving field), either specification is supposed to 

give nearly the same result in the device simulations (page 222 in [51]). 

The results obtained from these device simulations were then compared with the model-

predicted values, as described below. 

4.7.1 Using Method 1 for VDSat calculation 

To validate the drain current equations as developed using Method 1 for VDSat calculation, the 

device simulations specifications included the following in addition to the ones stated in 

section 4.7. 
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A mid-gap gate work function of 4.6eV was used for the gate electrode. The electron mobility 

and the saturation velocity used by the device simulator were 1430 cm
2
/Vs and 1.07x10

7
 cm/s 

respectively. The default exponent of 1.11 (for electrons) was used for the Canali model in the 

device simulator. Simulations were done for 3 geometries, viz. (i) L=1 um, Wfin=20 nm, 

Tox=1.5 nm; (ii) L=800 nm, Wfin=20 nm, Tox=1.4 nm; and (iii) L=600 nm, Wfin=10 nm, Tox=1.3 

nm. Id-Vd characteristics for all the three devices and a sampling of the Id-Vg characteristics for 

each device at some biases are shown in Fig. 4-8 - 4-13. The analytical model parameters 

were extracted using a Heirarchical Particle Swarm Optimization (HPSO) algorithm based 

parameter extractor developed at IIT Bombay [72], using the Id-Vd device simulation data. 

The 1 um device and the 800 nm device had the same analytical model parameters values 

extracted, viz. µ0=1375 cm2/Vs, ∆φ= -0.004V, vsat=0.64x107 cm/s, Esat=5.8x104 V/cm. The 

600 nm device had slightly different parameters extracted, viz. µ0=1319 cm
2
/Vs, ∆φ= -

0.004V, vsat=0.72x10
7
 cm/s, Esat=15x10

4
 V/cm. 

As can be seen, the analytical versus device-simulation matching is very good.  

 

Figure 4-8: Output characteristics for the 1 um device (using Method 1 for VDSat calculation). 
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Figure 4-9: Output characteristics for the 0.8 um device (using Method 1 for VDSat 

calculation). 

 

Figure 4-10: Output characteristics for the 0.6 um device (using Method 1 for VDSat 

calculation). 
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Figure 4-11: Transfer characteristics for the 1 um device at VDS=50mV (using Method 1 for 

VDSat calculation). 

 

Figure 4-12: Transfer characteristics for the 0.8 um device at VDS=0.24 V (using Method 1 for 
VDSat calculation). 
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Figure 4-13: Transfer characteristics for the 0.6 um device at VDS=1 V (using Method 1 for 

VDSat calculation). 

4.7.2 Using Method 2 for VDSat calculation 

The validation of the drain current equations as developed using Method 2 for VDSat 

calculation is described in the next chapter which discusses the support for body doping and 

low-field mobility degradation. This is because the VGSC-based VDSat calculation scheme was 

developed at a time after support for body doping and low-field mobility degradation was 

added to the core model. 

4.7.3 Using Method 3 for VDSat calculation 

To validate the drain current equations as developed using Method 3 for VDSat calculation, the 

device simulations specifications included the following in addition to the ones stated in 

section 4.7. 
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A mid-gap gate work function with a zero barrier (with respect to intrinsic silicon) was used 

for the gate electrodes. The electron basal mobility was downgraded to 300 cm
2
/Vs in order to 

emulate realistic vertical-field-degraded mobilities. Default values were used for everything 

else. Thus the saturation velocity and the Canali exponent used by the device simulator were 

1.07x107 cm/s and 1.11 respectively. 

Simulations were done for 2 channel lengths, viz. (i) L=100 nm, Wfin=10 nm, Tox=1 nm; and 

(ii) L=200 nm, Wfin=10 nm, Tox=1 nm, and the results were compared with the analytical 

model. A sampling of Id-Vd, gds-Vd, Id-Vg and gm-Vg characteristics for each device is shown in 

Fig. 4-14 - 4-17. As can be seen, the model matches very well with TCAD results. 

The parameters µ0, vsat , Esat and AX were extracted from the corresponding device simulation 

data using a parameter extraction program developed at IIT Bombay [72]. The extracted 

values were µ0=270 cm
2
/Vs, vsat=0.71x10

7
 cm/s, Esat=4.3x10

6
 V/cm and AX=2 for the 100 

nm device and µ0=287 cm
2
/Vs, vsat=0.592x10

7
 cm/s, Esat=9.7x10

6
 V/cm and AX=2.51 for the 

200 nm device. 

 

Figure 4-14: Output characteristics for the 200 nm device (using Method 3 for VDSat 

calculation). 
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Figure 4-15: Transfer characteristics for the 200 nm device at VDS=50 mV and 1 V (using 

Method 3 for VDSat calculation). 

 

Figure 4-16: Output conductance of the 100 nm device (using Method 3 for VDSat calculation). 
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Figure 4-17: Trans-conductance of the 100 nm device at VDS=50 mV and 1 V (using Method 

3 for VDSat calculation). 

The extracted values for µ0, vsat and AX are used in the respective analytical model curves 

shown in Fig. 4-14 - 4-17. For the remaining parameters, the analytical model uses a fixed 

∆φ=0V (same as that used in the device simulations) and a fixed value for the CLM parameter 

Esat=4.3x106 V/cm (viz. the one extracted for the 100 nm device) for both channel length 

devices. The extracted basal mobilities are thus not far from the value of 300 cm
2
/Vs used in 

the device simulator. 

4.7.4 Model benchmarking and Gummel symmetry 

The core model developed in this chapter has also been compared with some other existing 

SDGFET models, and the result is shown in Fig. 4-18. As can be seen, our model improves on 

other models. In doing this comparison, VDS was not limited at VDSat using (86), in order to 

avoid ambiguities related to the proper value of the parameter AX to use, when drawing 

conclusions from the comparison. 
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Figure 4-18: Comparison of various models for a L=1 um device. 

Also, in the device simulation data shown in Fig. 4-18, the Canali exponent was set to 2 in 

order to test the accuracy of our model. Most importantly, fitting/extracted parameters were 

not used in the corresponding analytical model traces. Instead the parameter values used in the 

analytical model were exactly the same as those used in the device simulation (vsat, µ0, etc). 

As can be seen, the current predicted by our model matches very well with the 2D device 

simulation results, thus showing that our formulation is in agreement with the stated premise 

of n=2. 

In Fig. 4-18, the curve-groups (a), (b) and (c) are for VGS=1V, 0.9V and 0.8V respectively. 

The curves labeled Wong & Shi are for the model (equation (20)) from [19]. The curves 

labeled PSP FF 1 and PSP FF 2 use the drain current equation from the PSP FinFET model 

(equation (28) in [22]). However, the curves labeled PSP FF 1 use a uniform driving field for 

velocity saturation (equation (3.44) in [52]), whereas the curves labeled PSP FF 2 use a 

linearly varying driving field for velocity saturation (equations (3.45) and (3.46) in [52]). A 

plot using Gvat as defined in PSP 102.2 (equations (4.144) and (4.145) in [73]) was also 

examined. It is not shown here because it very closely coincides with the curves labeled PSP 

FF 1 and PSP FF 2. 
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One of the objectives of our effort was also to ensure that Gummel symmetry is met. A model 

is said to be Gummel-symmetric in currents if the first and second derivatives of IDS with 

respect to VDS are differentiable and continuous (with a value of 0) at VDS=0, respectively. It is 

an important requirement for models used in RF and analog circuit simulations especially for 

transistors that operate near the VDS=0 point, such as passive mixers and R-2R ladders. We 

have tested our model for Gummel symmetry using the circuit shown in Fig. 2-6 and the 

results are shown in Fig. 4-19, where VX=VDS/2 and IX=IDS. As can be seen, our model is 

compliant with Gummel symmetry requirements. 

 

Figure 4-19: Gummel symmetry tests [19] show model symmetry with respect to VDS=0. The 
symbols are a flipped version of the line. 

4.8 Summary 

In this chapter, we presented the development of an enhanced core model for the drain current 

of an SDGFET, that considers velocity saturation effects in a self-consistent manner. We also 

showed three methods to calculate the drain saturation voltage VDSat. Inclusion of channel 

length modulation (CLM) effects was also described. Finally, the validation of the model with 

2D device simulations, Gummel symmetry compliance and benchmarking with other models 

of similar capability were presented, where the superiority of our model over other existing 

models was clearly demonstrated. 
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Chapter 5 

Empirical Corrections, Support for Body Doping and 

Low-field Mobility Degradation 

In this chapter, we describe the way in which we have enhanced the core model by adding 

support for (uniform) body doping and mobility degradation due to the vertical field (ie. low 

field mobility degradation), as second order effects. We also describe how a minor empirical 

correction was added to the core model in order to get a better fit with device simulation 

results. 

5.1 Summary of the core model 

The core drain current model described till now considers velocity saturation effects in a self-

consistent manner. To summarize, the drain current is given by (102), (103) and (104). 
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      (104) 

where IDS0 is the current in the absence of velocity saturation. In the core model, only high 

field mobility (ie. velocity saturation effects) was considered. Thus IDS0 in the core model was 

described as the current under constant mobility conditions. When enhancing the core model 

to add support for low-field mobility degradation as a second order correction, one should 

interpret IDS0 as the drain current in the presence of only low-field mobility degradation. By 

second order correction, we mean a correction that will enable us to use the same functional 

form for the drain current expression in the enhanced model as that in the core model except 

that some term(s), viz. mobility, is suitably replaced. Accordingly, the term µ0 as discussed in 

chapter 4 is replaced by µ eff as can be seen in (102) and (103), where µ eff is the low-field 

mobility. 

Chapter 4 also described closed form expressions for VDSat and channel length modulation 

effects, which we use as is here except that we replace µ0 by µeff. 

5.2 Empirical correction 

The above described core model was seen to match well for devices up to about L=100 nm. 

For devices shorter than that, in order to get a good match in Id-Vd characteristics with TCAD 

results, we introduce a bias dependence in the saturation velocity vsat by introducing a model 

parameter θSatG on the lines of [73], suitably adapted from the realm of surface potential to 

that of inversion-charge. It is observed that this helps in yielding a better match with TCAD 

Id-Vd data. The physical origins of this parameter are not clear, and hence we deem this as an 

empirical correction. 



  73 

We define a normalized (spatial) average inversion charge areal density qim as 

qim=|avg(Qi)|/(4ΦtCox), where |avg(Qi)| is given by (114) and (118). The quantity qim is thus a 

dimensionless measure of the extent of inversion, and increases with higher gate bias (for an 

n-channel device). Then, following on the lines of [73] (equation 4.142 in [73]), we define 

wsat as the value of qim subject to a maximum of 100, which is implemented as wsat = 

100·qim/(100+qim). This up-clamping is believed to be done for reasons of numerical stability 

(else wsat could increase indefinitely as the gate bias is increased in the internal iterations of 

the simulator). The modified saturation velocity vsat2 is then defined as vsat/(1+ θSatG·wsat) or 

vsat·(1- θSatG·wsat), depending on whether θSatG is positive or negative, respectively. In the core 

model, vsat is then replaced by vsat2. 

