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We want a real version of the Schur
Decomposition impossible due to complex

polls

FACT Real Schur Decomposition If AE112mn
then I QER it

Eaa Iii
pwhere each Pii is either O

a 1 1 matin ca a 2 2 mature having
complex conjugate eigenvalues

Proof Only real or Complex Conjugate eiq values
are possible Let there be k complex conj
eigenvalues We do induction on K
True by Schuis them for K O Now let KII

Let A Vt in EX A Then F Y Z EIR Fto
sit A Yt iz Etim Cytiz

ie Aly 23 9 2798 M
n s

By FACT above AX XB sp y Z is a real

invariant subspace of A F orthogonal
einen st Kaa fat

where 7Th it in D in Rest exercise



With this form in mind we set up
the real analog of the QR iteration

Given A firm orthogonal Go
Set Hot QEAQo
for K 1,2

Qr RK Hk QR factorization
Hh RKUK

end

we can at best expect Hr to converge to
the real schur form
However effort at each step is still 063

Solution I Go is chosen s t Ho is upper
Heisenberg it QEAQ H

FIFI
Then the QR H i e

R WH Ipgenitman OG

Similarly the HERO RIG Ga i OG

tesserberg
Hence Ht is also upper Heisenberg

Jill K l n 1

CK Su givens HGH HGH K

H K Kt SK n Ig SETH K KH K n

end



for K 1 n 1

HCl KH K Kt HG SK DE
S

end

Q How to choose Go S.t QEAQ is

upper Heisenberg
D Let A I

2 Chase a Householder reflected of St
b Ey o of 171 16112

at Qrf É
3 Then Ain QA

ftp
Ai anti
ftp olETEE

Fitt

Note Te right multiplication by Q a QT
would have destroyed a upper
triangular structure if we tried that



Repeating the same idea
Qn 21176 Qu 2 H

ME If uptper
Heisenberg

Alge fees K l n 2

Tv B house Acklin k

ACK ti n K n C But A ktl n Kin

Act n KH n All n Kt n I Burt
end

Require 1023 flops Cat once

Nonuniquenessafttessenberfumpositions
A Heisenberg matisse is said to be unreduced

if it has no zero subdiagonal entry
Let Aeryn

ImplicitQTheoser suppose Q 59,1 9m and

V Evil e un are orthogonal matrices s t
QTAQ H FAV G are both upper
Heisenberg Let K denote the smallest no for
which hat k 0 Ken if His unreduced

if a V then go Ivi these gie
for 8 2 K

2 If kn the gut K 0

Praga Define orthogonal W Ew l wife Uta
GW GUTE VAQ UTQQTAQ WH



Comparing column 1 1 for 7 2 k

he Wi tf hie Wi G wi I

ET I GE.at
Recall w e

Itt.EE EEH
Compare the 233,1 element

Esty
0.1 5.0 0

Compare the 4,1 elect O at Xz b O 7 2 0
i

Xz Xp 2 0

t E H

Compare the 34.1222 that X d O X 0
5 2 elect Xz d O X 0

X Xz Xn 3 0

Proceeding similarly w wife's upper triangle
claim Wi Iee it 14

Moreau Hill 1 sea 11
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wi Iq Ie Iq Vi Iq
Also hi i i witawi free

getvartqi 1 97A 97
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Remaining Exercise

