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Abstract—'The product quality in manufacturing processes
is dependent on various process parameters (called control
settings) usually set by an human overseer at the beginning of
each process run. However quality is often adversely influenced
by several additional ‘“noise” parameters which cannot be
controlled and hence can take random values for each process
run. The problem of computing the optimal sequence of control
settings for an infinite series of such manufacturing runs, such
that the product quality is maintained for all runs and for
all possible values of the noise parameter, is addressed in this
article. The dependence of product quality on control and noise
parameters is modeled using the response surface methodology.
Subsequently, the concept of mixed strategy equilibrium is
borrowed from the theory of games to compute a probability
distribution which optimally determines the control settings for
each process run. These choices of control settings maximally
improves product quality over all possible values of the noise
parameters for all runs of the process.

I. INTRODUCTION

Genichi Taguchi [1] discovered a statistical method called
robust parameter design for product quality improvement.
Taguchi identified two types of inputs in a manufacturing
process: some easy-to-manipulate control factors and also
some difficult-to-control noise factors. The noise factors are
the sources of uncontrollable variations in the product quality.
In a particular run of a manufacturing process, the best
settings of the control factors are those for which the product
quality is robust to the effects of the noise variables. However,
most manufacturing processes are repetitive and the product
quality must be maintained at the best possible value for each
process run. In this article we propose a min-max formulation
of the robust parameter design problem where we guarantee
the best average product quality for manufacturing processes
which are assumed to be infinitely repeated. A novel game
theoretic approach is introduced to address this problem.

As an example, consider a drug manufacturing processes,
where batches or lots of drugs are manufactured in each
process run and such runs are repeated many times. Evidently,
every instance (batch, lot or package) of the manufactured
drug, irrespective of the uncontrollable noise factors, should
be near the target quality. Suppose, the quality of a manu-
factured drug is quantified by the percentage of impurities
it may safely contain. Then the production process should
ensure that this percentage is never exceeded no matter
what particular value the noise factors takes during any
of the runs of the manufacturing process. Such a situation
is also prevalent in manufacturing of military and safety
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devices (e.g. in the automobile industry), where certain safety
standards must be guaranteed for each and every product. For
instance, life saving devices used by the military must have
a guaranteed product quality for each and every device being
used.

Traditional approaches (e.g. see [2], [3] and the references
therein) in the statistics literature have developed algorithms
to choose the best control factors for a particular run of
the process. Various approaches aimed at minimizing the
process variance due to noise has been studied. However,
none of these approaches deal with the scenario of repeated
production runs, which however is the practical situation in
most manufacturing processes. Moreover, we show that on
an average (taken over various process runs), it is possible
to have better product quality than for a single process run.

To the best of our knowledge, such a game theoretic
approach to the robust parameter design of repeated process
runs has not been addressed in the literature. Two con-
ventional approaches to solve the robust parameter design
problem for a single process run are the Taguchi method and
the response surface approach. Several articles and books by
Taguchi (e.g. [4], [1] and [5]), as well as papers by other
authors (e.g. [6], [7] and [8]) discuss Taguchi’s methodology
in details. While several authors in the statistical design area
(such as [9], [3], [10], [11] and references therein) have
investigated the response surface approach.

The method of finding optimal strategy sequences in
repeated game like situations was introduced by [12] and
later studied by several authors in game theory. Algorithms
to compute the optimal strategies in games with polynomial
payoff were introduced by [13] and have been recently im-
proved by [14]. In this article we use an algorithm proposed
by [15].

The remainder of the article is organized as follows. In
Section 2 we formulate the problem mathematically and
introduce the idea of probability distribution based control
setting selection for a repeated set of production runs. The
response surface approach used in this article to model
production processes is also briefly reviewed here. In Section
3, a result in [13] is extended to the multivariate situation
needed for this application. While, Section 4 describes the
numerical algorithm named IER, which is used to calculate
the optimal control settings for the problem described above.
A numerical example illustrating the theory introduced, is
also included in Section 4.