5.3 Body doping 

Body doping is expected to be low in FinFETs, and is therefore expected to make a difference 

mainly in the sub-threshold regime. When a body doping of Na is considered in sub-threshold, 

(29) in sub-threshold becomes (neglecting the mobile charge term): 
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where the term ψ
l
 denotes that it pertains to the low VGS regime (sub-threshold). Following the 

same solution procedure as in chapter 4, we find the potential and electric field to be: 
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E x E x W

n

β φ−
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By comparing (106) with (30) and comparing (107) with (41), we can approximate a merged 

model for the electrostatic potential and electric field (merged in the sense that it is valid in 

sub-threshold as well as above-threshold) as: 
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β φφ β
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As can be seen, these collapse to the correct respective expressions in the extreme cases of 

sub-threshold and above-threshold. They also collapse to the corresponding expressions 

developed in chapter 4 if Na=0. The other piece that needs to be corrected in the model 

described in chapter 4 to account for body doping is the Gauss Law (37) which becomes: 

( )
( )

2 2

a fini
ys

qN WQ x
E xε− + = −        (110) 

It is interesting to note that when (110) is evaluated considering (109), the expression (48) for 

Qi remains unchanged. 

Proceeding then the same way as done in chapter 4, the potential summation rule (36) finally 

simplifies to a modified input voltage equation: 
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( ) 0 2 ln ( )
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a fin fint
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fin ox fin ox

qN W W
f V
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β βεφβ β
β φ φ φ

β ε

     = = + + + + − −∆      
           (111) 

Compare this with (42) and the effect of Na is seen as an addition of a spatially constant term 

on the RHS. 

Because it is spatially constant, all subsequent development in chapter 4 (such as the drain 

current expression) remains unchanged. The net result is that the final drain current equations 

are unchanged, and only the calculation of β1 (and therefore β2) is affected. 
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5.4 Low-field mobility degradation 

Vertical-field mobility degradation [2,56] (also called low-field mobility degradation, where 

by the term low-field it refers to low lateral field) is due to surface roughness scattering 

(dominant at high VGS), surface acoustic phonon scattering (dominant at medium VGS), and 

coulomb scattering (dominant at low VGS). For modeling this we use the same engineering 

model as that used in the PSP model [7] for conventional MOSFETs but modified suitably for 

a DGFET for the depletion charge term (which is spatially constant in a UTB device such as a 

DGFET, and is equal to qNaWfin/2 in half the device), viz. 

0

2
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i

a fin

E c

E Q

qN W
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µ
µ =

  + +       +   

       (112) 

where: 

2

i a fin

eff

Q qN W
E

η

ε

+
=         (113) 

In doing so, we have introduced the following model parameters: µ0, θ, η, E0 and cs. 

Note however that in (112) and (113), we have a term |avg(Qi)|. This is a spatial average of Qi 

taken along the source-drain direction. The rationale for taking a spatial average is to keep the 

formulation simple. From (48), we know that: 

28 t
i

fin

Q
W

εφ β
=           (114) 

where avg(β2) is given by (118) and is discussed in the next section. 

Equations (112), (113), (114) and (118) describe our low-field mobility model. 
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Such an approach makes µeff dependent on VDS, albeit weakly (via the calculation of the 

spatial average of Qi, due to the presence of the β2d term). If we are to use the VDSat expression 

derived in the core model as is (regardless of whether via Method 1, 2 or 3), then that would 

make VDSat depend on VDS, which is very unphysical. A more correct approach is to derive a 

modified expression for VDSat using the newly introduced dependence in µeff on VDS. But that 

makes it difficult to get a closed form expression for VDSat. Therefore, as a simplification, we 

assume a constant (parameterized) VDS when calculating |avg(Qi)| for calculating µ eff for the 

purpose of calculating VDSat (only). This is achieved by defining: 

2 1 2

VDSat

d sPβ β=           (115) 

where β2d
VDSat is the value used in place of β2d in (118) when calculating |avg(Qi)| for 

calculating µeff for the purpose of calculating VDSat. Note that P1 is a model parameter 

(between 0 and 1) that we have introduced. For all other purposes, when µeff needs to be 

calculated (to calculate IDS0 for instance), the actual β2d is used. 

It is interesting to note that the VDSat calculation in MOS Model 11 [56] seems to have a 

dependence on VDS (via the ∆ψ term in (H.18) and (3.44) in [56]), which is very unphysical. 

We describe next the development of an expression for |avg(Qi)|. 

5.4.1 Spatial average of β2 (and therefore Qi) 

We derive in this section an expression for the spatial average of β2, which is needed for use 

in (114)). We assume constant mobility for purposes of this calculation, and we will justify 

this approach in a non-rigorous manner at the end of this section. Eliminating a1(x) in (59) and 

(60) (after neglecting the sole logarithm term in the expression for a1(x) in (59)) and 

considering constant mobility (meaning vsat = ∞), we get: 

( )2 0

2 2 2

0

( / 2)1
( ) 1 1

8

fin DS

s

t

bW I x L
x b

b
β β

µ εφ

 + = + − − 
  

     (116) 
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We then define the spatial average of β2 as: 
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= ⋅∫          (117) 

Equation (117) can easily be evaluated using (116) and the expressions (63) and (65) for IDS0, 

and we finally get an expression for the spatial average of β2 as (with no approximations 

involved): 
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      (118) 

It can be easily seen this spatial average becomes equal to β2s, when β2s = β2d. We also see that 

a mobility term does not appear in (118), thus lending credibility to the assumption of 

constant mobility we made earlier in this section. 

Equation (118) is used in the calculation of effective mobility due to vertical field mobility 

degradation. 

5.5 Model validation 

2D device simulations were done using Synopsis Sentaurus Device [51] assuming abrupt 

source-body and drain-body junctions. In order to enable Coulomb scattering in the mobility 

calculation, the University of Bologna mobility model [74] was used instead of the default 

Lombardi model. Simulations were done for 2 geometries, viz. (i) L=0.8 um, Wfin=20 nm, 

Tox=1.4 nm; and (ii) L=0.4 um, Wfin=10 nm, Tox=1 nm. For the 0.8 um device, simulations 

were done for 4 different body dopings, viz. 1x10
16

, 1x10
17

, 1x10
18

 and 2x10
18

 cm
-3

. The 

device simulation results were used as virtual experimental data, and model parameters were 

extracted from it using a parameter extraction program developed at IIT Bombay [72]. Fig. 

5-1 - 5-7 show a sampling of the matching plots obtained by using the model enhancements 

stated in this chapter. These plots were generated using Method 2 for the closed form 

calculation of VDSat described in chapter 4. 
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Figure 5-1: IdVg curves for the 0.8 um device for various body dopings. The dots are device 

simulation data, the lines of the corresponding color are model data. 

 

Figure 5-2: Transfer characteristics for the 0.8 um device (Na=1x10
15

 cm
-3

) at VDS=50 mV 

(using Method 2 for VDSat calculation). 
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Figure 5-3: Transfer characteristics for the 0.8 um device (Na=1x10
15

 cm
-3

) at VDS=1 V (using 

Method 2 for VDSat calculation). 

 

Figure 5-4: Transfer characteristics for the 0.4 um device (Na=1x10
15

 cm
-3

) at VDS=50 mV 
(using Method 2 for VDSat calculation). 



  80 

 

Figure 5-5: Transfer characteristics for the 0.4 um device (Na=1x1015 cm-3) at VDS=1 V (using 

Method 2 for VDSat calculation). 

 

Figure 5-6: Trans-conductance of the 0.8 um device (Na=1x10
15

 cm
-3

) at VDS=50 mV, 0.24 V, 

0.43V and 1 V (using Method 2 for VDSat calculation). 
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Figure 5-7: Trans-conductance of the 0.4 um device (Na=1x10
15

 cm
-3

) at VDS=50 mV, 0.24 V, 

0.43V and 1 V (using Method 2 for VDSat calculation). 

Amongst the heretofore 15 model parameters, 4 were set to known values (Na, Wfin, tox and 

θSatG) and the others were extracted in a 3-step fashion from ID-VG (including gm-VG) and ID-

VD TCAD data for generating the model data shown in Fig. 5-1 - 5-7. The parameter θSatG was 

set to 0, since these are relatively longer channel length devices. As can be seen, the match 

between TCAD predicted values and model predicted values are very good. Also, as 

physically expected, ION decreases and Vt increases, as the body doping increases. The gm-Vg 

curves exhibit a downward trend at high VGS that is more severe at low VDS, which is typical 

of low-field mobility degradation. 

5.6 Summary 

In this chapter, we described how our core model presented in chapter 4 was enhanced in 

order to support body doping and low-field mobility degradation. It was shown that 

supporting body doping results in only a change to the input voltage equation and that the 
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drain current expression remains unchanged. A minor empirical correction was also added in 

order to get a better match with Id-Vd TCAD device simulation data for short channel devices. 

Finally, validation of the model with 2D device simulations was also presented, for two 

different device geometries and for four different body doping values. 
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Chapter 6 

Closed-form Approximate Solution to the Input 

Voltage Equation 

The core model presented until now features a transcendental input voltage equation (42) 

relating the value of an intermediate variable β1 to the gate and drain voltages. This equation 

can only be solved numerically by means of iterative techniques. But in order to implement 

the model in a circuit simulator, it is desirable to have closed form expressions. In this 

chapter, we present a closed form approximation for the inversion charge areal density. In 

[65,66], the same goal was addressed, albeit differently; viz. a closed form approximation for 

β1 was developed using which one can then calculate β1tan(β1), which is proportional to the 

inversion charge areal density. In the present work, we bypass solving for β1, and instead 

directly solve for the inversion charge areal density. 
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6.1 Drawbacks of existing approximations 

The approximations described in [65,66] as well as our proposed approximation described in 

the next section were implemented in Scilab [67], and investigated for accuracy, numerical 

robustness, and computation expense in terms of CPU Time. The investigation was carried 

out on an AMD Opteron 2.4 GHz Linux-based PC featuring 16GB RAM. The CPU Time of 

each approximation was determined using the timer() function in Scilab. The free variable 

(VGD-∆φ) (see (120) in the next section) was swept from -0.34V to 4V in steps of 0.01V, and 

the candidate approximation procedures were executed at each bias point (implying 435 

executions). The odd value of -0.34V was chosen because that is the lowest bias point at 

which the approximations discussed in both [65] as well as [66] work (see the column titled 

Numerical Robustness in Table 6-1). Table 6-1 summarizes the results. 

Table 6-1: Benchmarking of the various approximations. 

Approximation CPU Time 

(a.u.) 

Numerical 

robustness: Does not 

work if (VGD-∆φ) is 

less than 

Accuracy (Peak, Average 

error% in inversion charge 

areal density when 

compared to numerically 

calculated values) 

Morris et al. 

