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SUMMARY

flow diagrams or graphs and also obtain the state and output equations of the adjoint systems in terms of the
corresponding equations for the original system. Among other things we show how to construct the Kalman dual of
a linear electrical network.

1. INTRODUCTION s

The concept of adjoint systems (or networks) is known to have wide ap;:»Iicatidn‘s]’;z In this paper we
describe a unified construction of the adjoints of networks and systems. This is achieved by the application
of a basic theorem (see Section 3) which allows implicit construction of the complementary orthogonal
space of a given vector space which is itself described implicitly. Other applications and alternative proofs
of the basic theorem are given in References 4 and 5.

The conventional approach towards adjoint systems is ad hoc. Different techniques are used to construct
adjoints of different kinds of systems. This has resulted in the word adjoint being used in different senses
in control theory and network theory. In control theory, adjoints (the C-adjoints of this paper) are
constructed for dynamical systems in the standard state and output equation format. Dynamical systems
do not always appear in such a convenient form. Usually there are many more variables other than input,
output and state variables. Further, the dynamical variables (those that occur as time derivatives) cannot
always be assumed to be independent. The relation between adjoints and Kalman duals (K-adjoints) is
not very clear in control theory literature. In network theory, adjoints (the R-adjoints of this paper) are
based on a variation of Tellegen's Theorem.® The adjoint is constructed in such a way that appropriate
Yectors of the original network are orthogonal to the corresponding vectors of the R-adjoint. Actually, in
order for the notion of adjoint to be useful for sensitivity computations more has to be shown: spaces of
appropriate vectors of the adjoint have to be shown to be complementary orthogonal. Otherwise it is not
clear that the inputs to the adjoint can be chosen independently (see Appendix I1).

The approach adopted in this paper is based on Theorem 2 of Section 3. We define a dynamical system
simply as a set of equations of the form

(N(1))

£ ¥ =

Y

We next define the C-adjoint and K-adjoint. We then use the basic theorem to cast the adjoint in the
appropriate form, i.e. the adjoint is based on a flow diagram or an electrical network derived from the
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original. For electrical networks we define R-adjoint as a variation of K-adjoint. An offshoot of the
approach is that we obtain the state and output equations of the adjoint immediately, given those of the
original.

We now discuss briefly the literature on adjoints in so far as it overlaps with the contents of this paper.
The C-adjoint for a special case of dynamical systems based on flow diagrams is in fact given in Reference
6 but without formal proof. In Reference 7 a direct proof is given for the fact that inputs to R-adjoints
can be chosen independently provided the original network is uniquely solvable for all the variables (not
just the output variables). Such a condition may be inconvenient if the original network has a non-unique
solution ‘locally’ at spurious devices which have been introduced for notational convenience. The basic
theorem permits us to prove the same result assuming only that the output be uniquely determined for
all possible inputs. In the interest of brevity, since we also wish to be able to obtain state equations of
the adjoint while proving such a result, we have restricted ourselves to the case where for the original
system one can write equations without involving derivatives of inputs. A direct derivation of state equations
for the R-adjoint of a network, which has normal tree capacitor voltages and normal cotree inductor
currents independent, is given in Reference 8. We make no such assumptions. Further our derivation is
much simpler.

The organization of the paper is as follows: Section 2 deals with preliminary definitions. Section 3
contains a statement of the basic theorem and a proof of its corollary which is-most pertinent to the rest
of the paper. Section 4 describes the state and output equations of the C-adjeint and the K-adjoint in
terms of those of the original system. Section 5 contains the development of the ideas of the C-adjoint,
K-adjoint and R-adjoint of a time-varying linear electrical network. Section 6 contains the development
of the ideas of the C-adjoint and K-adjoint of dynamical systems based on flow diagrams. Section 7 is
the conclusion. Appendix I contains the proof of the basic theorem. Appendix II contains a description
of sensitivity computations using adjoint systems.

2. PRELIMINARIES

We restrict ourselves to finite-dimensional real vector spaces. We usually treat vectors as column vectors.
The transpose of a matrix A is denoted A™.

U denotes an identity matrix, whose order will be clear from the context. The inner product of two
vectors x, y, in R” is denoted (x, y)=x"y. Two vectors X, y in R" are said to be orthogonal iff (x,y)=0.
Two subspaces of R” are complementary orthogonal iff dim V,+dim V,=n and every vector of V| is
orthogonal to every vector of V..

