Maximal Open Loop Operation under Integral Error Constraints

Debraj Chakraborty

Abstract—A linear time invariant system, subjected to bounded parametric
uncertainties and time varying disturbances, is to be controlled in open loop for
the maximum possible time period. The open loop operation is continued as long
as the L, norm of the states is bounded by a pre-specified threshold, for every
possible value of the uncertainty and disturbance. It is shown that the optimal
open loop input that achieves the maximal open loop operation exists and that it
can be approximated for computational purposes by a bang-bang input with a
finite number of switches. Similarly, the worst case disturbance can also be
computed using a bang-bang approximation.

I. INTRODUCTION

Feedback is commonly used for controlling most real
world systems to counter the effects of noise and
uncertainty. However, accidental disruptions in the feedback
channel can make the feedback signal temporarily
unavailable. Such disruptions can occur, for example, by
temporary loss of line-of-sight while controlling space
vehicles. In other applications, it may be cost efficient to
connect the feedback channel, only when performance
degrades beyond an acceptable level. Such is commonly the
case in networked control systems, where feedback is often
used only intermittently, so as to reduce network traffic ([9],
[10] and [18]). Lastly, in control of biological systems, the
output of the controlled system is often difficult to measure.
Such a situation arises, for example, in control of blood
glucose concentration in diabetic patients by insulin infusion
(e.g. see [2] and [12]). Insulin can be injected according to
arbitrary infusion profiles using portable infusion pumps.
However, measurement of blood glucose concentration is
invasive (finger-prick) and non-invasive glucose monitors
are still an area of active research (see [7] and references
therein). So the glucose concentration measurements are
necessarily intermittent, thus forcing any control algorithm
to function in open-loop for the intervals between two
consecutive measurements.

For such applications, we propose to develop an open
loop controller that accomplishes the following two
objectives:

1. Maximizes the duration of open loop operation

2. Guarantees that the system does not exceed pre-specified
error bounds for al/l uncertainties and disturbances for
this maximal duration.

Consider a linear time-invariant input/state system X
with given initial conditions and pre-specified nominal
values for the system parameters. Let 2. , be the system that
results when the parameters of X experience a perturbation

Manuscript received November 2, 2008.

D. Chakraborty is with the Department of Electrical Engineering, Indian
Institute of Technology Bombay, Mumbai-400076, India (phone: 91-22-
25767420; fax: 91-22-25723707; e-mail: dc@ee.iitb.ac.in). .

¢ from their nominal values and simultaneously, an external
disturbance input v(t) is present. The exact value of the
perturbation & or the disturbance input v(t) is not known,
but it is known that & does not exceed a specified bound d
and the disturbance input amplitude is uniformly bounded
by some known bound L at all time. After possibly having
applied an appropriate shift transformation on the signals,
we assume that the desired nominal output of X is the zero
signal. A maximal cumulative error of magnitude M >0 is
permitted. Our objective is to find an input signal u(t) that
drives the system X, in such a way as to guarantee that the
cumulative or integral error stays below M for as long as
possible, irrespective of the (unknown) deviation & and the
(unknown) disturbance v(t). Assuming that the feedback is
completely disconnected at time t = 0, we are seeking a
signal u(t) and a maximal time t; such that
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Figure 1: Feedback Failure
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f||2£,vu(r)\| dt <M forall 0<t<tg forall |¢] <d and for
0

all disturbances |v(t)| < L (te[0,t]), (1
where ||.| is some appropriate norm of the system output.
The situation is schematically described in Figure 1, where
C is the open loop controller.

Regarding the various scenarios of feedback disruption
mentioned in the first paragraph, the signal u(t) provides
maximal time for repair, help minimize operational costs, or
reduce patient discomfort and improve quality of life for
medical patients by reducing the frequency of invasive
measurements. Of course, at the time t; feedback must be
restored to prevent further increase of the error. The
conditions when such a feedback signal exists in the allowed
set of the bounded controls were studied in the context of
constrained controllability by [11],[1] and the references
therein. In this note however, we concentrate on the
maximal open loop operation.