[65] 

0.62 -0.34V 9.36%, 1.7% 

Yu et al. (Taur 

Group) [66] 

0.24 -1.34V 10
-10

%, 10
-12

% 

Our β2 approx 0.14 Works at all biases 4.56%, 0.36% 

Taur-Modified 0.26 Works at all biases 5x10
-5

%, 2x10
-5

% (If the bias 

range is limited to 1V, then 

the peak/average errors are 

10
-9

% and 10
-11

% 

respectively) 
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For bias ranges below -0.34V, the approximation described in [65] gives a divide-by-zero 

error. The root cause of this problem was diagnosed to be the computation of ζ in (13) in [65], 

which gets calculated as 0 when z is very small (as small as 10
-15

), which happens when (VGD-

∆φ) is less than about -0.34V. As a result, a divide-by-zero error occurs in the computation of 

φ(z) in (13) in [65]. Another drawback of the approximation described in [65] is the piece-

wise computation of the Lambert-W function [59], where one needs to switch between 

equations (14) and (15) in [65], depending on the bias point. Such bias-dependent break-

points of a piece-wise computation are not desirable [70] in a compact model. 

Similarly, for bias ranges below -1.34V, the approximation described in [66] gives a 

singularity of log function error. The root cause of this problem was diagnosed to be the 

computation of η0 in (14) in [66]. When (VGD-∆φ) is less than about -1.34V, the second term 

in the square root in (13) in [66] gets neglected in comparison to the first term, and z1 gets 

computed as 0. As a result, the computation of η0 in (14) in [66] ends up evaluating ln(0), 

thereby giving rise to the singularity. 

The numerical robustness was investigated for many geometries (Wfin and tox combinations), 

and the limit-points of -0.34V and -1.34V of the approximations described in [65] and [66] 

respectively, are found to be quite typical for various geometries (deviating just marginally 

from -1.34V to -1.35V at the most for a different geometry). 

The limit-point of (VGD-∆φ) = -1.34V of the approximation described in [66] could be a 

problem, for instance, for a mid-gap gate electrode with ∆φ=0, VGS=0V and VDS=1.4V, which 

is just a bit above operating voltages in most (though not all) applications, and can very well 

be encountered in the simulator iterations even if the operating voltages are less than 1V. If 

the gate electrode work function is closer to the conduction band edge, then ∆φ increases and 

that further limits the maximum allowed VDS to values less than 1V. 

Using similar considerations, it can easily be seen that the limit-point of (VGD-∆φ) = -0.34V of 

the approximation described in [65] presents a far greater problem. 

Our proposed approximation (labeled Our β2 approx in Table 6-1, and described in detail in 

the next section) doesn’t have any such numerical issues, and as can be seen from Table 6-1, 

is the most computationally efficient procedure. Its accuracy (when compared to values 
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calculated by numerically solving the original transcendental equation) is not the best, but as 

we will show in this chapter, it is as acceptable as the other candidate approximations when 

one considers its accuracy with respect to values obtained from TCAD device simulations. 

Besides, our proposed approximation is suited for use in inversion-charge based compact 

models, where the accuracy requirements are not as severe as those in surface-potential based 

compact models [64] because quantities of interest like drain current, etc are linearly or 

quadratically dependant on the key state variable (inversion-charge density) in the former 

whereas they are exponentially dependant on the key state variable (surface-potential) in the 

latter (the approximations described in [65] and [66] are inherently targeted for use in surface-

potential based compact models). 

In Table 6-1, the approximation labeled Taur-Modified is our suggested enhancement to the 

approximation described in [66] to overcome its numerical robustness limitation, if the 

accuracy of our core approximation is not acceptable in some cases. It is described at the end 

of the next section. 

6.2 The proposed approximation 

As described earlier, when one solves the 1D Poisson equation under the Gradual Channel 

Approximation and writes the potential summation rule traversing from the gate electrode to 

the source electrode, one gets the transcendental equation shown below as equation (119). 

This is the equation that this chapter is focused on solving using approximation techniques: 

( )1 11 1
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2 sec4 tan( )
( ) 0 2 ln ( )t

fn t GS

fin ox fin

f V
W C W

β βεφβ β
β φ φ φ

β

  = = + + − −∆  
  (119) 

Equation (119) can also be written as: 

( )2 2 2

1 1 11 1
2 tan4 tan( )

2 lnt
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V
W C W

β β βεφβ β
φ φ φ

β

 +   + = −∆ −    
   (120) 

Using (58), (120) can be written as: 
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Also, the inversion charge areal density expression (48) becomes: 

28 t

i

fin

Q
W

εφ β−
=          (122) 

It is to be noted that in (121), the first term in the LHS dominates the second term to some 

extent at large values of β1, and the second term (i.e. the logarithm term) dominates the first 

term overwhelmingly at small values of β1. This is seen in Fig. 6-1, where we numerically 

calculate and plot the (absolute value of the) ratio of the first to the second term in the LHS of 

(121), versus β1. 

 

Figure 6-1: Absolute value of the ratio of the first to the second term in the LHS of (121), 
versus β1. 

But at small values of β1, we have 2

1 1 1 2
tanβ β β β≅ = . Using this approximation, (121) 

becomes: 
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Note that (123) is the same as (43), and is equivalent to (9) in [19]. This simplifies to: 
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if we define u as: 

( )/ 2
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GS fn tVfin
W

u e
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and b is given by (61). 

Now, at small values of β2, (124) can be approximated as (by neglecting the 2

2β term in the 

LHS and approximating the exponential term in the RHS as 1): 

2

2_ sm uβ =           (126) 

where the _sm postfix in the subscript of β2 indicates that it corresponds to small values of β2. 

Similarly, at large values of β2, (124) can be approximated as (by neglecting the 
2
β term in 

the LHS): 
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where the _lrg postfix in the subscript of β2 indicates that it corresponds to large values of β2. 

Equation (127) can be simplified as follows: 
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2_

( )
lrg

W bu

b
β =          (128) 

where W(x) is the Lambert-W function [59] defined as the solution of WWe x= . Since the 

argument bu in (128) is real and positive, we are interested in the principal branch of the 

Lambert-W function, in the range where x>0. 

We now utilize the following closed form approximation [75] for the Lambert-W function 

that is valid as long as the argument is not too large: 

( ) ( )( ) 0.04 0.665 1 0.0195 ln 1 ln 1W x x x ≅ + + ⋅ + ⋅ +      (129) 

This has been shown [75] to be valid for x<500. Using (129) in (128), we get: 

( ) ( )
2_

0.04 0.665 1 0.0195 ln 1 ln 1
md

bu bu

b
β

 + + ⋅ + ⋅ + ≅     (130) 

One of the approximations used in arriving at (130) (viz. neglecting β2 in comparison to β2
2
) is 

actually more compellingly valid for large values of β2 (as opposed to only medium values), 

but we still choose to label this as being applicable to medium values of β2, because the 

approximation that we have used for the Lambert-W function (viz. equation (129)) is not 

applicable for very large values of its argument. 

It should be noted that the notion of small, medium and large used in this work is only to 

suggest their relative magnitudes. Our proposed approximation does not suggest using a 

piece-wise computation where the pieces are bias dependent. Indeed, the same, entire 

computation procedure is followed for all biases. 

A plot of β2_sm and β2_md shows that they differ in orders of magnitude, with β2_sm < β2_md for 

small values of β2, and β2_md < β2_sm for medium values of β2. Hence, in order to be valid in a 

wider range of β2 (viz. small as well as medium values), they can be conveniently combined 

as (similar to a parallel combination of resistors): 
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This is a computationally efficient smoothing function when uniting two quantities of vastly 

differing orders of magnitude. This gives a single-piece approximation for β2 that is valid for 

small and medium values of bu, but not for large values of bu. 

We shall now focus on large values of bu. The approximation for the Lambert-W function in 

(129) is not valid for large arguments, so we will use a different approximation for it for large 

values of bu. 

Now, the Newton-Raphson iteration equation for the Lambert-W function can easily be 

derived as: 
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It is known [76] that for arguments larger than 10, an initial guess of [ ]0 ln( ) ln ln( )W x x= −  

gives a good approximation for the Lambert-W function in very few iterations. Indeed, in our 

approach, we use only one iteration. Using the suggested initial guess W0 and a single 

iteration, an approximation for the Lambert-W function for large values of the argument x 

comes out to be: 
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Using (128) and (132), we then get 
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where x is the same as bu except that it is down-clamped at a value of 10. For this, we can 

define x as: 
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         (134) 

where n1 is a sufficiently large number. The form of (134) (and (135)) is motivated by the 

way VDSeff is up-clamped at VDSat in the SP model [54]. This smoothing function is different 

from the one used in (131) because here we need to unite two quantities that could be 

comparable in magnitude. A simple plot of β2_lrg as obtained from (133) and (134), and of 

β2_sm_md as obtained from (131) for large values of bu, reveals that β2_lrg < β2_sm_md for large 

values of bu but they are comparable in the order of magnitude (this comparison is essentially 

equivalent to comparing Wlrg(x) and W(x) as given by (132) and (129) respectively for large 

values of x, thus making the comparison independent of device geometry). Then, since we 

know that β2_lrg is the more accurate approximation of β2 than β2_sm_md for large values of bu, 

we want to design the combined approximation for β2 such that it approximates towards β2_lrg 

for large values of bu. We do this by designing the global β2 as being equal to min(β2_sm_md, 

β2_lrg), where by the term global β2, we mean a single-equation approximation for β2 as 

opposed to piece-wise approximations. Designating the global β2 as β2x, we can accomplish 

this by defining β2x as: 

( )2
2

1/

2_

2 2_

2_ _

1

n
n

lrg

x lrg

sm md

β
β β

β

−    = +     

       (135) 

where n2 is a sufficiently large number. 

β2x as given by (135) is a rough approximation for a single-equation expression for β2. 

However, its accuracy can be greatly increased by using it as an initial guess for 3 Newton-

Raphson iterations of the modified transcendental equation (124). The Newton-Raphson 

formula for (124) can easily be derived as: 
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where : 
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β−=           (137) 

It turns out that in (134), a value of n1=1 is adequate. Any larger value does not make a 

noticeable difference in the final value while unnecessarily increasing computation expense. 

The larger the value, the tighter is the down-clamping of bu at 10, which however is not 

needed to be a very tightly clamped value (i.e. it is acceptable if bu is down-clamped at a 

value slightly larger than 10). Hence a value of n1=1 is adequate. Similarly in (135), a value 

of n2=8 was found to be adequate. Any larger value does not make a noticeable difference in 

the final value but does increase computation expense, whereas a lower value degrades the 

accuracy at large VGS. These are the values used for n1 and n2 in our model. 

We re-emphasize that the procedure described above is not a piece-wise procedure (in piece-

wise procedure, the various steps are executed for specific bias ranges). Indeed, all the steps 

are executed for all biases in our procedure, and the process of combining them and executing 

the 3 Newton-Raphson iterations at the end ensures that any errors introduced in intermediate 

steps are later reduced. 

By carrying out the procedure twice, once by setting φfn=0 and once by setting φfn=VDS, we 

get β2s and β2d respectively, which are the values of β2 at the source and drain ends 

respectively. Having got those, (122) can be used to get the inversion charge areal density at 

the source and drain ends. 

The entire procedure is summarized in Appendix-A. 

In the following sub-section, we describe an enhancement to the approximation described in 

[66] to overcome its numerical robustness limitation. 

