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z+ z. Now y+ z =1 —c. Therefore, the stationary distribution is
p=c* q=(1-¢)? 2r= 2¢(1 — ¢).
Exercise 6.1.29. DOCTORS ARE NOT THAT BAD.

In Example 1.3.3 compute the detection failure probability P(M |—). If it is not
small enough, how to improve things?

Solution (Exercise 6.1.29).

P P(— | M)P(M)
P =) = = = PP + P | 3DPQT)

that is
0.01 x 0.001

~ 0.01 x 0.001 + 0.08 x 0.009

which is approximately 1/80. This is still too large for certain illnesses, and you
must in that case have a better P(+|M). With P(+|M) = 0.999, you have

B 0.001 x 0.001
~ 0.001 x 0.001 + 0.08 x 0.009’

P(M|-)

P(M|-)

that is, approximately, 1/800.

6.2 Chapter 2
6.2.1 Subsection 2.1.4

Exercise 6.2.1. POINCARE.
Let Ai,..., A, be events and let X;,..., X,, be their indicator functions. From the
developped expression of E [II" (1 — X;)], deduce Poincaré’s formula:

P(UL A:) =) P(A) — > P(AN4)

i<j
+ > PANA;NA) =+ (=)™ P(A N AN - N Ay)

i<j<k

Solution (Exercise 6.2.1).

P(UL,4;)=1-P (UL A)=1-P(NA).

P(V ) =E|1n, 3] = F
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n

H(1—X7;)=1— ZXFZXT;XFL Z XX, Xp+ ...

i=1 i i<j i<j<k

Therefore

P(UPA) =E | Xi=> XiX;+ > XiX;Xp+...
i 1<j i<j<k

Il
=

ZXin +E Z XiX; X | +...

i<j i<j<k

> X
L

Observe that
E [XhXiz . Xlk] =FE |:1ﬁf=1Ail:| =P (mf:IAil) .

Exercise 6.2.2. NON ESSENTIAL SET.
Let X be a discrete random variable taking its values in F, with probability distri-
bution p(z), x € E. Define A = {w; p(X(w)) =0}. Show that P(A4) = 0.

Solution (Exercise 6.2.2).

P(A)=E[14] = E [1px)=0y) = Y, Lp@)=0yp(x)
rxelR

Exercise 6.2.3. THE MEAN IS THE CENTER OF INERTIA.
Let X be a real random variable with mean x and finite variance ¢2. Show that, for
all a e R, a # p,

E[(X - a)?] > E[(X - w)?) = o2.

Solution (Exercise 6.2.3).

(X =)+ (n—0)’]

+(p—a)’ +2(n— a)E[(X — p)]
+(p—a)? > E[(X - p)?]
whenever a # p.

Exercise 6.2.4. NULL VARIANCE.
Prove that a null variance implies that the random variable is almost-surely constant.
(Do the proof for an integer-valued random variable.)

Solution (Exercise 6.2.4).
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implies that n — y = 0 whenever P(X =n) > 0. Therefore

+oo
P(X=p)= > P(X=n)=)» P(X=n)=1
n=0

nn=p

Exercise 6.2.5. CHECKING CONDITIONAL INDEPENDENCE.

Let X, Y, and Z be three discrete random variables with values in F, F, and G,
respectively. Prove the following: If for some function g : F x F — [0,1], P(X =
z|Y =y,Z =2 =g(xy) for all x,y,z, then P(X =z |Y =y) = g(x,y) for all z,y, and
X and Z are conditionally independent given Y.

Solution (Exercise 6.2.5).

‘We have
PX=2Y=y) =) PX=xY=y2=2)
z
=Y PX=z|Y=yZ=2PY =y Z=2z)
z
=g(x,y)Y P(Y =y, Z =2) = glz,y)P(Y =y).
Therefore,

PX=zx|Y=y =glx,yy=PX=2|Y=y,7Z=2).