. Consider the equations

(A, Az)("‘)=0 (1)
X2

(A, A;)("‘)=0 (2)
X3

We will say that the equations (1) and (2) are algebraically equivalent in the vector variable x; iff the
space V1, of vectors x; where (x; x)T is a solution of (1) and the space V3, of vectors x> where (x; x3)7
is a solution of (2) are identical. Next consider the equations

(A)(i‘) =0 3)
(B)(z‘) =0 (4)

Equations (3) and (4) are complementary orthogonal in the variables x,, y, iff the space V,, of vectors xj,
where (x} x5)" is a solution of (3), and the space V,, of vectors yi, where (v} y2)" is a solution of (4),

'l"h-f' i
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are complementary orthogonal. Both in the case of algebraic equivalence and in the case of complementary
orthogonality we will not mention the reference variables if they are clear from context. We use A* to
denote a matrix whose rows span the space complementary orthogonal to the space spanned by the rows
of A. It is a familiar fact of linear algebra that the equations Ax=0 and By =0 are complementary
orthogonal in the variables x, y iff B can be wirtten as A".

For typographical convenience we write linear equations in the form

F(py,---,px)=0 (5)
The coefficient matrix is a function of time ¢ The vector variables p, £ have n, components. The n;s may

not all be the same. The equation which is complementary orthogonal to (5) with respect to the variables
(py, -, Pi)s (&1 - - ., &) is written as

Fa(E - E) =0 (6)
We consider dynamical systems of the form
Fi[w(1), w(r), w'(1),y(1)] =0 . (7

where u’, y, w are vector functions of time t( €[1, t;]); w(¢) denotes dw/dt. For typegraphical convenience
we do not always write variables, which are functions of time, explicitly as functions.of time. The dynamical
variables of the system are the components of w and may not be independent of each other. We would
usually partition the input variables u’ into ordinary inputs u and design parameter inputs p. We will take
(7) as our starting point even though it may have arisen by linearization of a non-linear dynamical system
about some solution. The vectors of (7) would then be incremental variables of the original system.
In this paper we consider three kinds of adjoints for the system defined in (7).
(i) The C-adjoint. This is the type of ‘adjoint system’ one encounters in control theory literature. This
is defined as

Fr(w(e), wi(r), y°(2),u(1)) =0 (8)
It may be verified that the C-adjoint of
w(t)=A()w(r)+B(1)u'(1)

(9)
y(t) =C(t)w(t)+D(1)u’(1)
is
) w(1) = —AT(1)w (1) — CT()u(1) b
y(1)=-BT(1)w(1) =D (1)u’(1)
(ii) The K-adjoint (K for Kalman). This is defined as
Fi(w (), —dw*/d7, —y*(7),u"(7)) =0 (11)

The time variables ¢ and = are related by either t =7 (when we wish to construct Kalman-dual
systems) or t = (t,+ t;) — 7 (when we wish to perform sensitivity computations). It may be verified
that the K-adjoint of (9) is

dw*/dr=AT(1)w (7)) + CT(DHu*(7)

12
v¥(7) =B (1)w (7)) + DT (1)u*(7) .

(iii) The R-adjoint (R for Rohrer). This is defined only for the case where the original dynamical system
is an electrical network. In Reference 9 this is defined as follows. The original linear network and
the R-adjoint have the same graph. Let the non-dynamical devices in the network be governed by

(NR)(i") 0
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Then in the adjoint these devices are governed by

wo(5)-

The capactiors and mutual inductors of the original network are left unchanged in the R-adjoint.
So are voltage sources and current sources.

We state the following elementary results'® from linear algebra without proof:

Theorem 1

The following equations are complementary orthogonal in the variables (x, o)y ANy )
(U x)("l) 0. (K U)(y') —0
X3 Y2

Let the following equations be complementary orthogonal in the variab]és (x; %), (va ¥2)

(A, Az>(§‘)=o; (B, Bz)(’y")=0 N
2 7

Then A, is non-singular iff B is non-singular.

Corollary 1

3. THE BASIC THEOREM

In this section we present the basic theorem and its corollary on which most of the results of this paper
are based. The theorem and its corollary allow us to speak of complementary orthogonal spaces implicitly.