The problem of maximizing open loop operation under
conditions of feedback failure was introduced for unstable
systems in [5], [3] and [4], where instantaneous error
constraints were treated. In this article, integral error
constraints are considered and the assumption of instability



is eliminated. Robustness with respect to external
disturbance inputs and a characterization of the worst case
noise are also introduced in this article. Moreover, it was felt
that the first order necessary conditions used in [4] and
elsewhere to characterize the optimal control, are too
complicated for computational use. This article tries to
address this issue through a novel function approximation
method, as opposed to the more conventional methods of
writing necessary conditions similar to the Pontryagin’s
Maximum Principle [14] used for solving such problems.

We show that this essentially max-min optimal control
problem is guaranteed to have a solution. Moreover, this
optimal input can be replaced by a bang-bang signal, with
only a negligible effect on system performance. For
computation and implementation, the fact that the optimal
signal can be replaced by a bang-bang signal is significant.
This is because a bang-bang signal is completely
characterized by its switching instances, which only needs to
be computed. In effect, this result transforms the dynamic
optimization of (1) into a finite dimensional optimization
problem. Similarly, we show that there is a worst case
disturbance, whose effect can also be approximated by a
bang-bang signal. This in turn makes the computation of the
worst disturbance signal and, consequently, that of the best
control input, numerically feasible.

II. NOTATION AND PROBLEM FORMULATION

A. Notation

Consider an uncertain linear time invariant continuous-
time input/state system X given by the realization:

> x(t) = A'x(t) + B'u(t) + G'v(t), x(0) = x,. 2)
Here, A'e RV, B'e R™™, G'e R"™ are uncertain system
matrices, x(t)eR" are the states of the system while
u(t)eR™ and v(t)eRP are the control and disturbance input
vectors respectively. The initial state X, is the state of X at
the time feedback was lost, and thus is known. We denote
the standard /*-norm for both matrices and vectors by ||.||,
given, for a qxr matrix H by |[H|| = maxi_; _gj-1,.r [hil,
where hj; is the (i,j)-element of H; and for a n-vector v=[v,
. Vn]T, by ||v||=max-;,_, |[Vil. Now, for a real number d >0,
let As, Ag and Ag be the sets of all real nxn, nxm and
nxp matrices respectively, with each element in the interval
[-d.d]. Then, the uncertainties in the matrices A’, B’ and G’
are modeled as follows:
A':=A+Dy, B =B+Dg, G =G+ Dg 3)
Here A, B and G are the known nominal values of the
matrices A’, B’ and G’ of (2), respectively, while
DaeAp, DgeAg and DgeAg are the unknown perturbation
matrices that represent uncertainties. We use the notation D
:=(Da,Dg,Dg) and A :=ApxAgxAg sothat D € A.

We denote by Lg’m the Hilbert space of all m-

dimensional Lebesgue measurable functions with the inner
product <a, b> = f e * a(t)"b(t)dt, where a(t),b(t)e Ly and
0

o> 0. We note here that we interpret all integrals in this
article in the Lebesgue sense.

We assume that the control input as well as the
disturbance amplitude for our system X is bounded
respectively by K> 0 and L > 0. So all input functions u(t)
and disturbance inputs v(t) of ¥ must satisfy [ju(t)]| <K

and ||v(t)|| <L for all t, and thus are elements of the Hilbert
spaces Lo and L5 respectively. The set of all

permissible input functions of X is defined as follows:

U:={uely™: |ut)| <K forall t>0}, (4)
and that of possible disturbance inputs as:
V= {vely’:|v(t)|<L forall t>0}, (5)

We name the pair (D,v) as the disturbance pair and the
set AxV as the disturbance range.

Finally, recalling the bound M >0 of (1) and taking into
consideration the fact that the output of our system X is its
state x(t), we formulate our performance requirement as:

t
e()=f x"(Ox(Ddr <M for0<t<t (6)
0
where x" is the transpose of x.

B. Problem Statement

First, we introduce a functional that represent the time
duration during which the cumulative error e(t) (defined in
(6) and written explicitly as e(t,D,v,u)) stays below or at the
bound M.