Q How to accelerate convergence

Shifted Let MEIR and consider
H AIAA Heisenberg reduction

for 1 1,2Determine re strategies later

Qu Ra CF ML QR factorization
Hk Rk QK MI
end

Hk Ak is similar to A

Hk Ra Ok TMI QI Qu Ek Qr_ tMJQÉQr
QI HK TMI Ok ME

QI HK I QK 1
But Ho similar to A Hr sin to A



If we re member the eigenvalues such that

1a ml 21am Ml

East
e
goes to Zen

I mean at the rate

faithis i
Q How to choose n ichantge from iteration

to iteration

clearly if Ap Apt then there is

no convergence

HEIST
FAI Let u he an eigenvalue of a

Mxn unreduced Heisenberg mature H

If I Rat MI
where H MI UR is the QR fact
then In n 0 Amin M

Shetty
FEHER

boss of a H MTrank R



EINE life
I

in is revealed in 1 step

Deflation Hessaberg H E mfg p
I Ip

Commonly used for p n t as p n 2

Singleshiftstrategy
Assume hmm at each step as our guns of
µ
felt K 1,2

M Hn n n

k I Rk Hk i ML
Hk Rk Ok ML

end

Doubleshiftstrateye
Above strategy faces problem ifGfhn in i

hmu

has complex eigenvalues hmm hmm

say a az



say

Douthitt U R H 9,1 QR fact
H R U ta I

9,92

I UzRz H azz QR fact
are complex

Hz Raaz tazz

shiftedQRderivation

Y From above H 0TH U
Hz UEH Oz

Hi equity cures Its
C a 2 CH ai U Azra

Prof Sim H VIAUs
CH azz U u H az

Then HC az H ay CH azz U R
U H azz R from

U UR 2 R

If a 52 then Ct a 1 H azz M is real

deadly Ia 1 H ay H Gta Hta ait
I Tear

See 14 4442 TR R is QR factorization
IT ofa real mature

Q R are both real

Hz China Can is also real

Problems Because of round off error exact

retain to reals is impossible



Doubleimplicitshiff in 062

for getting real Hafen HImÉeEit2 Gta ta at 063
2 Collate real QRfact M ZR 063
3 Set Hz ZTHz

f

It in OG flops France's QR step

1 Calculate M CH a 2 H ar and
consider Me 1st colt of 14

2 determine a Householder maturePostPo Me 11Mella e

3 Compute Householder matrices P Pn z at
Z Pop Ph z sit Z Hz i's

upper Heisenberg
4 Then Z and Z are equal equal opto signs

Claim First column of Z First ad of Z

erase me

17 FEEET anyEos
se hit haha it az hi ta az

Y ha Chi tha Gita
Z huh 32



so Palmer Pop f toff
me É
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É

I
highly tf's bulge upper Hessabes

structure

Due to pre must by Po 1st three rows are

affected Due to past melt by Po the
1st three cats are affected

To calculate the original Z we should

calculate M then factorize M ZR
Then from abas
derivation we

r Pim Gig can expect
Hz ZTHZ

Not

dire Then we should have found out
P sit

pipo n f

p



Instead we propose to find P
t
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P is designed as a reflector that
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Pee C K 1 n 2

Po and Z have the same 1st col
since Pee 1 J

Z Mei

f 7as
design recall Householder QR M ZR Z 7T

Hence Z POP Pn z
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X x x

P

Pm 2
Z i

clearly
1st col of Z 1st ed of Po

But it all of Po 1st cot of Z
Ze Ze

Then by the implicit Q theorem Z Z
are equal eyto signs if ZTHZ and

Ziltz are each unreduced

Isp Given unreduced upper
Hessenberg HER whose tailing 2 2

principal submatuse has eigenvalues
a I 92 hÉ

men
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for K O n 3

RBI house ExyzJ
q man 43
HGH 4 3,9 n Buu Gt1 4 3,9 n

r min Kth n

H I r Kt1 K 3 HH S KH Kt G BW 26
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if K n 3

z It the Kt

end
end
Fu B house Gy

Hf I n n 2 n I Burt HG tin n z n

HA n n in HCl non l n Bunt

p
Recall Po
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K O 9 1 r 4
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F
caitiff
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K n 3,9 n 3 man
3 3

HG 2in n 3
pgIII.EE teSE II1
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Hfinin 2in

qffff Hn z

f HG in 21ftY H n n 2

used in the last house call outside the
b

QEmpfteffbeigteduhh.tt UoTA0 when
do P Paz

while gem
oh

that satisfy
the i ftol.fhiiltlhi.sn

Find the largest q smallest p St
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t
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when Hz is upper quasi triangular and

Azz in medic
if an

1

Perform a Francis QR step on

422 ZTHzzz
end

if we don't do single shifts in the F QR

step then we need to separately
upper triangular'ze the 2 2 blocks to

get real eigenvalues

Q How to add to this code to get Q

HjmQHaf Hfinas