Theorem 2

Let equations (13a) and (14a) be complementary orthogonal in the variables (i, ip)T, (v vp)T,
respectively, and let equations (13b) and (14b) be complementary orthogonal in the variables (i), (vp),

respectively:
¢ (K, Kp)(:‘) =0 (13a)
P
(K,)i, =0 (13b)
(N, N,,)(”S) =0 (14)
vP
(Npv,=0 (14b)

Then equations (13) and (14) are complementary orthogonal in the variables (i.), (v.), respectively.
We relegate the proof to Appendix 1.

Corollary 2

Let equations (15a) and (16a) be complementary orthogonal in the variables (x, x,)", (7 y-)" and
let equations (15b) and (16b) be complementary orthogonal in the variables (x; )

(K, Kz)(x’) =0 (15a)
X

2

(K, ks)(:z) =0 (15b)

3

*
=
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(N, Nz)(:‘):o (16a)
(N, N;J(*’Z)ﬂ) : ' (16b)
Y

Then equations (15) and (16) are complementary orthogonal in the variables (x; x;)7, (v

Proof. We observe that equation (15) is algebraically equivalent in the variable x; x:)%ta

X;
(KI Ko ?) %2 =(0) (17a)
0 0 K, K/|x;] \o
X3
U —U)(",Z)=o (17b)
X5 3
Further equation (16) is algebraically equivalent in the variable (y: y3)"to e
Ya
N, N, 0 0 0
SR LY
0 o N, NJ|y 0
¥3
¥2 :
(U U)( ,)=0 (18b)
Y2

From the conditions of the corollary it is clear that equations (17a) and (18a) are complementary orthogonal.
It is readily verified that (17b) and (18b) are complementary orthogonal. The corollary is now immediate
by applying Theorem 2, Q.E.D.

4. STATE EQUATIONS FOR ADJOINT SYSTEMS

In this section we show that under appropriate choice of state variables for the original and the ‘adjoint’

the resulting state and output equations for the two systems would be ‘mutually adjoint’.

Definition 1
Let
F(w(2), wt),u'(1),y(1)=0 (19)

be the given dynamical system.

We say that the system is well defined iff the following two conditions are satisfied.

(a) There exists a variable x(1) and a constant matrix P such that equation (19) is algebraically equivalent,
at time 7 in the variables (w,w,u’,y), to

Ei[w(e), w(1),u'(2), y(£)]=0

(1) 40
wir
(P)(X(r)) i
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(b) There exist matrices A(r), B(r), C(r), D(r) such that the following equations are algebraically
equivalent at time 1, in the variables (X, x,u’, y):

F[w(t), w(t),u'(t),y(1)]=0

w(
(P)(x(t))bo En
w(r))
(P)(*(!))—o
x(1) e A1) B(I))(x(l))
(y(z)) (C(r) p()/\atr) @)

We would call (P)(w(¢) x(1))" =0 the graph of the state transformation.

Remark

In order to be able to apply Theorem 2 we have to confine ourselves to algebraic operations. Definition
1 deals algebraically with dynamical systems whose input-output relationship permits being expressed in
the state and output equation format of (22). Condition (a) states that flke (w(1), x(t)) relationship
(P)(w(¢) x(t)"=0) does not alter the constraints of equation (19) on (W(t),w(if},u’(t),y(f)). Since P is
a constant matrix (21) can be obtained from (20) by differentiating. So the constraints of (21) on the
variables (w(t), w(7), u’(1), y(1)) are the same as the constraints of (19). Condition (b) states that (21) and
(22) are algebraically equivalent in the variables (x(1), x(7), u’(r), y(1)). It follows that (19) and (22) impose
the same constraints on u(-), y(-). Since in equation (22) the inputs are independent, a well-defined
system permits an independent choice of inputs.

We now show that for the most common class of well-defined systems the C-adjoint also is well defined.
Further we obtain the state and output equations of the C-adjoint in terms of the equations for the original.