6.2.1 Enhancement to the approximation described in [66] 

Considering the root cause analysis (discussed in section 6.1) of the limited numerical 

robustness of the approximation described in [66], we suggest a different starting guess for z1 
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(which equals tan(β1) in [66]) than that used in (12) and (13) in [66]. If we use the following 

starting guess (where β2_sm_md is given by (131)): 

1 2_ _sm md
z β=          (138) 

then we overcome the numerical robustness limitation of the approximation described in [66], 

remain about as computationally efficient as the approximation originally described in [66], 

and have an accuracy (in β2) that is mid-way between the approximation originally described 

in [66] and our core approximation (and actually be almost as accurate as the approximation 

originally described in [66] if the bias range is limited up to 1V, as stated in Table 6-1). 

Having chosen the starting guess z1 as in (138), the rest of the procedure remains the same as 

in [66]. In this chapter, we refer to this enhancement as the Taur-Modified approximation. 

The justification for choosing z1 as in (138) is that at small values of β1, β2 = β1tan(β1) ≈ 

tan2(β1). But at small and medium values of β1, we have already shown that β2_sm_md is a good 

approximation for β2. Extending this assertion beyond small values of β1 since this is only a 

starting guess, we can thus say that β2_sm_md ≈ tan
2
(β1). Therefore z1, which equals tan(β1) in 

[66], equals 2_ _sm mdβ . 

6.3 Results 

For a range of values of (VGS-∆φ-VDS), the original transcendental equation (119) was solved 

numerically for β1, and then (58) was used to calculate β2. This is our benchmark result, and 

we refer to it as the numerical solution. This term is not to be confused with other quantities 

like currents obtained from TCAD simulations, which we specifically refer to as device 

simulation data. We then used the analytical procedure summarized in Appendix-A to 

calculate β2. We refer to this as the analytical solution. We have plotted the numerical and 

analytical solutions in Fig. 6-2 where results from using the existing approximations in the 

literature are also shown. Fig. 6-3 shows the absolute error percentage in the analytical 

solution with respect to the numerical solution, for the same candidate approximations that 

are plotted in Fig. 6-2. 
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Figure 6-2: Numerical and analytical solutions for β2 using the candidate approximations, 

when (VGS-∆φ-VDS) is swept from -0.34V to 1V. All the traces coincide with each other very 
closely. 

 

Figure 6-3: Error % in β2 with respect to the numerically calculated β2, using the candidate 

approximations. The maximum and average error percentages in our proposed approximation 
are 4.6% and 0.4% respectively. The curves labelled Taur and Taur-Modified are not visible 

because their error percentages are very low. 
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It is seen that the maximum and average error percentages in our proposed approximation are 

4.6% and 0.4% respectively. It is felt that the main cause for the maximum error being as high 

as about 4.6% (which occurs at a small range of values of (VGS-∆φ-VDS)), is the error involved 

in approximating (121) as (123). This is further confirmed when one notices a similar error 

profile in Fig. 3b in [19]. But for practical use, a maximum error of 4.6% is acceptable, as we 

will soon show. Fig. 6-4 shows the same curves as in Fig. 6-3, but plotted over a wider bias 

range of -4V to 4V, and limited to only our core approximation and the Taur-Modified 

approximation (the latter is our proposed enhancement of the approximation described in 

[66]). Even though the voltages are not expected to be as high as 4V at the geometries 

considered in most applications, it is possible that in the various internal iterations during the 

solution process in a circuit simulator, higher than normal voltages are encountered [53]. 

More importantly, I/O devices use higher voltages, as do also some of the reliability studies 

involving circuits. It is therefore imperative that these bias ranges are also reasonably handled. 

 

Figure 6-4: Same curves as in Fig. 6-3, but plotted over a wider bias range of -4V to 4V, and 
limited to only our proposed approximation and our proposed enhancement of [66]. 

To show that the approximation is valid for a range of geometries, we show in Fig. 6-5 the 

variation of the maximum (and average) absolute error percentage versus Wfin (i.e. the 

maximum error between numerical and analytical solutions when (VGS-∆φ-VDS) is swept from 

-1V to 1V), for various tox. 
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(a) Maximum error %. 

 

(b) Average error %. 

Figure 6-5: (a) Maximum and (b) average absolute error percentages versus Wfin for various 

tox (i.e. the maximum (average) error between numerical and analytical solutions when (VGS-

∆φ-VDS) is swept from -1V to 1V). 

Fig. 6-6 - 6-9 shows drain current and trans-conductance plots where all the candidate 

approximations are compared with 2D device simulation results using Synopsys Sentaurus 

Device. The device geometry considered was tox=1.5 nm and Wfin=10 nm; and the channel 

length L, work function difference ∆φ and mobility µ used was 1 um, 0V and 300 cm
2
/Vs 

respectively. These are the same values as those considered in [66]. Note however that the 

approximation itself is independent of the channel length, because the original transcendental 

equation is independent of the channel length. The analytical models used the same parameter 

values as those used in the device-simulations. As can be seen, our approximation results in a 

very good match in currents as well as conductances. Table 6-2 explains what the curves 

labelled (a)-(j) mean. 

Figures 6-10 and 6-11 show the error in the drain current and trans-conductance at VDS=50mV 

and 1V respectively, where the error is with respect to the corresponding device simulation 

values. In Fig. 6-10 and 6-11, it is clear that the curves labeled (c)-(e) overlap very closely, so 

also do the ones labeled (h)-(j), substantiating the validity of our suggested enhancement to 

the approximation described in [66]. Further, it is also clear that the approximation described 

in [66] (even though very highly accurate when compared with numerically solving the 

original transcendental equation), is only marginally better in accuracy (when compared with 
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device simulation data) than our proposed approximation which is numerically more robust 

and computationally more efficient. 

Table 6-2: Meaning of the curve labels in Fig. 6-6 to 6-11. 

Curve label Key state variable, and calculated using Drain current model 

used 

(a) and (f) β2, calculated using our proposed approximation 

described in section 6.2 

Sallese et al. [12] 

(b) and (g) β1, calculated using [66] Sallese et al. [12] 

(c) and (h) β1, calculated using [66] Taur et al. [10] 

(d) and (i) β1, calculated using our suggested enhancement to 

[66] described in section 6.2.1 

Taur et al. [10] 

(e) and (j) β1, calculated numerically Taur et al. [10] 

 

Figure 6-6: Id-Vg plot at VDS=50 mV generated using the candidate approximations, and 
compared with 2D device simulation results. The curve labels are explained in Table 6-2. 
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Figure 6-7: Id-Vg plot at VDS=1 V generated using the candidate approximations, and 

compared with 2D device simulation results. The curve labels are explained in Table 6-2. 

 
Figure 6-8: gm-Vg plot at VDS=50 mV generated using the candidate approximations, and 

compared with 2D device simulation results. The curve labels are explained in Table 6-2. 
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Figure 6-9: gm-Vg plot at VDS=1 V generated using the candidate approximations, and 

compared with 2D device simulation results. The curve labels are explained in Table 6-2. 

 
Figure 6-10: Error% in IDS (left axis) and gm (right axis) at VDS=50 mV where the error is with 

respect to the corresponding device simulation values. The curve labels are explained in Table 

6-2. The traces (a)-(e) denote the error in IDS (left axis), and the traces (f)-(j) denote the error 

in gm (right axis). 
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Figure 6-11: Error% in IDS (left axis) and gm (right axis) at VDS=1 V where the error is with 

respect to the corresponding device simulation values. The curve labels are explained in Table 
6-2. The traces (a)-(e) denote the error in IDS (left axis), and the traces (f)-(j) denote the error 

in gm (right axis). 

6.4 Summary 

In this chapter, we presented a closed form approximation for the inversion charge areal 

density that is computationally more efficient and numerically more robust than other similar 

approximations in the literature. Its accuracy, while lesser than other approximations, was 

shown to be acceptable for compact modeling purposes. We also presented an enhancement to 

an existing approximation in the literature, that helps in increasing its numerical robustness at 

a minimal loss of accuracy. 
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Chapter 7 

Two-Dimensional Field Effects 

The model presented until now considers only two short channel effects, viz. low-field 

mobility degradation and velocity saturation. These have been developed under the premise of 

the Gradual Channel Approximation (GCA), which assumes that the variation of the electric 

field along the fin is negligible in comparison to that across the fin. Thus our approach until 

now has been a 1-D approach rather than a full 2-D approach. This assumption is invalid in 

short channel devices especially at high drain voltages, where the lateral field penetrates till 

the source and affects the source-bulk energy barrier. This effect is called Drain Induced 

Barrier Lowering (DIBL). It manifests itself in the form of a higher current than that predicted 

by a model developed using the GCA. This effect is modeled by Vt-based models as a 

reduction in Vt. 

In this chapter we describe the enhancement of our core model to add support for DIBL. Even 

though our core model is not a Vt-based model, we have developed a Vt, S and DIBL model. 

This is because from a device/circuit designer point of view, these three quantities are 

important metrics, and so it is always useful if one can model these quantities. Our Vt, S and 

DIBL model is described in section 7.2. 
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Indeed, even though we have developed a Vt, S and DIBL model, it is not incorporated in our 

core model as is. For incorporating DIBL effects into our model, we use a different technique, 

which is described in section 7.3. 

7.1 Two-dimensional analysis 

Breaking away from the premise of the GCA means that one needs to solve the 2D Poisson 

equation (139). As is commonly done when handling 2D field effects, we neglect body 

doping and assume constant mobility in this analysis. This is in line with the general approach 

in compact modeling that one handles one physical effect at a time [16,53]. 

( )
2 2

2 2

fn tiqn
e

x y

ψ φ φψ ψ

ε

−∂ ∂
+ =

∂ ∂
        (139) 

Being a non-linear partial differential equation (PDE), equation (139) is difficult to solve 

analytically. Hence (139) is usually analyzed in the sub-threshold regime, where the RHS is 

negligible and is therefore neglected. Any conclusions drawn (such as the extent of DIBL) are 

then applied to the above-threshold regime also, even though this is strictly not correct. In 

sub-threshold, (139) reduces to (140). 

2 2

2 2
0

x y

ψ ψ∂ ∂
+ =

∂ ∂
         (140) 

It is worthwhile mentioning at this time that some works [28,32,33] analyze (139) without 

limiting the form of the RHS to one that is valid only in the sub-threshold regime. Moreover, 

they get rid of one variable φfn from the RHS of (139) by applying an assumption that they 

show (via device simulations) to be valid only in sub-threshold. This assumption is that φfn is 

largely constant along the fin, and that much of the gradient in it occurs very near the drain 

end. This is shown in Fig. 7-1. And since much of the device sub-threshold behavior is 

governed by the potential at the point of minimum potential (also called the virtual cathode 

[33]), which occurs approximately halfway between the source and the drain (and moves 

towards the source end as the drain bias is increased), they assume that φfn = 0 all over the 
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device spatial domain in (139). The resulting equation is then solved using the superposition 

principle [77]. 

 

Figure 7-1: Spatial variation of φfn (Medici simulations) at threshold for a L=60 nm, Wfin=10 

nm, tox=1.5 nm device at VDS=1 V (from [33]). 