T(M,D,v,u) :=inf {t >0 : e(t,D,v,u) > M}, @)
where T(M,D,v,u) .= if e(t,D,v,u) <M forall t>0.
As ¢(0,D,v,u) = 0, we have T(M,D,v,u) > 0. Since, the
entries of the matrices D and the disturbance input v(t) are
unknown and unpredictable, we must consider the "worst
case" with respect to the pair of matrices D and the
disturbance input v(t), and this leads us to the quantity
T'(M,u) == inf pyeary T(M,D,v,u). (8)

Then, for a particular choice of u, inequality (6) is valid
for all t e [0, T"(M,u)], irrespective of the entries of D or
the particular realization of the disturbance v(t). The
duration T'(M,u) still depends on the input function u, and
we can choose any input function in the set U of (4). The
best choice will, of course, be an input function u that
maximizes T (M,u), yielding the maximal duration
ti = supyey T'(M,u). 9)

Assuming that such an input function exists, denote it by
u’, so that tf =T"(M,u"). In this notation, our objectives can
be formally phrased as follows.

Problem 1: (i) Determine whether or not an input function
u € U exists, and (ii) if there is such a function u’,
describe a method for its computation. ¢

As we can see from (8) and (9), the calculation of the



input function u  involves the solution of a max-min
optimization problem. In the next section, we show that an
optimal solution u" exists within our framework.

III. EXISTENCE OF AN OPTIMAL SOLUTION

Lemma 1 ([3] and [4]): The set U (alternatively V) of
(4) (or (5)) is weakly compact in the topology of the Hilbert
space Ly""(L7).

Next we show that for any choice of the control input u(t),
the cumulative error e(t;D,v,u) must escape the bound M
for at least one combination of the disturbance pair
(D,v)eAXV.

Lemma 2: For each input function u(t) € U and for
every disturbance range AxV, there is a disturbance pair
(D,v) € AxV for which T(M,D,v,u) <.

Proof: Consider the solution to system equation (2):
t t

x(t;D,v,u)=ert xo + | er9IBu(tr)dt + feA'“’T)G’V(T)dt. Let
0 0
for some fixed upe U, T(M,D,v,uy) = oo for every disturbance
pair (D,v)eAxV. Then it is necessary that
|[x(t;:D,v,ug)|| > 0 as t—oo V (D,v)eAxV. (10)
Let vi(t) = 0 for (0 <t < ), then v(t)eV. By (10) for
every permissible DeA, the j™ element of x(t): xi(t;D,vy,up)

— 0 as t—o (j=1,..,n). This in turn implies that for every
t

DeA, |leAt xy + [ er OBy (t)dt|| > 0 as t — oo. Using
0

t
this in (10), for any (D,v)eAxV, ||feA'<"T)G’V(r)dr|| —0 as
0
t—>o. However, noting that 3 (Da,Dg)eAxs*Ag for which
the pair (A’,G’) is controllable, it is easy to see that the last
equation does not hold for all v(t)eV. &

Clearly it follows that for each ueU, T*(M,u) < . For
solving part (i) of Problem 1, by the standard Weierstrass
theorem, we just need to show that T*(M,u) is weakly
upper semi-continuous.

Lemma 3: For a given disturbance pair (D,v) € AxV, the
function T(M,D,v,u) of (7) is weakly upper semi-
continuous in u.

Proof: Fix the perturbation pair (D,v). For a weakly
convergent sequence of input functions uy, uy, ..., € U, say

u, % u,, the sequence of solution to (2): x(t,u;), x(t,uy), ...
converges pointwise to the vector x(t,uy) by definition. Now

recall the definition of e(t) as in (6):
t

e(t,u):= f x'(t;u)x(t;u)dt. For every 0 <oo, thereisa P <o
0

such that x'(t;u,)x(t;u,) <P for te[0,0] and for all n. Also

lim,,. X (tu,)x(tu,) = X' (tug)x(tuy) for every te[0,0].