Theorem 3

Let the given dynamical system be as defined in (7). Let it be well defined with respect to the state
transformation graph

w(i)\
(U —K)(x(!))_o (23)

(a) Let the C-adjoint of the given system be as in (8). Then the C-adjoint is well defined with respect
to the state transformation graph

T W‘(')) N

(- U)(xcm o (24)
(b) Let the state and output equations of the dynamical system be
i(t))z(A(z) B(t))(x(r)) =
(y(!) C(t) D(1)/\u(z) !
Then those of the C-adjoint are
x(0)) _[-AT(2) —CT(r))(x‘(r))

(ycm) ‘(-BTm —p7(n\as() =

Proof. The dynamical system of (7) is well defined with respect to the state transformation graph (23).
So equations (7) and (23), together with the equation obtained by differentiating both sides of (23) with
respect to 1, must be algebraically equivalent at time ¢, in the variables (x(r), x(r), u’(t), y(1)), to equation
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(25) for some suitable matrices A(t), B(t), C(t), D(1). Now consider the C-adjoint system of (8). Equation
(8) is (trivially) algebraically equivalent at time ¢ in the variables w(1), w'(1), y°(1), u‘(¢) to equation (8)
together with (24). Equations (8) and (24) together impose the same constraint over the interval [, tr)
on the variables w°(¢), w(t), y°(1), u(t) as equations (8) and (24) and the equation obtained by
differentiating both sides of equation (24) with respect to ¢, all taken together.

Now observe that the set of equations (7), (23) and the derivative of (23) is complementary orthogonal,
in the variables (x(¢),x(1),u'(¢), y(1)) and the variables (x“(1), x*(1), ¥°(1), u (1)), to the set of equations
(8), (24) and the derivative of (24). The former is algebraically equivalent to (25) in the variables
(x(1), x(1),u’(1), y(1)), and (25) is complementary orthogonal in the variables (x(1), x(1), u'(r),y(t)) and
(x“(t), x°(1), y°(1), u(¢)) to equation (26). It follows that (8), (24) and the derivative of (24) are together
algebraically equivalent to (26) in the variables (x(1), x(1),¥°(¢),u(1)). But this means that the C-adjoint
system defined by (8) is well defined with respect to the state transformation graph (24), and its state
equations are given by (26). OB D,

The case of K-adjoints can be handled similarly. The K-adjoint of the system of (7) is given by

k
F,*(wk( 7), —%, —v*(7), uk(r)) =0 N (27)

If the original system is well defined with respect to (23) the K-adjoint can be shown to be well defined
with respect to 5o

(-KT U)(::((:))) -0 (28)
Further the state equations of the K-adjoint can be shown to be
dx*
T T, K
i) (. o) (o) @)

Thus the state and output equations for the K-adjoint are the Kalman duals of the state and output
equations of the original system.

5. ADJOINTS FOR ELECTRICAL NETWORKS

In this section we use the basic theorem to construct three types of adjoints for electrical networks:
C-adjoint, K-adjoint and R-adjoint. We use R-adjoint for the ‘adjoint network’ of circuit theory literature.

We would like the adjoints to look like electrical networks. To achieve this we will separate the equations
of the original network into two sets:

(topological) F, (w,,z,y,u)=0 (30a)
(branch V-i characteristics) G, (w,,z,p)=0 (30b)

We will take w, =w=(q. ®,)", w,=w. q., @, refer, respectively, to capacitor charges and inductor
fluxes. p is the vector of design parameters in our control. We will assume that the components of p are
independent of each other.

Observe that by Corollary 2, equations (30) and (31) below are complementary orthogonal in the
variables (w,, wo, u, p,y), (W;, W,, ¥, p, i):

Fi(%,0,0,5)=0 (31a)
G,(W,, —a, p) =0 (31b)

Equation (31a) will be taken as the topological equations of the adjoint. In order to make the KC and
KV equations of the adjoint take the form (31a) we can either retain the current-voltage nature of the
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variables as in the original or make variables which are currents (voltages) in the original into voltages
(currents) in the adjoint. The former would force us to make the KC and KV equations of the adjoint
complementary orthogonal to the KC and KV equations, respectively, of the original which in turn implies
that the networks have to be planar. We therefore adopt the latter scheme and are able to retain for the
adjoint the directed graph of the original network.

Equations (31b) will be taken as the device characteristic of the adjoint. To construct the C-adjoint we
will take

The variable p would behave like an output variable. In the original network equations, whenever the
vector z has a voltage (current) variable, @ would have the corresponding current (voltage) variable.
The K-adjoint is constructed by taking

v

k k

. v ” dw s -

w1=wk(f)=(.f), Wo=——x0, di=u¥7), §=-¥3)
i dr

The R-adjoint is constructed from the K-adjoint by changing the signs of all the current variables and

their derivatives in the equations of the K-adjoint network. Table I gives the detailed descriptions of

~.