The above technique has two features that are not technically sound: 

• The superposition principle is not applicable for non-linear PDE’s (which (139) 

continues to remain even if φfn = 0), and 

• If an approximation (viz. that φfn = 0) that is valid only in sub-threshold is used, then 

any solutions found would strictly not be applicable to above-threshold conditions; as 

such, retaining a non-zero RHS seems pointless. 

The goal of all these works is generally to develop a scaling theory by introducing the concept 

of a scale length. The extent by which the channel length exceeds the scale length is a 

measure of the robustness to SCE. 

Some other approaches [23,25,26], all of which were based on the approach developed in 

[78], do a 2D analysis by assuming a parabolic potential variation across the fin. These result 

in a scale length proportional to the geometric mean of tox and Wfin, and large errors occur 

when one of the thicknesses is much larger than the other [29]. Large errors are also shown to 

occur when high-k gate dielectrics are used [27]. In another approach, the gate-oxide regions 
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are replaced by a silicon region whose thickness is three times that of the actual gate-oxide 

thickness, thus eliminating the boundary conditions at the silicon/oxide interface [30]. While 

the perpendicular fields are scaled properly in this one-region model, the lateral fields are not. 

This is the same approach as used in the original work by Nguyen in solving the 2-D problem 

for bulk MOSFETs [79]. It is a good approximation only when the gate-oxide is much thinner 

than Wfin. In [28,32,33], the oxide and silicon regions are separate, but the vertical field in the 

oxide was assumed to be uniform when formulating the boundary conditions at the oxide-

silicon interface, a very commonly used assumption but nevertheless questionable when high-

k gate dielectrics are used. 

The general prediction of these scaling theories is that the channel length should be atleast 2 

times Wfin, in order to have acceptable SCE. Then, given that FinFETs are expected to be 

introduced at the 32 nm or more likely the 22 nm node, it is expected that Wfin will be about 

10 nm, and EOT will be about 1 nm. At these advanced nodes, a high-k gate dielectric is also 

expected to be used. In a simplistic manner, a high-k dielectric constant of 12 would mean a 

physical oxide thickness of about 3.1 nm in order to give an EOT of 1 nm (neglecting 

inversion layer quantization and the charge-centroid shifting effects). A gate-oxide thickness 

of 3.1 nm (especially of high-k material, and therefore conducive to increased S-D fringing 

fields through it) cannot be deemed a negligible fraction of Wfin = 10 nm. Hence it is our 

belief that these scaling theories will be inaccurate. 

Therefore, we chose to build our 2D model by building on top of the 2D analysis presented by 

Liang and Taur in [29], which is claimed to be valid for a wide range of tox-Wfin combinations. 

The work in [29] is based on the concept of the generalized scale length introduced in [27]. 

We briefly describe next the 2D analysis done in [29]. 

7.1.1 Sub-threshold analysis as done in [29] 

In order to aid in the readability of the rest of this chapter, a brief overview of the approach 

followed in [29] is described here. It should be noted that [29] had shown the solution for both 

symmetric as well as asymmetric DGFETs, and had used a different coordinate system. We 
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summarize below the portions relevant to symmetric DGFETs, and as adapted to our 

coordinate system. 

In [29], focus was limited to the sub-threshold region in a lightly doped/undoped DGFET. 

Therefore (140) was solved instead of (139). For a SDGFET, the various boundary conditions 

are: 
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           (141) 

The oxide boundary conditions are based on an assumption of linear variation of potential at 

the side boundary (but not in the oxide interiors, as assumed by other works). In addition to 

this, continuity of ψ(x,y) and its y-gradient is enforced at the oxide-silicon interface (using the 

actual y-gradient of the ψ(x,y) solution in the oxide region in place of Eoxy, as opposed to 

approximating Eoxy as Vox/tox as other works have done). The superposition principle [77] was 

used and the electrostatic potential was written as: 

( , ) ( ) ( , ) ( , )
L R

x y v y u x y u x yψ = + +        (142) 

where v(y) is the 1D solution of (140) and satisfies the front and back gate boundary 

conditions, uL(x,y) and uR(x,y) are the 2D solutions of (140) that satisfy the source side and the 

drain side boundary conditions respectively (only). The individual superposed 2D pieces 

uL(x,y) and uL(x,y) were assumed to be of the form X(x)Y(y), and the usual separation of 

variables [77] technique was used, followed by application of the boundary conditions, to 

generate a general solution for the electrostatic potential (in the different regions) as an 

infinite series, given by (142), (143), (144) and (145). 

( )
GS

v y V φ= −∆          (143) 
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We refer to each term in the series summation in (144) and (145) as uLn(x,y) and uRn(x,y). 

The terms λn are called the generalized scale lengths [27], with λ1 being the most dominant, 

followed by λ3, λ5, etc (only odd terms are needed for SDGFETs). In general, they decrease in 

magnitude as 1/n [29]. Thus λ3 is approximately one-third of λ1, etc. By applying the dielectric 

boundary conditions, the geometry-dependent relation for λn was shown to be: 

( )tan / tan
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W
t

π ε
π λ

λ ε

  =   
       (146) 

In [80], a closed form approximation for the dominant term λ1 was proposed as λ1=Wfin(1+b) 

when tox << Wfin, where b=2ε/(WfinCox). 

What clearly comes across from (146) is that λn are not simply dependent on (εox/tox), thus 

showing that this approach is more accurate than other approaches that have simply scaled the 

oxide thickness by three and replaced it with silicon, when doing the 2D analysis. 
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Reference [29] then goes on to derive expressions for coefficients b1 and c1 in the infinite 

series solution using a conjugate function g1(y). Such a conjugate function was needed to be 

derived because the remnant sin() and cos() functions in the infinite series for ψ(x,y) (remnant 

in the sense that when x is pinned down at any constant value such as ±L/2 for example) are 

not orthogonal to each other. By requiring that these functions be orthogonal to g1(y) in the 

domain 0 ≤ |y| ≤ Wfin/2+tox, they derived region-wise expressions for g1(y). These come out to 

be a scalar multiple of uL1(-L/2,y). Also as a result of the orthogonality condition, g1(y) ends 

up having a discontinuity at the oxide-silicon interface, but is continuous in its derivative. 

This is shown in Fig. 7-2. 

 

Figure 7-2: Plot of the lowest order eigen function uL1 and its conjugate function 

g1(x). Notice the different coordinate system (from [29]). 

Finally, [29] stated an integral equation for the drain current under the drift-diffusion transport 

mechanism using conditions of constant mobility as given by (147). Retaining only the first 

order terms in (142)-(145), they then numerically evaluated (147) to get Id-Vg characteristics 

in sub-threshold. They showed a good match with TCAD device simulations up to about 

L=40 nm for a Wfin=10 nm, tox=1.5 nm device (for which λ1=17.73 nm). They did not get a 

very good match for a L=24 nm device, and the reason claimed was that such a short device 

fails the L>1.5λ1 criterion, which is necessary in order to justify retaining only the first order 

terms in the infinite series. 
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7.1.2 Higher order terms 

In [29], only the first order terms in the infinite series for the electrostatic potential were 

retained when numerically evaluating the drain current, thus making the model inapplicable to 

extremely short channel devices. In order to be applicable to extremely short channel devices, 

we modified the approach in [29] by retaining one more term in the infinite series for the 

electrostatic potential. For that we have to derive expressions for coefficients b3 and c3, for 

which we need to find the conjugate function g3(y). Taking a cue from the g1(y) expression 

presented in [29], we assumed that g3(y) is also a scalar multiple of uL3(-L/2,y). Requiring then 

that the integral I as given by (148) depend only on b3 and λ3 (ie. should not depend on other 

order terms like b1, λ1, b5, λ5, … etc, nor on any of the c-series coefficients (even if of the 

same order) c1, c3, c5, …etc), we derived an expression for g3(y) as given by (149). Note: The 

orthogonality condition can be useful in determining b3 only if this requirement is met. 
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Then, evaluating (148) once by using the boundary condition (141) for the potential and then 

once again by using the infinite series solution (142)-(145), and equating the two, we derived 

an expression for b3. Notice that (148) has x = -L/2, which is the source end. Repeating this 

effort by setting x = L/2 (but using the same g3(y)), we derived an expression for coefficient 

c3. Generalizing this approach, we state in (150) the expressions for bn and cn that we derived 

(of any order in general). Equations (142)-(145) and (150) give the complete electrostatic 

potential solution. It should be noted that the bn and cn coefficients have dimensions of 

potential. 
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7.1.3 Point of minimum potential (xc) 

As pointed out in [29], the electrostatic potential variation across the fin in the sub-threshold 

regime has a maximum that occurs at the fin centre (ie. yc = 0). In the sub-threshold regime, 

the points of weakest gate control are the points along the fin centre (y = 0). This is where the 

maximum leakage current flows. Therefore the y = 0 line is an important line to analyze as far 

as the variation of electrostatic potential in sub-threshold is concerned. Furthermore, the 

variation of the potential at y = 0 along the fin has a minimum that occurs at some point 

which we label as xc. It is the point of minimum potential along the line of crucial interest. It 

is an important point because many of the useful metrics of the device (such as Vt, etc) can be 

derived on the basis of this point. Some works [33] refer to this point as the virtual cathode. 

From this point, one sees a potential barrier when looking towards the source, and also 

towards the drain. The barrier seen when looking towards the source (which is modulated by 

VDS for short channel devices) is the main barrier that dictates the useful metrics. We derive in 

this section an expression for xc. 

To derive the point of minimum potential, we set: 

( ,0)
0 in silicon

cx x

x

x

ψ

=

∂
=

∂
      (151) 

Using (142)-(145), (150) and (151) and retaining only two orders of coefficients, viz. the first 

order (b1, c1) and the third order (b3, c3), and making approximations like L >> λ3 (but not 
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necessarily >> λ1) which helps us make approximations like cosh(πL/2λ3) ≈ (1/2)exp(πL/2λ3), 

we get an expression for xc as given by (152). 
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Equation (152) for xc matches well with TCAD device simulations. For a L = 20 nm, Wfin = 

10 nm, tox = 1 nm device, (152) predicts xc = -0.22 nm at VGS = 0, VDS = 50 mV and xc= -2.62 

nm at VGS = 0, VDS = 1V. The corresponding TCAD measured xc is -0.3 nm and -2.5 nm. 

The general behavior of xc is that it is 0 (ie. halfway between the source and the drain) at VDS 

= 0, and moves towards the source end as VDS is increased. 

7.1.4 Drain current model in sub-threshold 

Equation (147) has two integrals. As done in [28,33], we approximate the inner integral 

across the fin as the fin width multiplied by the value of the integrand at y = y1, where y1 is 

mid-way between y = 0 and the oxide-silicon interface. Thus, y1 = Wfin/4. For the outer 

integral along the fin, we approximate it as the channel length multiplied by the value of the 

integrand at x=xc, which we have stated to be the defining point for many of the device’s 

metrics. Using this technique and using (142)-(145) and (150) and retaining only two orders 

of coefficients, we get an expression for the drain current as given by (153). 
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 (153) 
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From (153), it is clear that H ≥ 1, and tends towards 1 as L/λ1 increases. 