Exercise 6.2.6. GIBBS’S INEQUALITY.
Let (p(x),z € X) and (¢(z),x € X') be two probability distributions on the finite space
X. Prove the Gibbs inequality

= p(x)logp(z) < = > p(z)logq(z), (6.1)

zeX rEX

with equality if and only if p(z) = ¢(x) for all z € X.

Solution (Exercise 6.2.6).

We may suppose that ¢(z) > 0 for all = such that p(z) > 0 (otherwise the inequality
is trivial, the right-hand side being infinite). One can therefore restrict oneself to
the case where X contains only elements x such that p(x) > 0 , and where ¢ is a
subprobability ( > ., ¢(z) < 1) such that ¢(z) > 0 for all 2. Using the fact that
z>0=logz < z—1 with equality if and only if z = 1, we have that :

Z p(z)log ]% < Z p(x) (@ — 1)

rzeX reX p(x)
=Y gl@)= > px) <0,
rzeX rEX

with equality if and only if % =1 for all z € X.
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6.2.2 Subsection 2.2.5

Exercise 6.2.7. GEOMETRIC IS MEMORYLESS.
Show that a geometric random variable 7" with parameter p € (0,1) is memoriless in
the sense that for all integers k, ko > 1, P(T =k + ko | T > ko) = P(T = k).

Solution (Exercise 6.2.7).

P(T>k)= > (1-p"'p
k=ko+1
e’} ko
=p-p S 0 = P = 1)

_ _P(T:ko+k,T>kU)_P(T:ko-i-k)
P(T =ko+ kT > ko) = P(T>k0) = P(T>k0)

_lj(l(;i’—m_p(1_p)k—P(T—k).

Exercise 6.2.8.
Let 77 and T, be two independent geometric random variables with the same pa-
rameter p € (0,1). Give the probability distribution of the sum X =T + Tb.

Solution (Exercise 6.2.8).
For n > 2:

P(T1+T2:TL): P(T1+k:n,T2:k)

=Y P(Ty=n—k)P(T, =k)

k=1
= i 1=p)" " pa-p"'p

k=1
_”_1 n—2 2 n— s ? _\n
I Y

Exercise 6.2.9. THE RETURN OF THE COUPON COLLECTOR.
In the coupon’s collector problem of Example 2.2.4, compute the variance 0% of X
(the number of chocolate tablets needed to complete the collection of the n different

2
coupons) and show that Z¥ has a limit (to be identified) as n grows indefinitely.

Exercise 6.2.10. THE AMBITIOUS COUPON COLLECTOR.
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In the coupon’s collector problem of Example 2.2.4, prove that for all ¢ > 0,
P(X > [nlnn+cnf) <e €.

Hint: you might find useful to define A; to be the event that Type i coupon has not
shown up during in first [nlnn + cn[ tablets.

Solution (Exercise 6.2.10).
Then

7
n 1 [nInn+en]
= (1——) <nexp(nlnn+cn)=e°.
i=1

Exercise 6.2.11. FACTORIAL OF POISSON.
1. Let X be a Poisson random variable with mean 6 > 0. Compute the mean of the
random variable X! (factorial, not exclamation mark!).

2. Compute F [GX}.

Solution (Exercise 6.2.11).

1.
o0 0” o0
E[X!] = Zn!efe—' :6929".
n=0 TL. n=0
If0>1, E[X!|=00,if § <1, E[X]] :e*‘gﬁ.
2.
o 0 on
n n_—0
E[0X] =) 0"P(X =n)=> 0" —
n=0 n=0
e 9271 i
— ot Z = e 007 — o—0(1-0)
n=0

Exercise 6.2.12. EVEN AND ODD POISSON.
Let X be a Poisson random variable with mean 6 > 0. What is the probability that
X is odd?

Solution (Exercise 6.2.12).

k
P(Xisodd)= Y %
kodd
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Now
gk gk
0 _ i
e = Z [T Ak
k even : odd
and
ok ok
—6 _ z .
€= Z k! k!
k even : odd
Therefore
DA
k! 2 ’
k odd
and
0 _ o0 1 _ 20
P(X is odd) = e x c 26 = 26

Exercise 6.2.13. ENTROPY.