Interpreting the integral in (6) as a Lebesgue integral, it

follows that e(t,u,) — e(t,uy) for each te[0,0]. (e.g. see [8],

pg 69). Hence we can conclude that as u, - ug , e(t,u,) —

e(t,uy) pointwise for eacht <0 <o

Next, consider the following functional defined over error
trajectories: @(e) := inf {t > 0 : e(t) > M}, where ®(e) :=
if e(t)<M forall t>0. Let e(t), ext), ... be a sequence of
error trajectories that converges (pointwise) to the function
eo(t) for each t > 0, and assume that 6 is large enough
such that ®O(ey) < 0 < co. We show that, for any & > 0, there
is an integer N > 0 that satisfies the following condition:
B(e,) — O(ey) < ¢ for all integers n > N. Clearly, if there is
an integer N > 0 for which O(e,) < ®(ey) for all n> N,
then our claim is true. So let us examine the case when there
is no such N. In such case, there is a subsequence ny,n,,....
such that ©(e,) > O(ey) for all integers k > 0. Set T, :=
O(e); since O(ey) is bounded by assumption, we have T,
< . By the definition of ©(e), the following is true for
every real number ¢ > 0: there is a time t' e [T, T+ €)
such that ey(t") > M. Now, by assumption, we have that
en(t) = eo(t) pointwise for every t e [0,0]. Therefore,
setting t=1t', there must be an integer N >0 such that for n
>N, [eg(t") — e (t)] < [eo(t') — M]/2. For such n, we have
en(t’) = eo(t') — [eo(t') — en(t)] = eo(t') — [eo(t)) — MJ/2 >
eo(t)/2 + M/2 > M, i.e., ey(t’) > M. By the last inequality,
B(e,) < t'; whence Of(e,) < O(e) + ¢ for all n > N, and
®(e) is upper semi-continuous. Hence the composition
TM,D,v,u) = O(e(t;D,v,u)) is weakly upper
continuous in u. ¢

The next result resolves Problem 1(i).

Theorem 1: Let T*(M,u) be given by (8). Then, the
following are valid.

(i) There is a maximal time t; := supycy T*(M,u) < o0, and

(ii) There is an input function u” e U satisfying t; =
T M,u).

Proof: By Lemma 2 and 3, T"(M,u) of (8) is weakly
upper semi-continuous in u(t) (e.g., [16], p. 49). Hence the
result follows from the generalized Weierstrass Theorem

(e.g., [17], pg. 152). ¢

semi-

IV. BANG-BANG APPROXIMATION

We define a bang-bang input as an element u(t)eU such
that each component of u(t) assumes only the extreme
values {+K,—K} for all except a finite number of time
instances in [O,t’f]. In this section we show that the optimal
input u*(t) can be approximated by a bang-bang signal over
the entire disturbance range. Specifically, we are looking for
a bang-bang input function u’(t) for X that generates a
error trajectory e(t,D,v,u’) that deviates only slightly from
e(t,D,v,u”) forall t e [0, t?] for all (D,v) € AxV. The next
statement indicates that such an input function can be found
if we slightly relax the constraint on the state trajectories.
Compare with [4].

Theorem 2. Let £ be the system of Theorem 1 and let tf
be the optimal time of Theorem 1(i). Then, for every € > 0,
there is a bang-bang input function u“(tye U for which the



following are true.

(i) u* has only a finite number of switches, and

(ii) The error trajectory e(t,D,v,u") of ¥ created by u*
satisfies |e(t,D,v,u”) —e(t,D,v,u’)| <& forall t € [0, t?] and
all (D,v) € AxV.

Proof. Fix a real number & > 0. Recall that all input
functions u(t) of X are bounded by K, that t; < oo by
Theorem 1, and that all perturbation matrices D € A have
entries of magnitude not exceeding d > 0. Let n > 0, and
€> 0 be real numbers (to be chosen later), and recall that
A'=A+Dy and B'=B + Dg, where Dy, € Ay, and Dy €
Ag. Due to the uniform continuity of the function e there
is a real number 3(m) > 0 such that the function p(t',t) :==e"
AU _ e satisfies  |ju(t,t)]| < m for all t, t e [0, ti]
satisfying [t' —t| < 8(n). Also, let B :=sup {||B + Dg||: Dg €
Ag} and let N :=sup {[|e"": Da € As, t € [0, tf]}; here, N
exists due the fact that all involved quantities are bounded.
Let 0 <y <3(n) be any number for which t’f/y is an
integer. We build a partition of the interval [0, t?’] into
segments of length vy, namely, the partition determined by
the points 0, v, 2y, ... Recalling that the input function u(t)
of ¥ is an m-dimensional vector with each component
bounded by K, we define a bang-bang input function u™(t)
through its components u7(t), uy(t), ..., un(t) as follows: for
each component i =1, 2, ..., m, we select in each interval
[qy, (q+1)y] aswitching time 04, q=0,1,2,..,i=1,2, ..,
m, and set

N 7{+K for t € [qy,04),
ui() = —K for t e [0g,(qt1)y),

where the value of 0y is selected to satisfy the equality
@@y

R 0 (@*1y
[uide = K}dr ~K fdr=K[2(05 ~q) 7).

qY qY eql
Note that a solution 0g; exists forall q=1, 2, ... and all
i=1,2,.., m due to the fact that [uj(t) <K forall t>0.