II. PROBLEM FORMULATION
A. Single Process Run

First consider the case of a single process run. We model
the dependence of the process response (i.e. product quality)
on the control and the noise parameters by a response surface
based on a single experimental design [9]. As mentioned
above, this process is repeated infinitely many times and
in each run, the noise parameters can assume any arbitrary
value within a given range. Let § := §j(x, z) be the estimated
process response where x € R are the & control factors and
z € R! are the [ noise factors (details about the model 7 is
given in subsection II-C). We assume that, x and z can take
values only in the sets R, C R* and R, C R', respectively.
If we were concerned about only a single process run, we
might want to choose the control factor vector x for each run
of the process so as to keep the estimated response near the
target for all possible values of z € R,. In other words we
would like to minimize the worst deviation of the estimated
response from the target: let the target response be 7'; Then
for any particular run, and for any fixed choice x of the
control factor, the worst possible deviation of the estimated
response from the target is

T—-y9 1
max [T~ 5(x, )| ey
where || - || is some appropriately defined error criterion. In

this article we will use the squared deviation of ¢ about the
target as the error criterion:

IT = g(x,2)]| = (T — 4(x,2))* 2

However this worst deviation is still a function of the control
variable x. Hence, it would seem, that, in each run we would
like to choose a x € R, which minimizes sup,cp_ (T —
(x,2))?%. Consequently, we are looking for a x* € R, which
satisfies the following:

max(T = §(x",2))" = min max(T —j(x,2)* O
However, recall that in reality, the process is run for infinitely
many (at least for large number of) times. Surprisingly, it
turns out that it is sub-optimal to use the solution x* of (3)
for each run of an infinitely sequence of repeated production
runs. For such situations, the theory of mathematical games
[12], [13], predicts that the control setting for each run should
be selected randomly from R,, according to a carefully
chosen optimal probability distribution over R,. We next
elaborate on this concept:

B. Repeated Process Runs:

First note that the optimal value described in (3) can be
bounded below in the following way [13]:

. A 2 . . 2
min max (7' — §(x,z))” > max min (7T —y(x,z))”. 4
XERy ZzER. ( y( ’ )) © zER. XER, ( y( ’ )) @
In general, the minmax and the mazmin quantities are not
equal. This in turn seems to indicate that there is still room
for improvement by reducing the minmaz, till we arrive at
an equilibrium solution where the two expressions are equal.

Situations where such an equilibrium solution exists have
been widely studied in the mathematical theory of games
(e.g. see [12], [16], [13] and references therein). It has been
shown that equality always holds in (4) if we re-interpret the
above inequality (4) in the following way.

Assume that the production process is ran repeatedly for
several times, where each run is independent of the previous
runs. We already know that the noise variable z is random
in nature taking values from the permissible region R.. Let
us now assume that z takes values from R, according to
some unknown probability distribution with the cumulative
distribution function (cdf) G(z), (where G(z) is defined
over R,) for each run of the process. Similarly, the human
overseer, instead of using the same x for all runs of the
process, chooses the control factor x € R, for each run
of the process according to a probability distribution with
a cumulative distribution function F'(x) defined over R,.
[Once the value of the control factor is chosen for a run
it is then kept fixed at that value for the particular run].

Define the set of all cumulative distribution functions over
R, and R, as G and F, respectively. Then the estimated
error (T'—4(x,z))? can be redefined in terms of the expected
estimated error, over the product space R, x I, as follows:

MG = [ [ (=i a)pareaca. 6

where the integral is considered in the Stieltjes sense [13].
Thus, the problem of choosing the minmax control setting
(x*) as posed in 3 can now be translated to the problem of
choosing the optimal cdf F'* € F while assuming that the
noise factors are chosen from the worst case cdf G* € G for
repeated runs of the process. In other words, our objective in
this setting of repeated process runs, is to find the optimal
distribution function F'* € F such that

max M(F™*,G) = min max M(F,G). (6)
Geg FeF Geg

Moreover according to the well-known result in game
theory derived by [16] (also see [13]), the following always
holds:

min max M(F, G) = max min M(F, G), ™

FeF Geg GEG FeF
and at least one pair of distribution functions (F*,G*)
achieving the above equilibrium, is guaranteed to exist. Such
distribution function pairs (F, G) are called mixed strategies
in game theory and the equilibrium defined by (7) is called
a mixed strategy equilibrium. This equilibrium solution has
the following properties and advantages over the solution to
3).

1) The min-max value of M(F,G) always lower bounds
the min-max value of M(x,z). In other words:
M(F*,G*) < minger, maxzep, (T —§(x,2))?. This
property fulfills the promise of improving the min-
max solution of (3), thus providing the best possible
method of choosing the sequence of control settings to
get guaranteed average performance.