Let X be a discrete random variable taking its values in a finite set F. Let p(z) :=
P(X =uz), x € F, be its distribution.

i) Compute —E [logp (X)]. (This quantity is called the entropy of X and is denoted
by H[X].)

ii) Let now X = (Xi,...,X,) where the X,’s are 11D random variables taking their
values in a finite set £ with the common distribution 7. Express H [X] in terms of
H [X,].

iii) What is the entropy of a binomial random variable of size n and parameter
pe(0,1)7

Solution (Exercise 6.2.13).

i) —Eflogp(X)] = =X pep P(X = 2)logp(r) = = 3, cp p(z) log p(z)-

i) p(z) = P(X =) = P((X1 = @1,..., Xp = @) = [[1—y P(X; = 23) = [11—, 7(x:)-
—E[logp (X)] = —E [log [T, 7(X3)] = = 321, E[log m(X;)] = nH[X;].

(iii) —n(plogp + (1 —p)log(1l —p)).

Exercise 6.2.14. POISSON—BERNOULLI SUM.

Let {X,,},>1 be independent random variables taking the values 0 and 1 with prob-
ability ¢ = 1 — p and p, respectively, where p € (0,1). Let T be a Poisson random
variable with mean 6 > 0, independent of {X,,},>;. Let S := X;+---+ Xp. Show that
S is a Poisson random variable with mean p6.
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Solution (Exercise 6.2.14).

P(S=k)=PX1+---+Xr=k)
:P(Z{X1+---+Xﬂ,:k,T:n}>
n=k
=U PXi+--+Xp,=kT=n)

=Y P(X1+-+ X, = k)P(T =n),
n=~k

that is

N n! L
P(S_k)_zk!(n—k)!p ¢

k!
n=~k
() < (g8)
¢ TR z_; il
_ o9 qezepe(Pa)k
k! k!

Thus, if one “thins out” with thinning probability 1 — p a population sample of
Poissonian size, the remaining sample has also a Poissonian size, with the obvious
mean that is p times that of the original sample.

Exercise 6.2.15. BERNOULLI SUM OF PRODUCTS.

Let X,..., X5, be independent random variables taking the values 0 or 1, and such
that for all 4, 1 <i < 2n, P(X; =1) =p € [0,1]. Define Z =" | X; X,,;;. Compute
P(Z=k),1<Ek<n.

Solution (Exercise 6.2.15).
Define Z; = X;X,,_;. The sequence {Z;}1<i<, is a Bernoulli sequence with

P(Zi=1)=P(X;=1)P(X,_; =1) =p°
Therefore Z = )" | Z; is a binomial random variable of size n and parameter p°.
Therefore, for 0 < k <n,

Exercise 6.2.16. HAZARD RATE.

The hazard rate function )\ : N — [0, 1] of an integer-valued function X is defined by
A(n) = P(X =n|X >n).

(i) Compute P(X > n) in terms of \(0),---, A(n).
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(ii) Let {U,},>0 be a sequence of 11D random variables uniformly distributed on [0, 1].
Show that the random variable Z := min{n > 0: U,, < A(n)} has the same distribution
as X.

Solution (Exercise 6.2.16).

i) Letting A,, = P(X > n), we have \(n) = An—Ant1 — 1 _ A”“, from which we obtain,
A A

observing that Ay =1, ' '

n

P(X >n)=]](1-X0).

=0
(ii)
P(Z >n) = P(Us > M0), ..., Uy > \(n))

=P(Uy > \N0)) -+ P(Up > An)) = [J (1 = A(i)) = P(X > n).
i=0

Exercise 6.2.17. STOCHASTICALLY LARGER.

Let X and Y be two integer-valued random variables. Then X is said to be stochas-
tically larger than Y if for all n > 0, P(X > n) > P(Y > n). Show that in this case
FElu(X)] > E[u(Y)] whenever v : N — R is a non-negative and non-decreasing func-
tion.