Then, we obtain the equality
(a)y

f[u’f(r) —ui(1)]dt=0,q=1,2, ...

qY

Finally, let x*(t) be the state function generated by the
system ¥ when driven by the input function u’(t), and let
x*(t) be the trajectory induced by the optimal input function
u’(t). Noting that the perturbation matrix D and the noise
input v(t) is the same in both cases (we are activating the
same system sample with identical disturbances), one
obtains (using (11))

' t ' t '
IX"(t) = X" (O] = [le" [xo+ f e B'u’(t)dt + f e 'G'v(1)dr]
0 0

an

' t ' t '
—eM[xot fe’A Bu*(t)dr + fe’A ‘G'v(t)dt]||
0 0
=l e fe MBI @)-u (o) |

0

<N ||tfe*A'TB'[u*(r) —ui(o)]de|

(r+1)y t
q-! , :
=NI[Z, f e "B'[u*(t)—u"(t)]dt + f e ™ "B'[u*(t)—u"(t)]dr]|
Y qY
(r+1)y

NS e JGGETCIE
=0 x'Y

(r+1)Y t

+ f w(t,ry)B'[u’(t)-u ()]de]|| + || f e B [w'(0)-u'(0))de] }
17 qY

(r+1)Y
q-1

<N {X f||M(TJ”Y)H B[l Hhu* (o)l + [[u* (o)l 1dT +
id

+ f e 1B [ (o) + [l (o)1}
qY

< 2KNB[nt: + Ny].
Now, supjo; [e(t,D,v,u’) — e(t,D,v,u”)|

<supoy f 11X’ @ - @I X () + X (D)]jde

t
< 0. suppo f [IX'(0) -x (@) || | X'(0) + x°(0) || Ide
0
< (ntd)suppo. | X (¥) - X(0) || . supjoq || X (2) + x*(2) ||
Now let S = supjo || X' (1) + x'(1)||. Clearly S < oo
Hence supyo [e(t,D,v,u’) — e(t,D,v,u)] < 2SKNnBti[nt; +

Ny].

For any choice of & >0, we can choose the value of n
so that 2SKNnpn(t)> < &/2. Then, we choose y so that 0 <
y < min {8(), &/(4SKN’nft;)} and ti/y is an integer. For
these selections, we obtain |e(t,D,V,u*) —e(t,D,v,u’)| <e for
all te[0,t;] and for all (D,v)e AxV. Hence proved. ¢

Note that the u*(t) approximates the effect of u’(t) over all
permissible perturbation matrices and incident disturbances,
and not necessarily approximates u’(t) itself. Moreover u*(t)
is independent of the perturbation or disturbances. The cost
of making & smaller is an increase in the number of
switches of u(t). However for practical purposes, the
required number of switches may be computed by
repeatedly calculating the maximal time for increasing
number of switches, until no appreciable improvement
occurs with the increase in the number of switches. The
advantages of a bang-bang approximation were mentioned
in the introduction. The above theorem transforms a
practically infeasible dynamic optimization for u*(t) into a
finite dimensional search for the best switching instances for
u(b).



V. WORST CASE DISTURBANCE

Note that we still have not completely answered Problem
1(ii). In particular, the computation of the optimal switching
times of u*(t) must use the steps shown in Figure 2 in some
order depending on the particular algorithm being used.

Generate many Calculate :

N Pick the
bang-bang u’s by N infp,T(M,D,v,u) J\ maximum ~ ¢,
choosing different for each u L/ -
switching times

Figure 2: Steps for calculating u” and ¢

By Theorem 2, we need to compare T*(M,u) among only
bang-bang inputs. However, we still must develop a method
for finding the worst case disturbance pair (D,v)
corresponding to each candidate for u’(t). The situation is
complicated by the fact that the functional T(M,D,v,u) is not
lower semi continuous in (D,v), and hence the existence of
the minimum T*(M,u) is not guaranteed.