Table 1. Transformation of devices from the original to the adjoim-

Original C-adjoint K-adjoint R-adjoint
= = (N k _ _p-k T
v, = Ri, + kg pr v, =—RiS v, =—Ri, v}, = Ri,
RS = P A AL
Pr=—kgi, Pr=—kgi, Pr= kg,
= e ke & _ ok gl
v, =pvs+k,p, izg=—pi, iz =—pi, iy =—pi,,
- k r
is=0 v5=0 v, =0 v, =0
A e oy A a =
P.u"kp'*r Pp_kﬁ"r P kﬂ")‘
o i e < = k = T
i, = pis + K, p, v = —pr$ vh=—pv} vy =—po}
v;=0 =0 i* = i, =
ac _p ¢ Ak _ K ar 1 or
pu_ku”'r Do kv P =Koy
e S =c ki 1 —
v, =ris+ k. p, vy =—ri vy =—ri, v =ri,
5 c_ . £ =
v;=0 = T — v, =0
. M Pk :
=k PG b=k,
e 30 o e T
i, =guvs +kyp, ig=—gv5 iz =—guv, iz = gu,
i5=0 i, = ,-:___ i =
L = < A k o — r
Py = kgt Py =kgv, Py = kvl
i.=Co.+k_p. it = CoS i*=—Cop¥ 1-=Cu:
Ac = 2C Ak -k ar .y
pc"—kcvc Pe = kcte P;-kc":
@, =Li, +k; pp. vi =Li{ vf = —Lif vi =Lip
AC __ T:c Ihk_ Tik A = Tir
pL=—kiip Pr = kg pL=—kiip
= c_ c k_ _:k r_
=Y Yi=Y Fi =l V=
e 4
= v;j=0 v;=0
€ e ok T T
L=k YisY e T Y v
i5=0 15— ;=0
Y=k
c_ ¢ ko ok T
2 u§=1v; uj=vj u;=v
]
=
¢ k_ :k r_ _ar
: Ui=1 Ml o 3 T
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common devices in the original and in the adjoint. The parameters R, p, i, g, r, C, L can be taken to be
functions of time.
Let the state transformation in the original network be

)= 2

D, 0 K./\x_

Then in the K-adjoint we choose the state transformation
()-(¢ &)
X1: 0. Ki/\ix

and the same transformation in the R-adjoint.
Let the state and output equations for the original network be

qc q.

@ [
L, = (T) L

AR u;

Then by the discussion in Section 4 following Theorem 3, we know that the state and output equation
for the K-adjoint would be

. K
i ve
ik ok
1L T Li
k|© (@5
Yi u;
K X
A uy

It follows that the state and output equation for the R-adjoint would be (changing the signs of all current
variables and derivatives of current variables)

Xc Xe
o r
Xp —XL

ef (TT) r

=X —u;
r

¥ u;

6. ADJOINTS FOR DYNAMICAL SYSTEMS BASED ON FLOW DIAGRAMS

In this section we use the basic theorem to construct the C-adjoint and K-adjoint of dynamical systems
based on flow diagrams.

We would like the adjoints also to be based on flow diagrams. To achieve this we will separate the
equations of the original flow/diagram into two sets:

/"J(summer and connection point) F,(z,u,y)=0 (32a)

(b‘iock input-output characteristics) G, (w,, w5, z,p) =0 (32b)

Here w, =wand w,=w. pis }Ehe vector of the design parameters. We will assume that the design parameters

are independent of each other. z=(z, z,)” where z,, z, are all the input and all the output variables for

the individual blocks. Observe that by Corollary 2, equation (32) and equation (33) below are complemen-

tary orthogonal in the variables (w;, ws, u, p,y) and (#;, W, ¥, p, ii).

=0 (33a)
0

(33b)
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Equation (33a) will be taken as the equations of the summers and connection points for the adjoint, and
equation (33b) will be the block input-output characteristics. To construct the C-adjoint we will take

~ < c

W, =W, W =W, Y=Yy, i=u
To construct the K-adjoint we will take
W, =W, Wy = —W, =y i=u"

We now examine the equations of the original dynamical system in greater detail. We assume that the
flow diagram of the given dynamical system is composed of a number of blocks, each of which is itself
a dynamical system with inputs, outputs and dynamical variables. We assume that there are no common
variables for distinct blocks, further that the overall outputs of the original dynamical system are connected
only to summers and connection points and not to individual blocks. We also assume that there are no
common variables between a summer (connection point) and another summer or connection point. In
order to satisfy the assumptions it may be necessary to introduce dummy subsystems and extra (single-
input-single-output) summers or connection points.