Solution (Exercise 6.2.17).
The proof immediately follows from the observation that

Eu(X)=u(0)P(X =0)+u)P(X =1)+ - +un)P(X =n)+ -
=u(0)(P(X >0)—P(X >1))+u(l)(P(X >1) - P(X >2))
+eotum)(P(X > n) = P(X > n4 1))+
=u(0)P(X >0)+ (u(l) —u(0))P(X > 1) +---(u(n+1) —un)P(X >n+1)+---

Exercise 6.2.18. THE MATCHBOX.

A smoker has one matchbox with N matches in each pocket. He reaches at random
for one box or the other. What is the probability that, having eventually found an
empty matchbox, there will be k£ matches left in the other box?

Solution (Exercise 6.2.18).
Let X,, = 1 if the match is taken from the box in the left pocket, = 0 otherwise.
The sequence {X,},>1 is a Bernoulli sequence. The event that the box in the right
pocket has k£ matches left when the box in the left pocket is empty for the first time
is

N+EkE—-1\ 1
P(Xi+ 4+ XNnke1 = N-1, Xy =1) = P(Xi+ -+ XNy1 = N-1)PXnp = 1) = N_1 )*3-
Inverting the role of the pockets, we find the same result, by symmetry. Therefore

the answer is (N;le)
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Exercise 6.2.19. THE BLUE PINKO.

The blue pinko, an extravagant australian bird, lays T eggs, each egg blue or pink,
with probability p that a given egg is blue. The colors of the successive eggs are
independent, and independent of the number of eggs laid. Exercise 6.2.14 shows
that if the number of eggs is Poisson with mean 6, then the number of blue eggs is
Poisson with mean 0p and the number of pink eggs is Poisson with mean fg. Show
that the number of blue eggs and the number of pink eggs are independent random
variables.

Solution (Exercise 6.2.19).
If S is the number of blue eggs, T'— S is the number of pink eggs. One must show
that for any integers k£ > 0,¢ > 0,

P(S=kT-S=0 = PS=kPT-S=10

Op)k 0q)*
efep( ]2;!) efeq( 21!) .

But
P(S=kT-S=0)=PS=kT=k+1?)
PXi+ -+ Xpp=kT=k+1)
P(X1+ -+ X =k)P(T =k + 1)
(k+ 0! 4 l,—0 orte :e—pa(Pg)ke—qe(qa)e

o P o) k! 0

Exercise 6.2.20. THE ENTOMOLOGIST.

Each individual of a specific breed of insects has, independently of the others, the
probability 6 of being a male. An entomologist seeks to collect exactly M > 1
males, and therefore stops hunting as soon as M males are captured. What is the
distribution of X, the number of insects that must be caught in order to collect
exactly M males?

Solution (Exercise 6.2.20).

Consider the (independent) random variables Z;,Z,,... where Z; = 1 if and only if
the i-th captured insect is a male, Z; = 0 otherwise. If k < M, P(X = k) =0. If
k> M,

P(XZk)ZP(Zl—‘r---—&—Zk_lZM—l,ZkZD
:P(Z1+"'+Zk71:M—1)XP(Zk:1)

R 5\5)?(11\;— DA A
(k= 1)!

" (k= M)I(M — 1)!9M(1 —o

where we have used the fact that Z; +---+ Z;_; is a binomial random variable.

Exercise 6.2.21. THE RETURN OF THE ENTOMOLOGIST.
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The situation is as in Exercise 6.2.20. What is the distribution of X, the smallest
number of insects that the entomologist must catch to collect at least M males and
N females?