Fig. 7-3 shows a plot of the analytical model versus TCAD device simulated currents in sub-

threshold, for a device with a high-k gate dielectric of Kox = 12, physical tox = 4 nm, and Wfin 

= 10 nm at VDS = 50 mV and 1 V, for four channel length devices. The model uses the exact 

same parameter values as those used in the device simulations. 

 

(a) L=20 nm device. 

 

(b) L=30 nm device. 

 

(c) L=40 nm device. 

 

(d) L=50 nm device. 

Figure 7-3: Drain current in sub-threshold using the analytical model given by (153), 
compared with TCAD device simulations for various channel lengths, without using any 

fitting parameters. Each plot shows traces at VDS=50 mV and 1 V. 
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It can be seen that there is a mismatch between the model and the TCAD data, especially for 

the 20 nm device. This is attributed largely to the approximations made in evaluating the two 

nested integrals in (147). 

7.1.5 Third order coefficients 

The impact of retaining the third order coefficients was examined (for example, by examining 

the magnitude of the first and second terms in the expression for H in (153), the magnitude of 

c in (152), etc). It was found that they are always 2 orders of magnitude lower (at high VDS) or 

even lesser, even for channel lengths as small as 10 nm. The primary reason for this is that the 

generalized scale lengths decrease as 1/n, and so while exp(-L/λ1) may not be negligible for 

short channel devices, exp(-L/λ3) is about e
3
 times smaller. This combined with the fact that 

the bn vary as the square of λn in (150), makes it clear that terms like b3exp(-L/λ3) will be 

about (32 · e3) ≈ 180 times smaller than b1exp(-L/λ1). Thus, it is a very good approximation to 

altogether neglect the third order coefficients as has been done in the literature. 

Nevertheless in the following section on Vt, S and DIBL modeling, we have retained them 

where possible. 

7.2 Vt, S and DIBL model 

We describe next how we used the expressions developed until now in order to derive models 

for the threshold voltage Vt, sub-threshold slope S, and the DIBL coefficient. 

7.2.1 Threshold voltage Vt 

For lightly doped devices, the classical definition for Vt based on the bands bending by 2φb 

(where φb is the separation between the intrinsic level and the fermi potential in the silicon) 

does not hold [81]. We have therefore derived expressions for Vt using three methods that we 

describe next, none of which rely on the classical 2φb-based definition. 
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7.2.1.1 Qth method 

We follow here the definition of Vt as used in [33] and later used in [32]. We refer to this 

method as the Qth method. 

Reference [33] defined Qth(xc), the inversion carrier areal density at x=xc, as: 

'
min min

/ 2
( ) / /

/ 2

fin
t t

fin

W
y

th i fin i
W

Q n e dy W n e
ψ φ ψ φ

−
= ≅∫     (154) 

where ψmin(y) = ψ(xc, y); and ψmin′ = ψ(xc, y1) where y1 is mid-way between y = 0 and the 

oxide-silicon interface. Thus, y1 = Wfin/4. Qth is thus the inversion carrier areal density (not 

inversion charge areal density; we are following here the convention as used in [33] and [32]) 

at x = xc. It should be noted that in (154), the electron quasi fermi level is assumed to be close 

to 0. As stated earlier, this has been shown to be valid in sub-threshold. 

The idea is to use a pre-calibrated threshold value for Qth, to deem it as the onset of inversion. 

From (154) we have: 

'

min ln th
t

fin i

Q

W n
ψ φ

  =   
        (155) 

The RHS of (155) can therefore be equated with the electrostatic potential as given by (142)-

(145) and (150) evaluated at x = xc, y = y1 and VGS = Vt and retaining only two orders of 

coefficients, viz. the first order (b1, c1) and the third order (b3, c3). After some tedious algebra, 

we get (156). It should be noted that (156) depends on xc, which in turn depends on VGS. 

Setting VGS to Vt in the xc expression and then using it in (156) may seem to be the more 

correct way to compute Vt, but that approach gives an implicit equation for Vt. So as an 

approximate technique, we set VGS = 0 when calculating xc for use in (156). 

The long channel expression for Vt can easily be obtained from (156) by setting L >> λn, and 

we get (157). 
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Reference [33] suggested that (157) can be used for a long channel device to calibrate Qth. 

Having once done that, (156) can be used as a Vt model. 

7.2.1.2 gm-Cox method 

We follow here the definition of Vt as used in [28,82]. We refer to this method as the gm-Cox 

method. Per this method, Vt is defined as the gate voltage at which equation (158) holds. 
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In (147), using (159) for the inner integral across the fin and making the same approximation 

for the outer integral along the fin as that discussed above (153), we can easily see that the 

threshold condition (158) is equivalent to that given by (160). 
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e
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φµ φ −

=

= −        (160) 

Using (153) in the LHS of (160), and assuming xc ≈ 0 (else the expressions become 

intractable), we get the expression for Vt as given by (161) and (162). 
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   (162) 

It should be noted that H (given by (153)) in (162) depends on VGS (even after assuming xc ≈ 

0) via the bn and cn coefficients. Setting VGS to Vt in the H expression and then using it in 

(162) may seem to be the more correct way to compute Vt, but that approach gives an implicit 

equation for Vt. So as an approximate technique, we set VGS = 0 when calculating H for use in 

(162). 

The long channel Vt is obtained from (161) by simply setting G = 1. 

7.2.1.3 Constant current method 

This is our own definition and is motivated by the constant current method of experimentally 

extracting Vt. In the constant current method, one measures the gate voltage at which the 

current per unit square reaches a pre-defined threshold current I0. Different works have used 

different values for this threshold current I0. Reference [23] had used an I0 of 1 uA per unit 

(Hfin/L), whereas [83] suggests an I0 of 0.1 uA per unit (Hfin/L). We follow the definition of 
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[83]. Translating to units of A/cm (current per unit fin height), this condition is equivalently 

stated in (163) where Lnm is in units of nanometers. 

0

1
 

nm

AI
cmL

=          (163) 

Equating (163) and (153), we get an expression for Vt as stated in (164). As before, in order to 

avoid implicit equations, we set VGS = 0 when calculating H for use in (164). The long 

channel Vt is obtained from (164) by simply setting H=1. 
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In (164), the denominator of the logarithm term has units of current. When using (164), care 

should be taken that the units of the various terms comprising the denominator of the 

logarithm term are such that their product is in units of Amperes (not uA or mA or some other 

variant), in order for the validity of (164) to hold as stated. 

The key distinguishing factor about this definition is that the mobility appears in this 

definition, unlike the other two definitions. 

7.2.2 Sub-threshold slope S 

Sub-threshold slope S is defined [2] as: 
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Using (153) and (165) and assuming xc ≈ 0 and neglecting the b3 and c3 terms, we get: 
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Thus, we see that S is greater than 60 mV/decade, and that it decreases towards 60 mV/decade 

as L/λ1 is increased. 

7.2.3 DIBL coefficient 

The DIBL coefficient is defined [32] as: 

1 50

1 0.05
DS DS

t tV V V mV
V V

DIBLC
= =

−
=−

−
       (167) 

As an illustration, we use (167) and the gm-Cox based Vt definition given by (161) to calculate 

this. The calculation involves calculating xc at the two drain biases of 50 mV and 1 V. For 

simplicity, we assume that xc is weakly dependent on VDS. Specifically, we assume that xc at 

50 mV and that at 1 V are approximately equal to that at the approximate midpoint of VDS = 

0.5V. We finally get: 
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   = +     
     (168) 

where xc
avg

 is the value of xc at VDS = 0.5V. 

7.2.4 Comparison with TCAD device simulations 

All the three analytical Vt definitions were used to predict the Vt rolloff with channel length, 

and the analytical Vt was compared with the Vt extracted from TCAD device simulations. The 

device simulations were done under similar conditions (a constant mobility of 300 cm
2
/Vs, 

and the same geometry). Moreover, for the analytical model, the values of λ1 and λ3 were 

calculated for the given (Wfin, tox, Kox) combination by numerically solving (146). 
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Figure 7-4: Vt roll-off for a device with Wfin=10 nm, a high-k gate dielectric of Kox=12 and 
physical tox=4 nm at VDS=50 mV. 

 
Figure 7-5: Vt roll-off for a device with Wfin=10 nm, a high-k gate dielectric of Kox=12 and 

physical tox=4 nm at VDS=1 V. 
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Fig. 7-4 and 7-5 show a plot of the Vt roll-off behaviour for a device with a high-k gate 

dielectric of Kox = 12 and physical tox = 4 nm, at two different drain biases. For this figure, Qth 

was calibrated from a L = 1 um device. The Vt from TCAD device simulations were extracted 

using a constant current definition of 0.1 uA/(Hfin/L). The curves labelled Hamid correspond 

to the model in [32]. The curves labelled CC correspond to the constant current analytical Vt 

model given by (164). The other curves are self-explanatory. 

It is seen that all the three definitions used by us do show a Vt-rolloff behaviour, however 

none of the analytical models match very well with TCAD extracted Vt. We believe that the 

reasons for this are: (a) the approximations discussed above (153) that are made in deriving 

the Vt expression, and (b) the uncertainty as to how well the constant current Vt extraction 

method (from simulations) matches the various analytical Vt definitions. The constant current 

analytical Vt model given by (164) comes closest to it, especially at shorter channel lengths. 

It should also be noted that the Vt model given in [32] shows an unphysical rollup at L=10 nm 

at VDS=1 V. 

Fig. 7-6 and 7-7 show the roll-up behaviour in DIBL and sub-threshold slope when plotted 

versus channel length L. Values extracted from 2D device simulations are also shown in the 

figures. The model-predicted DIBL values match well with TCAD-predicted values till about 

L=20 nm, whereas the model-predicted SS values match well till about L=40 nm. It should be 

noted that the L=10 nm device is a badly scaled device since Wfin=L in this case, and the 

approximations we have made are very questionable for this device. That explains the severe 

mismatch between model-predicted and TCAD-predicted values for this device. 
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Figure 7-6: DIBL roll-up: analytical model compared with TCAD extracted values. 

 

Figure 7-7: Sub-threshold slope roll-up: analytical model compared with TCAD extracted 
values. 
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7.3 Incorporation of DIBL effect into the core model 

The conventional way to add 2D field effects into a core model is via a second order 

correction using fitting parameters [84]. But the introduction of fitting parameters using 

arbitrary trial and error methods would give rise to future problems not easily foreseeable. For 

instance, one problem could be that local fitting parameters may not scale well with channel 

length in a consistent manner. Hence as far as possible, any introduction of fitting parameters 

should arise out of an effort in physically modeling the 2D field effects. In order to 

incorporate 2D field effects into our core model, we leverage our effort in developing the 

physical 2D effects model described in the previous section. 

The Vt model described till now cannot be integrated into our core model as is, because our 

core model is not threshold voltage based, but is rather an inversion charge based model. 

Hence we adopt a different technique to incorporate the 2D field effects into our core model. 

7.3.1 Fin width modulation 

It is well known [10] that due to volume inversion characteristics, the sub-threshold current is 

proportional to Wfin. It is also known that in strong inversion, the on current is weakly 

dependent on Wfin. Hence we adopt the technique of artificially modifying Wfin to a value such 

that the off current predicted by the core model matches that predicted by the 2D model.  