2) In reality, the noise variables are randomly created, and
hence, z may not follow the worst case distribution



G*(z). But the optimal distribution function F*(x)
guards against this possibility, by guaranteeing that for
any incidence of the noise variable (say z = z;),

M(F*,G") < / (T — §(x,2,))*dF*(x)

Ry

The optimal distribution function thus provides a method
for selecting control settings for repeated production runs
in manufacturing processes. However the computation of
such a distribution function seems to be an issue. We show
first this infinite dimensional optimization can be reduced
to finite dimension using a property of moments (Section
II). In Section IV, we outline a method for the computation
of the optimal probability distribution for the control setting
x*, based on the iterative entropic regularization algorithm
proposed in [15]. It is shown that this algorithm solves (3)
satisfactorily for the numerical example considered.

C. Statistical Model

A single experimental design known as the combined
array (see [9] and [3]) is used for both the control and
noise variables. Combined arrays are useful in estimating
main effects and interaction effects among control variables,
main effects and interaction effects among noise variables
and interaction effects between control and noise variables.
We make some standard assumptions: Due to the easy to
control/manipulate nature of the control variables, they are
considered as fixed effects, while noise variables are consid-
ered to be random. However, for the sake of experimentation
and estimating the response, the noise factors are considered
to be fixed at a certain level in the experiment; whereby
we obtain measurements on the response and then use these
data points to fit a model to the response. The fitted model
relates the process response y as a function of the control
(x) and the noise variables (z). We assume that the control
and noise variables are continuous in nature. Using the full
single response model proposed by [3] we write,

y(x,z) = Bo +xX'B+x'Bx+7v+x'Az+e, (8)
where x = (z1,...,7) and z = (z1,...,2)7 are the
vectors of control and noise variables, respectively; B(jx1}
and ;1) are the coefficients of the control and noise vari-
ables, respectively; B} is a symmetric matrix containing
the coefficients of the interaction effects between control
variables; Ay} is @ matrix containing the coefficients of
the interaction effects between the control and the noise
variables and € ~ N (0, 0?) is the error term.

We assume that both the control and noise variables take
values in some closed bounded region: Let x € R, and z €
R,, where both R, and R, are closed and bounded (compact)
sets; then the experimental region, R, is the Cartesian product
of the sets R, and R., i.e., R = R, x R,. When planning
the experiment the researcher selects a number of levels of
both the control and the noise variables over the experimental
region R to obtain measurements on the response variable.
Using these measurements and considering both x and z to

be fixed in model (8) we estimate y(x,z) by least squares
regression. The fitted model is,

j(x,z) = Bo + %'+ x'Bx 4+ z'4 + x'Az. 9)

where 6 = (fo,3,B,A) is, § = (X’X)"'X'y,X is the
n X p design matrix,pzl—}—k—}—l—l—@—i—kl, and y is
the n x 1 vector of responses.

We can summarize the problem described above as fol-

lows:

Problem 1. Given the estimated response model as in
(9), a specified target response 71" and the design region
R, x R,, find F* € F such that maxgeg M(F*,G) =
minpe Fr maxgeg M(F, Q)

III. THE OPTIMAL DISTRIBUTION FUNCTION

We have seen that the optimal sequence of control setting
for a repeated production process can be computed from an
optimal distribution function. However, in order to compute
the optimal distribution, we need to search over the spaces
(F(x) and G(z)) of all possible distribution functions, defined
over R, and R,. It is evident that searching for distribution
functions is, in general, numerically impossible. In this
section, we show that for §j(x, z) described by (9), the optimal
distribution functions (F*, G*) turn out to be step functions
with a finite number of steps. It is further shown that the
step function nature of the optimal distribution functions,
reduces the optimization over all possible distribution func-
tions implied by (6) into a much simpler finite dimensional
optimization over Euclidean spaces. First let us define a step
cumulative distribution function:

Definition 2. Let P C R*, p = [p1....,px]T € P and & =
[a1, ...,ax]T € P. Then a cdf I(p;&) over P is said to be a
step function with one step, if it is of the form:

o 1if p1 > a1 and pa > a9 and ....pg > oy
Ipi@) = { 0 otherwise

It follows that for & € P (i = 1,...,m), the distribution
function

F(p) = nl(p;@') +721(p; &%) + ..o + i (D5 &™)
where 7; > 0 and ), v; = 1, is a step function with m steps.