Solution (Exercise 6.2.21).
P(X=k)=0ifk<N+M. Ifk>N+ M,

k—1 k—1
P(X—k)—P(Zk—LZZi—M—l)+P<Zk—0,2(1—ZZ-)—N—1)
i=1

i=1

(the first term on the right is the probability of obtaining at time k exactly M
males and at therefore at least N females since £k > N + M, the second term is the
probability of obtaining at time k exactly N females and therefore at least M males).
Therefore

P(X =k)=lpsnim ((]];I__ll)pk 1-p™*+ (;:E) (1 —p)kpN—k> .

6.2.3 Subsection 2.3.4

Exercise 6.2.22. MEAN AND VARIANCE VIA GENERATING FUNCTIONS.

Compute the mean and variance of the binomial random variable B of size n and
parameter p from its generating function. Do the same for the Poisson random
variable P of mean 6.

Solution (Exercise 6.2.22).

By (2.24) and (2.25), when it is defined, the variance 0% of any integer-valued
random variable X of generating function gx(z) is given by the formula

0% = g% (1) + g (1) — g (1)%

Applying this formula to B and P of respective generating function gp(z) = (1—p+pz)"
and gp(z) = /=1, we obtain 0% = np(1 — p) and o2 = 6.

Exercise 6.2.23. VARIANCE OF THE GEOMETRIC FUNCTION.

What is the generating function g of the geometric random variable 7" with param-
eter p € (0,1) (recall P(T =n)=(1—p)" !p, n >1). Compute its first two derivatives
and deduce from the result the variance of 7.
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Solution (Exercise 6.2.23).
We have

oo

gr(z) =Y (1—-p)" ' pz"

n=1

n—1

j___ vz pe
1-(1-p)z 1-¢2’

oo
=pz)_[(1-p)2
n=1
[ee]
=pz) [(1-p)Z]
j=1
where ¢ = 1 —p (the radius of convergence of the power series is 1/1 —p, and therefore

the domain of definition of gr is {z;]|z| <1/1—p}). In the interior of the disk of
absolute convergence

()= e o) = s
Therefore » } 90 %
QT(l):(l_q)g—];y gT(l):(l—q)SZE
and 1
ET)=gr ()= .

Var (T) = g (1) + E[T] — E[T)?

2% 11 2+4p-—1
— —4te--

2

PP p P p
_gtptg—1 q+1-1 ¢
a p? N

Exercise 6.2.24. FACTORIAL MOMENT OF POISSON.
What is the n-th factorial moment (E[X(X —1)--- (X —n +1)]) of a Poisson random
variable X of mean 6 > 07

Solution (Exercise 6.2.24).
The generating function of a Poisson variable X of mean 6 > 0 is

gx (Z) _ 69(271) ,
and
ggg) (Z) — enee(z—l) )
But

d" X1 ar
dz”E [Z } =F [dz"z }

=E[X(X-1)...(X —n+1)2"].
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Therefore
EX(X-1)...(X-n+1)] =g 0)=06".

Exercise 6.2.25. FROM THE GENERATING FUNCTION TO THE DISTRIBUTION.
What is the probability distribution of the integer-valued random variable X with

generating function g(z) = —(sz)z ?

Solution (Exercise 6.2.25).

_ld e 2
C 2dz 2 4 2n
! 1+22+322 +nz”fl+
4 2 4 2n—1
Therefore, for all n > 0,
1n+1
P(X=n)=-
(X =n)= 71—

Exercise 6.2.26. THROW A DIE.

You perform three independent tosses of an unbiased die. What is the probability
that one of these tosses results in a number that is the sum of the two other numbers?
(You are required to find a solution using generating functions.)

Solution (Exercise 6.2.26).
We seek to compute

P(X1=X04+X3)+P(Xo=X1+X3)+P(Xs=X1+X2),

which is equal, by symmetry, to 3P (Y = 6), where Y = 6+ X2+ X3—X;. The generating
function of any X is

1 6o 1 1—2°
6(Z+"'+Z)_6Z1—z’

and therefore

2 B 3
6122(1_26) Z—ll_z6 LZQ(l_ZG)
637 (1-2°" 1-z1 2167 (1-2)°

that is
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1
P (Y =6) is the term in 25, that is 2—16(3) The result is therefore

3 5x6 5

Exercise 6.2.27. RESIDUAL TIME.
Let X be a random variable with values in N an with finite mean m. Show that
Pn = iP(X > n), n € N, defines a probability distribution on N. Compute its

m
generating function G in terms of the generating function g and the mean m of X.