Compact models need to be very simple models for computational efficiency reasons. 

Considering then the findings summarized in section 7.1.5, and making the approximation 

that xc ≈ 0, and approximating 2sinh(πL/2λ1) ≈ exp(πL/2λ1), we can simplify (153) as (169). A 

simple calculation shows that the error in approximating 2sinh(πL/2λ1) ≈ exp(πL/2λ1) is 

greater than 1% only when (L/λ1) < 1.5, and that the error is greater than 5% only when L < 

λ1. At these ultra short channel lengths, one would anyway have unacceptably bad short 

channel behavior [29] such that the device is not useful any more. Thus, for practical devices, 

these approximations are quite valid. Making such approximations in the drain current 

expression (153), we get: 
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The superscript 2D in the LHS denotes that this is a current derived from a 2D model. 

Next let us consider the sub-threshold current as predicted by the 1D core model developed in 

the earlier chapters. We first translate from the inversion charge domain to the terminal 

voltage domain, as far as the state variable is concerned. In sub-threshold, we have already 

shown that an approximate solution of the input voltage equation is: 
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In sub-threshold, we can neglect the 2 2

2 2s dβ β− term in the a1d expression (65) in the core 

model. Also, we make the approximation that ln(1+x) ≈ x for small values of x (x representing 

the difference in β2 between the source and drain ends, both of which are very small in sub-

threshold) in the a1d expression (65) in the core model. Using (170) for the remaining terms in 

the expression for a1d, we get the sub-threshold current predicted by the 1D core model (63) 

as: 
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To get the same off current Ioff, we equate (169) and (171) at VGS = 0. We denote the values of 

b1 and c1 at VGS = 0 as b10 and c10. We get an expression for 1equiv D

finW  as: 
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where expressions for b10 and c10 can be got from (150) as: 
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In our model, we deem λ1 as a model parameter in order to aid in yielding a better prediction 

of the drain current, even though it is physically given by the relation (146). 

Next, as we have already seen, there is a mismatch in the analytical versus TCAD device 

simulation currents, arising out of the approximations made in evaluating the nested integrals. 

To account for this mismatch, we add two fitting parameters st1 and st2 as follows: 

• We replace the VDS term in (173) by st1.VDS 

• We replace the (b10+c10) term in (172) by (b10+c10) st2 

During parameter extraction, if the extracted values of the st1 and st2 parameters are close to 1, 

then that indicates that the 2D model is a valid model. 

Even though the on-current in strong inversion is only weakly dependent on Wfin, it is 

observed that allowing the fin width to be artificially modified under all bias regimes 

including strong inversion yields a poor match when trying to extract the model parameters. 

Hence we use a smoothing function to modulate Wfin only at low VGS, but smoothly revert it to 

the original Wfin at high VGS. For this, we define a smoothing function sm as given by (174). 

( )( )( )2
2

1/

2 2 2 21
X

X
A

A

m s ss P Pβ β
−

= +        (174) 

Here P2 and AX2 are model parameters. Parameter P2 controls the VGS bias point at which the 

scheme for incorporating DIBL effects stops using a fin-width-modulation technique, and AX2 
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controls the sharpness of this transition. β2s is a dimensionless quantity and is indicative of the 

gate bias and so is ideally suited to this task; it is very small in sub-threshold, and can be large 

in strong inversion. Our technique results in sm behaving like a unit step function. We then 

define the modulated fin width as given by (175): 

( )1 1

2

equiv D equiv D

fin fin fin fin mW W W W s= + − ⋅       (175) 

This effectively ensures that the fin width modulation is negligible in strong inversion where 

β2s is large. Wfin2 is the modified fin width that is used in all expressions in place of Wfin in the 

core model. 

7.3.2 Sub-threshold slope ideality factor 

Using (171) and (165), it is clear that the sub-threshold slope in the core model is the ideal 

2.3φt = 60 mV/decade. However, if the φt term in the input voltage equation is replaced by 

nφt, then it can be easily seen that the sub-threshold slope becomes 2.3nφt mV/decade. We 

call this the modified 1D sub-threshold slope. 

From (166) which describes the sub-threshold slope as predicted by the 2D model, we can see 

that it equals the modified 1D sub-threshold slope if n is given by 

( )
( )

( ) ( )1/ 2
1 1 1 1 1

1

1

1 1

cos / 1 2 cos /
1

cosh / 2

L
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y B y e
B

L

π λπ λ π λ

π λ

−
= ≈

−−
    (176) 

Having found n, we simply replace the φt term in the input voltage equation (and therefore in 

its closed form approximate solution) by nφt. 

However, as we have already seen, there is a mismatch in the analytical versus TCAD device 

simulation currents, arising out of the approximations made in evaluating the nested integrals. 

To account for this mismatch, we add a fitting parameter nif related to the ideality factor as 
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follows: Instead of replacing the φt term in the input voltage equation (and therefore in its 

closed form approximate solution) simply by nφt, we replace it by t ifn nφ ⋅ . 

During parameter extraction, if the extracted value of the nif parameter is close to 1, then that 

indicates that the 2D model is a valid model. 

Again, in order to limit this modulation of φt only in sub-threshold, we use a technique similar 

to (175), as stated below: 

( )2t t if t t if mn n n n sφ φ φ φ= ⋅ + − ⋅ ⋅        (177) 

Φt2 is the modified thermal voltage that is used in all expressions in place of Φt in the core 

model. 

7.3.3 DIBL effect in the above-threshold regime 

The fin width modulation and sub-threshold slope modulation techniques described above 

would work only in the sub-threshold regime. While it is true that the DIBL effect is the 

maximum in the sub-threshold regime, it is nonetheless non-negligible even in the above-

threshold regime, more so for shorter channel length devices. In order to incorporate DIBL 

effects into our core model in the above-threshold regime, we borrow an empirical technique 

from the PSP model [73], where the DIBL effect is simply modeled as a reduction (∆∆φ) in 

∆φ by a quantity proportional to the absolute value of VDS. 

f dsxc Vφ∆∆ =− ⋅          (178) 

Vdsx [73] in (178) is simply 2 0.01 0.1
DS

V + − , and is thus approximately equal to |VDS|; and cf 

is a model parameter. 



  126

7.4 Validation of the complete model including all effects 

The complete model including support for all the effects developed till now, was then 

validated versus TCAD device simulation results, for ultra-short channel devices. 

2D device simulations were done for five devices with channel lengths ranging from L=20 nm 

to 50 nm, all having a SiO2 gate oxide with tox=1 nm and fin width Wfin=10 nm. A mid-gap 

work function with zero barrier (with respect to intrinsic silicon) was used for the gate 

electrode. The basal mobility was the default 1417 cm
2
/Vs. The default Lombardi model was 

turned on for low-field mobility degradation and the default Canali model was turned on for 

velocity saturation. 

The model parameters were extracted from the TCAD device simulation data using the HPSO 

algorithm [72]. The extracted parameter values for each channel length device are 

summarized in Table 7-1. Ideally, the model parameters should be the same for all channel 

lengths (if they are global parameters), or should show a consistent trend with channel length 

(if they are local parameters). Since the (Wfin - tox) combination is the same for all the 4 

devices, ideally the first order generalized scale length λ1 should also have been the same for 

all four devices. Even though this is not so, a consistent trend is observed in that it decreases 

as channel length decreases. We attribute the inconsistency in the trend of some parameters to 

a non-optimal parameter extraction strategy, such as the lack of usage of the most reasonable 

default values in some extraction steps. Furthermore, we believe that in some cases the 

extraction/optimization problem could perhaps be an under-constrained one, resulting in 

multiple combinations that yield a good fit. This could be fixed by fixing some parameters as 

extracted from long channel devices (such as basal mobility). We leave these and other such 

geometrical scaling problems as open for future work. 

Fig. 7-8 - 7-23 plot various characteristics for all the devices considered, showing the match 

between the model-predicted values and TCAD results. The curves corresponding to the 

analytical model in Fig. 7-8 - 7-23 use the extracted parameters. As can be seen, the match is 

very good for such short channel devices in sub- as well as above-threshold. The DIBL effect 

can be clearly seen in the Id-Vg curves when one notices the implicit threshold voltage 

reduction at high VDS. The gm-Vg curves exhibit a downward trend at high VGS that is more 
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severe at low VDS, which is typical of low-field mobility degradation. A slight kink is seen in 

the gm-Vg curve at high VDS, and this is attributed to an unusually large value extracted for the 

AX2 smoothening parameter, which we believe can be fixed by suitable adjustments in the 

parameter extraction strategy. The Id-Vd and gds-Vd curves show a low but nevertheless non-

zero output conductance at high VDS, which is a result of incorporating channel length 

modulation and DIBL effects in the model. The gDS-Vd curves show the largest mismatch at 

low VDS and moderately low VGS, and this could be attributed to the fact that we had used 

Method 3 to calculate VDSat, which assumed that the drift component is dominant and which is 

a questionable assumption under those bias conditions. Many of the model parameters 

extracted such as the work function difference, basal mobility, saturation velocity, scale 

length, and some DIBL-related fitting parameters, were close to their ideal value. The ideal 

value of a physical parameter is the value as used in the TCAD tool, and the ideal value of a 

fitting parameter is a value that effectively implies non-usage of that fitting parameter; some 

parameters like Esat , AX, etc do not correspond to a similar entity in the TCAD tool and they 

therefore do not have any designated ideal value. 

Table 7-1: Extracted values of the model parameters. 

 L=20 nm L=30 nm L=40 nm L=50 nm Ideal value 

WFIN (Wfin) (nm) 10 10 10 10 10 

TOX (tox) (nm) 1 1 1 1 1 

NA (Na) (cm
-3

) 10
15

 10
15

 10
15

 10
15

 10
15

 

L1 (λ1) (nm) 13.37 15.85 18 18.5 15.47 

DELTA_PHI (∆φ) (V) -0.0012 0.018 0.008 -0.007 0 

MU0 (µ0) (cm2/Vs) 1413 1232 1195 1286 1417 
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CS (cs) 1.2 0.9 0.812 0.95 - 

ETA_MU (η) 0.65 0.53 0.59 0.53 - 

E0_MU (E0) (x 104 V/cm) 9.6 9.4 11 9 - 

THETA_MU (θ) 0.98 0.93 0.91 0.9 - 

VSAT (vsat) (x 10
7
 cm/s) 1.12 0.97 0.89 0.82 1.07 

P1 (P1) 0.99 0.68 0.56 0.76 1 

AX (AX) 1.51 1.56 1.55 1.53 - 

ESAT (Esat) (V/cm) 7.7x10
8
 8.1x10

6
 9.9x10

9
 9.9x10

9
 - 

THESATG (θSatG) 0.074 0.041 0.016 0.005 0 

SUBT1 (st1) 0.4 0.31 0.27 0.16 1 

SUBT2 (st2) 0.89 1 1 1 1 

CF (cf) 0.043 0.00012 4.1x10
-6

 0.0011 0 

AX2 (AX2) 0.47 1.51 1.77 0.41 - 

P2 (P2) 3.41 5 5 5 - 

NIF (nif) 1.002 1.005 1.018 1.046 1 
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Figure 7-8: Id-Vd curves for a L=20 nm device using the final model. 