Now recall the single model in both control and noise
variables fitted to the response (9) and the min-max op-
timizations posed in the equation (3). Here the estimated
response (X, z) is a function (see (9)) of the control factors
X € R, C RF and the noise factors z € R, C R.
Define the function M(x,z) = (T — §(x,2))?, which is
a multivariate polynomial in the (k + [) components of
(1,...,2)T and z = (21,...,2)T. It is easy to
see that each term of the polynomial M (x,z) is of the
form a {(z1)" (z2)"...(xx) "% } {(21)"* (22)"2...(2;) "' } where
a € R is a constant, each of t1, ¢5...t; take one of the values
in the set {0,1,2,3,4} and each of uy,us...u; take one of

X =



the values in the set {0, 1,2}. Hence, the function M (x, z)
can be written as the following sum [13]:

= ZZawsl T1, e TRV (21, 0, 21)  (10)

j=11i=1
where a;; € R are constants, the functions s;(z1, ..., zx) =
[IF_,(z,)% and t € {0,1,2,3,4} for r = 1,2, ...k

Similarly the functions v;(z1,...,2) = Hézl(zq)“gz and
uy € {0,1,2} for ¢ = 1,2,..,1. Here m and n are positive
finite integers whose values depend on the number of non-
zero elements in the parameter matrix 0 (see (9)). The
expected estimated squared error can then be expressed as:

-3 3wy,

M(F(x), G(2)) (11)
j=11i=1
where
S; = / si(x1,..., x5 )dF (x) and
Ro
Vi = /vj(zl,...,zl)dG(z). (12)
R

In the rest of this article, we denote in shorthand s;(x) :=
51(:171, veey lfk), Uj(Z) = Uj(Zl, ceey Zl), S = (Sl, 52, ceey Sn)
and V := (Vl, VQ, ceey Vm)
We define the following notation. Let
C = {(s1(x),...,50(x)) € R" : x € R} and
J = {(vi(z),...,vm(z) e R":z€ R}
While the sets C' and J are not convex in general, we denote
the convex closures of C' and J by

D = conv(C) and H = conv(J).

13)

(14)

In addition, using (12), we define the following sets created
by all possible distribution functions over F and G:

Q = {(517527---a5n)€Rn:F€]:} and
P = {(Vh‘/Qw“va)ERmiGeg}

Using these definitions we can rewrite the equilibrium
defined in (7) in terms of (11) as follows:

min max M(S,V) = max gneig/\/l(s, V).

SeQ VePr (15)

Let us denote the pair achieving the equilibrium of (15) by
(S*, V*). However, this restatement of (7) does not reduce
the computational complexity of the optimization. Hence we
need a simpler characterization of the sets () and P which
is provided by the following theorem. The next theorem is
a straightforward extension of the results derived in [13], to
multi-dimensional Euclidean spaces.

Theorem 3. If M(x,z) is of the form (10), then we can
claim:

(i) There is at least one pair of optimal cumulative distri-
bution functions (F*,G*) achieving the equilibrium defined
by (7) such that F*and G* are step functions of at most n
and m steps, respectively.

(i) Q = D and P = H; ie., every cdf F € F
(alternatively G € G) corresponds to a point in the convex
set D (alternatively H) and vice versa. Moreover, each point
in the set D (alternatively H) can be represented by a
distribution function of at most n (alternatively m) steps.

Proof: Using Kakutani’s fixed point theorem ([16]) it
is known that there exist at least one pair of cumulative
distribution functions (F*, G*) € F x G which achieves the
equality in (7). Hence claim (ii) implies (i). We thus start by
proving claim (ii) of the theorem.