A. Existence of the Worst Disturbance Pair

First we show that there is a worst case disturbance pair
(Dy,v,) corresponding to the any control input u’(t). For this
purpose we need to introduce the following functional that
can be thought of as dual to T(M,D,v,u). Let
T,(M,D,v,u) :==min {t >0 : e(t;D,v,u)=M } (12)

where T,M,D,v,u) ;= if e(t,D,v,u) <M forall t=>0.

Similar to the definition of T*(M,u) in (8), we introduce
the notation: T;(M,u) = infipyyeAxv To(M,D,v,u). Using
dual arguments of Lemma 3 for lower semi-continuity, it
follows:

Lemma 4: For any fixed input uecU, the functional
T,M,D,v,u) is weakly lower semi-continuous in
(D,v)eAxV and there is a (Dg,vy)eAXV such that
T (M,Dg,vo,u’) = infip y)c Axy T/(M, D,v,uP).

Next, we claim that for any u’, T;(M,uo) forms the
greatest lower bound for T(M,D,v,u’). Stated precisely, we
have the following theorem:

Theorem 3: For any fixed u’eU, let

T/(M,Dg,vo,u") = infip e Axy T/(M,D,v,u’).

Then T/(M,D,v(,u°) = infpyeay T(M,D,v,u’).

We denote Dy := (Dao,Dgo,Dgo) and Ag = A+ Do, By =
B+ Dgy, and G(’) = G+ Dgg. The proof of this theorem is
divided into the following lemmas:

Lemma 5: For any u’cU, T,(M,D,vo,u’) := infip )cAuy
T,(M,D,v,u°) < infip y)c Axy T(M,D,v,u0).

Proof: Let infip,)cAcy T(M,D,v,u®) < T,(M,Dg,v,,u’).
This implies that there is a (Dj;,v;)eAxV  such that
TM.,Dy,vi,u®) < T,(M,D,v,u’). However, from the
definitions (7) and (12), T,M,D;,v;,u®) < T(M,D,,v;,u’) =
TM,Dy,vi,u’) < T,(M,Dyv,u’). This contradicts the
definition of the pair (D,v,). ¢

Lemma 6: For any u’eU, let T,(M,D,,v,,u’ be as in
(13). Then there is an € >0 and a (D,,v,) satisfying (13)
such that e(t;Dy,v,,u®) is strictly monotonic on

(13)

[T/(M3D0,V07u0)3 T((M,DO,VO,UO) + 8]'
Proof: We can assume that at least one element of Gy is

non-zero. If every element of Gy = 0, then it is equivalent
with having v(t) = 0 over [0,tf]. Thus we can replace some

1
element of Gy with a permissible non-zero element while

assuming vy(t) = 0 over [0, t?]. This switch would keep

T/(M,Dy,vyu’)  same while simplifying some of the

following arguments. Denote S£:=[T[(M,D0,v0,u0),

T/(M,Dy,vy,u’) + & ]. Consider the expression: e(t,D,v,,u’)
t

= fXT(T,DO,VO,HO)X(‘E;DO,VO,uo)dT. Assume that for a fixed
0

arbitrary € >0,

e(t,Dy,v,,u’) =M holds for all teS,. (14)
Noting that xT()x() > 0, (14) can only hold if

XT(t,Do,vo,uo)x(t;DO,VO,uO) = (0 for all teS,. This in turn

implies that x(t;D,v,,u’) =0 for all teS,. It follows that

K(EDvu%) = 0 = Agx(ty.) + Bou®(t) + Ggvy(t) = 0 for all

teS.. (15)
Let v, (t) = [ ...F)p]T for teS,; where 6;(i=1,...,p) are real

constants. Then (15) has to hold for all ||5j|| £ L (i=1,...,p).