The jth summer has equations of the form

R o e
The rth connection point has equations of the form

2= Zp2

in= zrk,

All the equations at the summers and connection points together have the form (32a).
Let the ith block be

Ni[W1s Wai Zus Pi Zy:] =0

Here w,, =w,, w,, =w, and p, are the design parameters. The equations of all the blocks put together have
the form (32b). Here w, =w and w, =w (w being the vector of dynamical variables of all the blocks), p is
the vector of all the design parameters of all the blocks. We assume that these are all independent of each
other.
We now show that the K-adjoint of the original system is constructed by the following algorithm (see
‘Figures 1 and 2).

Algorithm I

(a) Retain the same graph for the signal flow diagram but change overall inputs to the system into
overall outputs and vice versa.

(b) Replace summers by connection points and vice versa.

(c) Replace each subsystem represented by a block by its K-adjoint.

e
<

= Ny [wq o9y 920 2Py ,2y1 J= 0.
¥

Nn[!‘z "—"’2 12u2 1Py .Zy2J= 0

Zy2 Zu?

Figure 1. The original system

a-~
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or simple integrators is worth considering. In this case for each integrator we introduce a connection
point at the input and output of the integrator (see Figure 3). The K-adjoint of this subsystem is obtained
by replacing input by output and vice versa and reversing the integrator. This may be simplified to the
integrator in Figure 4. S

If the jth non-dynamic block in the original system satisfies z,; = Kz, as in Figure 5, then the K-adjoint
7 of this block would be 75 =K'z}, as in Figure 6. =%

X : x.[

Figure 3. An integrator that is the ith block in the original system

AL

45\

Figure 4. The ith block simplified in the K-adjoint

2y Zyj

Figure 5. The jth non-dynamic block in the original system

Figure 6. The jth block in the K-adjoint

4

The algorithm for constructing the K-adjoint when the blocks are either simple integrators or non-
dynamic blocks reduces to: Steps (a), (b) as before.
(¢) Reverse direction of all integrators. For each non-dynamic block, interchange input lines and output
lines.

The justification for algorithm [

Observe that « is a dummy variable. We are therefore free to choose convenient interpretations for it.
We put a=(zf —z5)T where z;, z& are the vectors representing all the outputs of all the blocks and all
the inputs to all the blocks, respectively.
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The K-adjoint system is now governed by the equations
Fi(zy, —zi,u", -y") =0 (34a)
Gilw' . ~%. —2 2. p)=0 (34b)

Equation (34a) is the collection of equations obtained by constructing K-adjoints of summer and connection

point equations. Observe that no two of these have common variables. It may be verified that the K-adjoint

of a summer is a connection point and vice versa. Hence (34a) is obtained by interchanging summers and

connection points in the original signal flow diagram. Equation (34b) is composed of equations obtained

by constructing K-adjoints of individual blocks of the original diagram. Here again no two of these have

common variables. Hence (34b) is obtained by replacing each block in the original system by its K-adjoint.
The algorithm for the construction of the C-adjoint is now immediate.

Algorithm 11

(a) Retain the same graph for the signal flow diagram but change overall inputs to negative overall
outputs and overall outputs to overall inputs.
(b) Replace summers by connection points and vice versa.
(c) First replace each subsystem represented by a block by its K- ad_]omt Next change the signs of the
time derivative terms.
To justify algorithm II observe that if in the K-adjoint system we change the szgns of the output variables
and the time derivative terms we get the C-adjoint system.

7. CONCLUSION

In this paper we have introduced a new technique for dealing with implicitly defined complementary
orthogonal spaces. We have illustrated this technique by applying it to the construction and study of
various types of adjoint systems in a unified manner.
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APPENDIX I
We deal with real vector spaces with an inner product { ., . ). We denote the space of all vectors orthogonal
7 =
to a subspace V of X by V* and we write V@ V*=X. We state some elementary results from linear
algebra, without proof, in Lemma 1.
Lemma 1

Let V,, V, be subspaces of a finite dimensional real vector space X:
(a) (V))")*=

(b) (V;+V,)*=V¥FN V¥

() (V,NV,)*=V¥+ Vi

Theorem 4

4
Let Xsp be a finite dimensional real vector space and let Xgp= X5 @Xp. Let Vgp, Vp be subspaces of
Xep, Xp, respectively. Then [( Vsp+ Vp) N Xs]* N Xs=[(VEH+ VEN Xp) N Xs].