Assume that there exists S° := [S?, 59, ..., S9]T € Q such
that S° ¢ D. Let Fy(x) be the distribution function which

5 [, 51(x)dFo(x)
Sg fR 32 dFO )

produces Sy, i.e. . = . Since
STOL fR Sn dFO )

D is convex, there exists a hyperplane separating S and D,
i.e. for some § > 0, there exists a constant vector w € R"
such that

wlSy—w > § for all x € R,
Sn(X)

Integrating both sides with respect to dFp(x), we get

fRz s1(x)dFp(x)
Jr, s2(x)dFy(x)

wlSy—wTl >0

dFO (%)

fR s (x
— WTS() — WTSO >4

which implies a contradiction since § > 0.
Conversely, let dyp € D. Then there exists a vector

vy = [m..w] € R™ with 4 > 0 and >,y =
1, and n vectors x',..,x" € R, with corresponding
(s1(x?), s9(x?), ...,sn(xi)) € C for all i = 1,...,n, such
s1(x!) s1(x?)
sa(xh) s2(x?%)
that do = 7N + Y2 + ... +
sp(xh) 5p(x2)
81(X”>
82(Xn)
Yn . . It is easy to see that if we choose Fy(x) =
Sn(x™)
lx1(x) + Y22 (X) + ... + Ynlxn(x) then we recover
s1(x)
s2(x)
do = [, . dFy(x). Hence dy € Q.
8n(X)

This shows that every cdf corresponds to a point in the
convex set D and vice versa. Moreover, by noting the form



of Fp(x) above, it can be concluded that each point in the
set D can be represented by a distribution function of at
most n steps. Since the existence of the optimal distribution
function is guaranteed by Kakutani’s result, it follows that
it is equivalent to a step function of at most n steps. An
identical argument holds for proving that G*(z) is a step
function of at most m steps. ]

The above result reduces the problem of computation of
the optimal distribution functions to a finite dimensional
optimization over convex sets. This can be seen by using
claim (2) of theorem 3 in (15). Since Q@ = D and P = H,
(15) reduces to

min max M (S, V) = max min M(S, V).

(16)
SeDVeH VEH SeD

Here the sets D and H are convex subsets of n and m
dimensional Euclidean spaces, respectively. Moreover, the
sets D and H are easy to compute using (13) and (14).
Once we have calculated D and H, we can compute the
values (S*, V*) € D x H which achieves the equilibrium
in (16), using, e.g., the IER algorithm described in Section
IV-A. But claim (2) of theorem 3 also asserts that any
point in D corresponds to a distribution function of at most
n steps. Hence we can recover the equivalent n step cdf
F* € F corresponding to S* and the m step cdf G* € G
corresponding to V*.

IV. COMPUTATION OF THE OPTIMAL CDF
A. The IER algorithm

Various researchers have studied efficient numerical algo-
rithms for solving min-max problems similar to (16). (e.g. see
[17] and the references therein). In this article we propose
to use a method of outer approximation first proposed in
[17] and modified using an entropic regularization in [15].
We follow the authors of the latter paper in calling this
algorithm as Iterative Entropic Regularization (or IER). This
method has been shown to have guaranteed convergence
properties to the min-max solution. However, in using this
method one needs to solve a sequence of maximization and/or
minimization problems with linear cost function but arbitrary
convex constraint sets. First we briefly describe the IER
algorithm to make this presentation self-contained.

Iterative Entropic Regularization:: Let us rewrite Problem
1 in terms of (16) simply as: Find (S*,V*) € D x H such
that M(S*, V*) = mingep Maxvepy Z;nzl E:’L:l CLijSiV}
where M(S,V) is defined as in (11). Further define that
M*(S) = maxyeyg M(S, V).

Next approximate H by a finite subset H™ :=
{hy,hs,.....;h,,,} of m points. Correspondingly M*(S) is
approximated by M} (S) = maxvepgm M(S, V). However
this approximate function is still not differentiable and hence
we use the following smoothed version using entropic regu-
larization ([17] and [15]):

Mi‘mp(s):(l/p)log{ > exp{pM(S»V)}}

VeH™

where p > 0. Then the algorithm can be written as follows:

1) Select Vi € H and let H' := {h1}ym = k = 1.
Choose ¢ € (0,1), and p > 0.
2) Find S,,, € D satisfying M;, (Spm,p) <
mingep M, ,(S) + 6%, Increase the iteration count
k by one.
3) If () M*(Spp) < M, ,(Sm,p) and (i)d* +log(m)/p
is below a desired tolerance, then stop. If (i) is violated
then choose any V,, 1 = arg maxyey M(Sy, p, V),
set H™tl = g™y {V 41}, increase m by one, select
p > (log(m))? and go to step 2. If (ii) is violated
increase p by a constant factor and go to step 2.
This algorithm is guaranteed to converge to the global solu-
tion at step 3 with at most a (6* +log(m)/p) error; or it pro-
duces an infinite sequence of solutions S,,, € D(m — o0),
any cluster point of which is a global solution.