Solution (Exercise 6.2.27).
By the telescope formula,

Now,
mG(z) = ZP(X >n)z"
n>0
=PX=1)+PX=2)+P(X=3)+P(X=4)+---
+P(X=2z+PX=3)z+PX=4)z+---
+P(X=3)22+P(X =422+
+ P(X

— ).
:P(X:1)_—;1)13(;:2)(1+z)+P(X:3)(1+z+z2)+P(X:4)(1+Z+22+Z3)+,”
= 1iz(P(X:1)(1_Z)+P(X:2)(1—22)+P(X:3)(1—23)+P(X:4)(1_Z4)+...
= (- P(X=0)) - ——(g(=) - P(X =0)).

Therefore
G(z)—%.

Exercise 6.2.28. WALD’S EXPECTATION FORMULA.
Let {Y,},>1 be a sequence of integer-valued integrable random variables such that
E[Y,] = E[Y1] for all n > 1. Let T be an integer-valued random variable such that for

all n > 1, the event {T > n} is independent of Y,,. Define X := Z:zl Y,,. Prove that

E[X] = B[V E[T).

Solution (Exercise 6.2.28).
We have

E[X]=E)_ Yalpuery = Y EYalinery)-

n=1 n=1
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But
ElYalin<ry] = EYR]E[ln<ry] = EN]P(n < T1Y).

The result then follows from the telescope formula.

Exercise 6.2.29. THE ENTOMOLOGIST STRIKES AGAIN!

Recall the setup of Exercise 6.2.20. Each individual of a specific breed of insects
has, independently of the others, the probability 6 of being a male. An entomologist
seeks to collect exactly M > 1 males, and therefore stops hunting as soon as she
captures M males. She has to capture an insect in order to determine its gender.
What is the expectation of X, the number of insects she must catch to collect ezactly
M males? (In Exercise 6.2.20, we computed the distribution of X, from which we
can of course compute the mean. However you can give the solution more quickly,
and this is what is required in the present exercise)

Solution (Exercise 6.2.29).

Apply Wald’s expectation formula of Exercise 6.2.28 to obtain M = E[X] x §. For
the result of Exercise6.2.28 to apply, one must be sure that for each n > 0, the
random variable Z, (= 1 if the n-th insect captured is a male, = 0 otherwise) and
the event {T" > n} are independent. Equivalently (see Exercise 6.1.19) we must show
that Z, and {T' < n} are independent. This is true since {I' < n} depends only on
VAT

Exercise 6.2.30. A RECURRENCE EQUATION.
Recall the notation at = max(a,0). Consider the recurrence equation,

XTL+1 = (Xn - 1)+ + Zn+17 (TL > O)a

where X, is a random variable taking its values in N, and {Z,},., is a sequence
of independent random variables taking their values in IN, and independent of X,.
Express the generating function v, of X,,;1 in terms of the generating function ¢
of Zl.

Solution (Exercise 6.2.30).

Xn+1 - Xn - ]‘X'n,>0 + ZnJrl

Observe that Z,; is independent of X,, (the latter depends only on Xy, Z1,...,2,).
Therefore

E [ZXn+1] - FE I:ZX77/—1X-,,,>O} E [ZZ"'H}
=F [zx"*l""”} w(z).

Now
2 Xn—lx,>0 _ (ZXn—lxn>o) 1x,>0+ (ZXW,—1X”>0) 1x,—0
=2y, 50+ 25" 1x,—0
= Xn1 ZXTL?IlX,L:U + ZX”1X”:U

X,—1 —1
=z""" 4+ =2 1x,—0+ 1x,=0

= zXny71 + (1 — 271) 1x,—o.