Y
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Proof. [(Vsp+ Vo) N Xs1*N Xs=[(VEN VE)+ Xp]N X5 by the use of Lemma 1.

A vector fs belongs to [(VE.N VE)+ Xp] N Xs iff fse X and there exists fr€ Xp such that (fs+f;p) €
V&N VE But a vector fp satisfies these conditions only if fp€ V. For, consider a vector gp in V,. Then
(qp, fs +fp) = (@p, fs) +(qp, fo) = (gp, fp). So fs belongs to [(VEN VE)+ X,p] N X iff fs e X and there exists
fo € Xp such that (fs+f) € V& and fpe VEN Xpie. iff fse[ VE+ VEN XN X, Q.E.D.

Remarks

The above proof goes through unchanged in the infinite dimensional case also if we work with Hilbert
spaces and take Vs and V; to be closed subspaces of Xsp-

Theorem 2 is a restatement of Theorem 4. To see this, take Xsp to be the space of all real vectors
(xs xp)", X to be the space of all real vectors (xs 0)"and X, to be the space of all real vectors 0 xp)T
We need to show that the space of all vectors (is 0)7 consistent with (13) and the space of all vectors
(vs 0)" of (14) are complementary orthogonal relative to Xs. Take Vsp to be the space of all vectors
(is ip)" satisfying (13a). Then V%, is the space of all vectors (vs vp)" satisfying (14a). Take V, to be
the space of all vectors (0 ip)” relevant to (13). Then V¥N X, is the space of all vectors (0 vp)" relevant
to (14). R

Now observe that (Vgp+ V) N X is the space of all vectors (i 0)" and (V&+ VEN Xp) N X is the
space of all vectors complementary orthogonal, relative to Xs, to (Vspt+ V) N X5 and is also the space
of all (vg 0)~. 3

APPENDIX II. SENSITIVITY CALCULATIONS USING
THE C-ADJOINT AND K-ADJOINT

Let the equations of the original dynamical system be
F,(W,w,u,p,y) =0
The equations of the C-adjoint system would be
Fi(w,w,y, p,u’) =0
We then have (w, w%) + (w, W)+ (u, y*) + (y,u+(p, p)=0, i.e.
d i
3 (W) + (U, y) +(y, u) +(p, By =0
Let us compute the sensitivity of y;, with respect to the design parameter p,. We put u=0, p, =0, i # k,
u;=0,i#j, p, =1, u$=1. This is possible since we have assumed that p; are independent and by Theorem
3 u; can be chosen independently. We then have
d < c “
a((w,w N+ yui+p=0

Integrating both sides from ¢, to ¢

(o) dcr+J’ pla)do=0

f o

(w, W‘)I.’ﬁJ’
We take w(1) =0, w(¢) = 0. This yields
J‘ yi(o) da'+J P(o)do=0

o

Observe that y;(o) does not depend on 1, whereas Pr(@) does. Differentiating with respect to ¢ yields

y(t)= *[ﬁk(f)+J';%(ﬁk(U)) df’]
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So the sensitivity coefficient for y; with respect to py is

. S
—[m(l)+jr a(pk(a))dcr]

0

As the above derivation shows, in order to use the adjoint system for sensitivity computations it is necessary
to be able to choose inputs to the adjoint system independently.
The equations of the K-adjoint system would be

Fi(w (r), —w*, —y*(7), p(7),u"(7)) =0
(W* refers to dw*/dr, t€[1,, t;]). We then have
(W(1), WH(T)) — (w(1), WE (7)) + (u(1), Y (7)) +(y(1), w* (7)) +(p(1), B(7)) = 0

In order to interpret ((W, W) — (w, Ww")) as a total derivative we take the K-adjoint system to be moving
backward in time with respect to the original system. We let 7=+~ 50 that

W= () = L w1 1)
Then
(O w8 o, 989) = (), Wt 1= 1))

The remainder of the derivation for the expression of sensitivity coefficient is similar to the C-adjoint case
and is omitted.
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