B. Numerical Example

In this example, we study the effects of a single control
variable (z) and a single noise variable (z) on the response
y for repeated runs. A 22 factorial design with four added
center runs is used. The response values for this example
are simulated using the R (Version 2.7.1) software. The
interest is in determining the value of x which minimizes
the response for all settings of z. The regions R, and
R, are considered to be the closed intervals [—1,1]. The
fitted model is §(x,2z) = 4 + x — 22 — 0.05z + 3z2. For
simplicity and ease of computation, we assume that the target
is to keep the response ¢ as small as possible. Clearly,
this scenario is a subclass of the theory developed in this
article. For example, one may choose 7' to be a extremely
low value to fit this problem into Problem 1. Equivalently,
the error criterion of (2) and (10) can be chosen simply
as, M(z,2) = §(z,2) = 4+ — 2% — 0.052 + 3xz. We
would like to apply the theory developed in Section III for
repeated process runs in this example. Clearly M (z, 2) is a
separable function and hence it meets the requirements for
applying theorem 3. Using the notation of (11), let s1(z) = z,
sa(x) = 22 and vy (z) = z. The expected value of M (x, 2)
is,

M(F(X),G(Z)) = 4485 -5 —0.06V; +35,V,
(:2 M(Sl,SQ,Vl))

where

S = /1 rdF(z), Ss /1 x? dF(z), .

-1 -1
1
and V; :/ zdG(2)
1

Here
Q={(S1,%)eR* . FcFland P={Vi e R:G € G}

We aim to find the equilibrium solution (S7,S55) € @ and
V¥ € P such that

M(ST,S55, V) = min  max M(S1,S2, V1)

(S1,52)€Q V1EP
M(Sy,82,V1)

= max min
V1EP (51,52)€Q
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Figure 1: The set D

Even for this simple example, it is seen that these sets @)
and P are difficult to compute. However, using Theorem 3
we know that the search of the equilibrium solution over the
entire sets of distribution can be reduced to a search over the
following simpler sets:

D = conv {(z,2%): -1 <z <1} and
H = {z:-1<z<1}

Hence,

M(ST, S5,V = min  max M(S, 52, 17)

(S1,S2)eD VieH

M(S,82, V1)

= max min
Vi€H (81,S2)€D
The set D is shown as the shaded region in figure 1. Set
D is the convex closure of C. Using the IER algorithm, the
optimal choice in terms of (S1,S2) € D which solves:
min  max[4 4 Sy — Sy — 0.05V; + 351 V4.
(S1,S2)eD VieH
is (Sf = 0,585 = 1). The optimal choice (S7,S55) =
(0,1) is shown in figure 1. Figure 2 plots the values of
maxy, M(S1,S2, V1) against Sjand S. Note from figure
2 that the minimum value of maxy, M(S1,S2, V1) with
respect to Sijand Sy corresponds to (S7,S55) = (0,1) € D.
We know from theorem 3 each point in D can be recovered
from a cumulative distribution function of at most 2 steps. In
this case it is easy to see that, (57,55 )bcan be expressed as
St _ s1(a”) s1(2”) o _
[ S3 } —0.5[ sa(2?) } +0.5 s(z?) ] for 2 =1 and
xb = —1.
This implies that the optimal mixed strategy F'* is a step
function of two steps, F*(z) = 0.5 11 (2)+0.5 I_;(x), where

0 ifz<l1 0 ife<—1
Il(:”):{l ifr>1 o I—l(””):{l if 2> 1

V. CONCLUSION

A general methodology for computing the best possible
sequence of control settings for an infinitely repeated pro-
duction process is introduced. It is shown, using an idea
from game theory, that the control parameters of such a pro-
cess should be selected according to an optimal probability

-0

Figure 2: maxy, M(S1, S2, V1) vs Siand S and the optimal
choice (S7,5;) = (0,1)

distribution. The polynomial structure of the fitted model is
then exploited to present an efficient algorithm to compute
the corresponding optimal cumulative distribution function.
The proposed method is then demonstrated on a simulated
example process.
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