This is clearly untrue, since G(') has at least one non-zero
element. This argument holds for any ¢ > 0. Hence our
assumption (14) is false and there is an € > 0 such that
e(t,Dy,v,,u) is strictly monotonic in the interval
te[Ty(M,Dg,vy,u”), T(M,Dy,v,,u’) + €. ¢

Proof of Theorem 3: By Lemma 5, T[(M,Do,vo,uo) <
infpyeaxy T(M,D,v,uo). Now assume that T((M,DO,VO,HO) <
infip vy Axy T(M,D,v,u’). By Lemma 6, e(tDo,vo,u’) is
strictly monotonic in a small enough neighborhood
[T,(M,Dg,vo,u’), T, M,Dpvou”) + €]. Hence, from
definitions (7) and (12), T(M,Dg,vo,u’) = T,(M,Dg,vo,u’) <
infp yeAxy T(M,D,v,u’). This is a contradiction. Hence the
only remaining possibility is the statement of the theorem.

B. Computation of the worst disturbance pair

For an arbitrary input u’(t), we pose a standard minimum
time optimal problem (e.g. see [14]) below to compute T;
(M,u%). Using the notation of (13), assume for the moment
that worst case parameter disturbance matrices Dy
corresponding to u’(t) are known.

Problem 2: Find min,.y t such that the following

constraints are satisfied: x(t) = A(’)x(t) + B(;uo(t) + G(;v(t),

tf
x(0) =xo for 0<t<t and [ x"()x(t) =M.
0
Let the solution of Problem 2 be vgy(t) and the minimum
final time T;(M,uo). It is easy to see that vy(t) can be
replaced by a bang-bang input, without appreciable effect on
the final time. Using the notation of Problem 2:
Lemma 7: For any & > 0 and any u’(t)e U, there is a bang-



bang function v(t)eV with a finite number of switches,

such that the solution y(t) of the state equation: y(t) = Aéx(t)

+ Bou'(t) + Gov'(t) with the initial condition y(0) = x,,
Ty(Mu)
satisfies | f YOyt dt—-M |<e.
0

The proof is similar to Theorem 2 and is not repeated here
for lack of space. This result qualifies the bang-bang
function v'(t) to be an approximate solution of Problem 2.
Hence, for a certain choice of the control input (say u®), one
needs to simultaneously optimize on the switching instants
of v(t) and the parameters of D to find an arbitrarily close

estimate of the minimum terminal time T;(M,uo). It may be
noted that this algorithm can be implemented/improved by a
variety of finite dimensional min-max optimization
techniques developed in the literature (e.g. see [13], [15] and
the references therein). The main contribution of this note is
to transform the dynamic optimization problem into a finite
dimensional min-max problem, which in turn makes it
solvable by a wide variety of numerical procedures. We
provide a simple numerical example illustrating the main
idea of approximate bang-bang solution introduced in this
work.

Example 1: Consider the one-dimensional system x(t) =
ax(t) + u(t), where the pole “a” is uncertain. Only the range
of “a” is known: 1.2 < a < 1.4; The input u(t) is bounded:
[u(t)] <2 for all t; and the initial condition x(0) = 1. We
assume that the bound on the cumulative error is M = 5. For
simplicity we assume there is no incident disturbance input
(v(t)=0).

In terms of equation (4), our objective is to find the u(t)
such that the inequality:

t
e()=f x"(Dx(1) <5 for0<t<tandforall 12<a<1.4

0
holds for the longest time t;.

Note that even for this extremely simple case, computing
the true optimal solution is numerically infeasible using
brute force methods. However using Theorem 2, we only
search for the solution among bang-bang inputs. Here we
directly implement the pseudo-algorithm described in Figure
2. As mentioned above this can be improved using
numerical schemes developed by other authors for finite
dimensional min-max optimization. It is found that a single-
switch bang-bang signal given by

. {—2 for £ <1.35sec

u ()=

+2 fort>1.35sec

produces the maximal open loop time t. No noticeable
improvement (less than 0.1 second) occurs by increasing the
number of switches. The approximate (optimal) input is
shown in the left plot, and the corresponding cumulative
error trajectories for 20 different values of ‘a’ are plotted
on the right.

(see Figure-3)

\.

1 «st Error

* .J Trajectories
w Optimal
input 2

Figure 3: Approximate optimal solution by bang-bang
signal: t;" ~ 4 seconds; error trajectories for 20 different
values of ‘a’=1.2,1.21,1,22...... ,1.39,1.4.
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