 

Figure 7-9: Id-Vd curves for a L=30 nm device using the final model. 
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Figure 7-10: Id-Vd curves for a L=40 nm device using the final model. 

 

Figure 7-11: Id-Vd curves for a L=50 nm device using the final model. 
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Figure 7-12: Id-Vg curves for a L=20 nm device using the final model. 

 

Figure 7-13: Id-Vg curves for a L=30 nm device using the final model. 
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Figure 7-14: Id-Vg curves for a L=40 nm device using the final model. 

 

Figure 7-15: Id-Vg curves for a L=50 nm device using the final model. 
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Figure 7-16: gDS-Vd curves for a L=20 nm device using the final model. 

 

Figure 7-17: gDS-Vd curves for a L=30 nm device using the final model. 
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Figure 7-18: gDS-Vd curves for a L=40 nm device using the final model. 

 

Figure 7-19: gDS-Vd curves for a L=50 nm device using the final model. 
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Figure 7-20: gm-Vg curves for a L=20 nm device using the final model. 

 

Figure 7-21: gm-Vg curves for a L=30 nm device using the final model. 
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Figure 7-22: gm-Vg curves for a L=40 nm device using the final model. 

 

Figure 7-23: gm-Vg curves for a L=50 nm device using the final model. 
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7.4.1 Parameter extraction details 

The model parameters were extracted from the TCAD device simulation data using the HPSO 

algorithm [72] in four steps. The model has 21 parameters, of which 3 were set to known 

values (WFIN, TOX and NA) and the others were extracted in four steps from Id-Vg 

(including gm-Vg) and Id-Vd TCAD data. 

In the first step, focus was limited to the sub-threshold regime (VGS < 0.4V) at low VDS=50mV 

and the work function difference ∆φ, first order scale length λ1, st2 and nif were extracted from 

Id-Vg and gm-Vg data. Reasonable default values were used for the other model parameters in 

this step. 

In the second step, focus was extended to the entire VGS range though still at low VDS=50mV 

and the mobility parameters and the smoothing function parameters P2 and AX2 were extracted 

from Id-Vg and gm-Vg data, considering the parameters extracted up until the prior step. 

Reasonable default values were used for the other as-yet-unextracted model parameters. 

In the third step, focus was limited to the sub-threshold regime (VGS < 0.4V) at high VDS=1V 

and the DIBL parameters st1 and cf were extracted from Id-Vg and gm-Vg data, considering the 

parameters extracted up until the prior step. Reasonable default values were used for the other 

as-yet-unextracted model parameters. 

In the fourth step, the velocity saturation and CLM parameters were extracted from Id-Vd data 

considering the parameters extracted up until the prior steps. This step focused on Id-Vd data 

for VGS >= 0.5V. 

Some details about the usage of the parameter extraction tool are discussed in Appendix-B. 
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7.5 Summary 

In this chapter, an analytical model for Vt, S and DIBL for ultra short channel SDGFETs was 

presented considering 2D electrostatics. In the later part of the chapter, it was shown how this 

2D modeling effort was leveraged to incorporate 2D field effects into the core model. 

The final model is predominantly a physics based model, with a few fitting parameters added 

in order to aid in a better match with device simulation results. A good match was shown 

between model predicted values and 2D device simulations for devices as small as L=20 nm. 
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Chapter 8 

Conclusions and Future Scope 

We have presented a physics-based, completely closed-form, single-piece, inversion-charge-

based drain current model for an ultra short-channel, symmetrically driven symmetric double-

gate MOSFET that includes support for low-field mobility degradation, velocity saturation, 

channel length modulation, body doping and DIBL effects. It improves over existing models 

by including velocity saturation effects self-consistently and in a manner that Gummel-

symmetry compliance is met. The superiority of our core model over other existing models 

that consider velocity saturation has also been shown.  

For modeling 2D field effects like DIBL in nanoscale DGFETs, we have built up on an 

existing 2D analysis that solved for the 2D electrostatic potential, after evaluating the merits 

of that 2D analysis over other similar analyses. Using this approach, we have developed 

models for threshold voltage roll-off, sub-threshold slope and the DIBL coefficient, which are 

useful metrics from a device design perspective. We have also leveraged this 2D modeling 

work to incorporate the 2D field effects into our core model. 



  140

Finally, a good match has been shown between model predicted values and 2D device 

simulation results for devices as short as 20 nm, which is shorter than the shortest channel 

length SDGFET for which validation of a closed-form model has ever been shown in the 

literature. Gummel symmetry compliance was also demonstrated. 

Some of the points that could be taken up for future work are: 

1. The model developed till now is a DC model. In order to be able to do transient and 

AC analysis in a circuit simulator, expressions for terminal charges also need to be 

developed. The discussion below (63) lays the groundwork for how this can be done 

using the Ward-Dutton charge partitioning scheme [52] once we have the spatial 

variation of Qi(x) using (48). The evaluation of the Ward-Dutton integral is 

complicated under conditions of constant mobility itself. Evaluating it for a redefined 

core model which includes a lateral-field dependent mobility is harder still. Then, 

considering that the Ward-Dutton charge partitioning scheme was derived under 

conditions of constant mobility (and it would therefore amount to stretching it beyond 

its applicability-domain if one were to apply it to conditions of variable mobility), one 

could add expressions for terminal charges to the model presently developed by 

simply borrowing the simplified terminal charge expressions as presented in the PSP-

FinFET model [22], which were developed under constant mobility conditions. 

2. Other realistic effects need to be accounted for, such as quantum mechanical effects 

(gate leakage, inversion layer quantization, and quantization due to structural 

confinement in case of ultra-thin fins), parasitic series resistance, junction leakage, 

gate induced drain leakage (GIDL), 3D parasitic effects that are especially severe in 

FinFETs, gate resistance models for accurate RF simulations, velocity overshoot, as 

well as improved mobility models (that consider remote coulomb scattering, degraded 

mobility with high-k gate dielectric interfaces, anisotropic mobility depending on the 

orientation of conduction-surface, etc). 

Each of these physical effects can be added as second order effects by adapting expressions 

from more mature models that model that physical effect adequately enough. 
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APPENDIX – A: CLOSED-FORM CALCULATION OF 

THE INVERSION CHARGE AREAL DENSITY 

The complete closed-form procedure to get an accurate approximation for β2 (which is 

proportional to Qi, per (48) and (58)) is summarized below. The details are described in 

chapter 6. 
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APPENDIX – B: USAGE OF THE PARAMETER 

EXTRACTION TOOL 

We briefly describe here the usage of the parameter extraction tool developed at IIT Bombay 

by Rajesh Thakker et al. [72]. 

The first step is to implement the model code whose parameters need to be extracted in the C 

language in one or more C source files (called model source files) using a pre-specified 

interface. For the sake of brevity, the details of this interface are not explained here and can be 

obtained from [72]. The interface is designed on a separation-of-competence basis; in other 

words, it is designed to minimize the overhead on the model-implementer thereby allowing 

him to focus on his area of competence – viz. model implementation – when integrating with 

the parameter extractor. Other than a starting interface-related code in the entry-point C 

source file, the rest of the code in the model source files is specific to the model, and the 

parameter extraction program does not need to have visibility to it. The model source files are 

then compiled and linked with the main optimizer engine object file, resulting in a final 

executable. We refer to this executable as the extractor program. 

The extractor program takes two file names as inputs. The first one is referred to as the 

algorithm-controller file, and the second one is referred to as the file-information file. 

The algorithm-controller file has many parameters that govern the internal working of the 

extractor program,  a vast majority of which don’t need to be modified during the various 

runs of the extractor program (neither during the evolution of the model, nor during various 

runs for one version of the model). The two parameters that need to be modified most often 

are number_of_para and opt_steps. The former needs to be set to the total number of model 

parameters that are to be extracted. The latter needs to be set to the total number of parameter 

extraction steps within one run of the extractor program. 

The file-information file has as many lines as there are steps in the extraction process. Thus 

for an extraction strategy with four steps (as in the latest version of our model), there would 

be four lines in the file-information file. Each line contains information specific to an 

extraction step, and lists the name of the parameter driver file, the target data file, the output 
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file, and the optimized model data file. The parameter driver file is a step-specific input file 

and specifies information about the various model parameters (their valid range, whether to 

extract them in that step, etc), and its format is explained below in more detail. The target 

data file is a step-specific input file and has the target data values to which the model 

predicted values need to be matched with, by suitable optimization/extraction of the model 

parameters. Each line in it has the input variable values (eg. gate and drain biases), the target 

data value (eg. drain current) and a weighting factor, all separated by white space. The output 

file is a step-specific output log file, and lists the final extracted parameters at the end of that 

step. The optimized model data file is a step-specific output file in the same format as the 

target data file and contains the model predicted values when calculated using the final 

extracted parameter values in that step. 

The step-specific parameter driver file has the following format (contents shown actually 

correspond to that used in step 1 of our extraction strategy for the final version of our model. 

In our implementation, the values of the WFIN and TOX parameters were hard-coded within 

the model source files): 

Min, Max values ( used when 
extract ion flag =  1 or  3)

3
1 1     2
1 0     0.4
1 0     0.05
1
1
1e-2
NA 1e15 1e12 1e16 l 0 1

L1 10e-7 5e-7 20e-7 l 1 1
DELTA_PHI 0 -0.005 0.005 l 1 1
MU0 1430 500 1430 l 0 1

CS 1.3 0 5 l 0 1
ETA_MU 0.44 0 1 l 0 1
E0_MU 1.24e5 1e3 1e7 g 0 1

THETA_MU 1.19 0 5 l 0 1
VSAT 1.07e+ 7 1e+ 6 1e+ 8 g 0 1
P1 0.20 0 1 l 0 1

AX 1.5 1.5 5 l 0 1
ESAT 5e6 1e4 1e10 g 0 1
THESATG 0 -1 1 l 0 1

SUBT1 1 0 1 l 0 1
SUBT2 0.7 0 1 l 1 1
CF 0 0 1 l 0 1

AX2 2 0.1 4 l 0 1
P2 1 0 5 l 0 1
NIF 1 1 2 l 1 1

Num ber of input  variables As m any lines as the num ber of input variables.

Each line specifies for an input  variable (eg. VGS) ,  the num ber of 
ranges, and the start  ( eg. 0V)  and end (eg. 0.4V)  values of each range.

Error funct ion specifier :
1 = >  percentage- based, good for ex t ract ing from I dVg data.
2 = >  absolute, good for ext ract ing from  I dVd data

Error threshold

Model param eter name

Default  value ( used 
when ext ract ion flag =  0)

Bucket  type:

‘l ’ = >  l inear,
‘g’ = >  logarithmic

Ext ract ion flag:

0 = >  don’t  ex t ract  in this step
1= >  ext ract  in this step
2 = >  don’t  ex t ract  and instead use value extracted up unt il  prior  steps

3 = >  refine in this step the value ext racted up unt il prior steps, up to 
within a percentage specified by the ref inement% field

Refinement%
field
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