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SUMMARY

i This paper deals with effects of modifications of network structure that may be studied without reference to the type
of devices present in the network. We introduce and make systematic use of the notion of a generalized minor of a
vector space. This operation generalizes the usual short and open circuit operations for a graph. Using the generalized
minor operation we show how to make the equations of a given network appear to be the ‘bordered version’ of the
equations of some other specified network. We also consider the decomposition of a network into several ‘multiports’
and a ‘port connection diagram’, and study the properties of a minimal decompositiori (with port connection diagram

v having a minimum number of edges). In each case we present efficient algorithms wherever appropriate. Although
the paper makes use of ideas from elementary matroid theory it is entirely self-contained and requires no more than
the knowledge of elementary linear algebra from the reader.

1. INTRODUCTION

In this paper we introduce a generalization of the operations of open and short circuits (called
‘generalized minor’) and use it to study structural modifications of electrical networks. Such modifications
arise, quite naturally, in both practical and theoretical network analysis. In practical network analysis it
may be desirable to split the given network into several subnetworks. In theoretical network analysis
splitting the original network into multiports of various types is quite common: for instance, the given
non-linear network may thought of as a linear network terminated by non-linear elements, or the given
dynamic network may be thought of as a resistive network terminated by reactive elements. The network
theorist who is faced with such problems handles them intuitively using his experience with the type of
network being studied. A formal study would, at the least, clarify the fundamental ideas underlying such
techniques.
We use the generalized minor operation to solve the following problems:

: 1. Given a network N, on the graph G, on a set of edges S, what is the least number of extra variables
required to ‘convert’ it into the network N, on the graph G, on the same set of edges and with the
@ same device characteristic? The ‘conversion’ here refers to obtaining a vector space over a larger set
which has the coboundary spaces of the graphs of N; and N, as generalized minors. We can use this
technique to obtain the equations of N, as ‘bordered versions’ of the equations of N,. (The
‘thickness’ of the border is equal to the number of extra variables). We give efficient algorithms for
doing the ‘conversion’ in general and better algorithms for certain important special cases.

2. Given a network N with graph G on § and a partition S, . . ., S, of S, how can it be decomposed into
multiports on S; UP;,..., 5, UP, and a ‘port connection diagram’ on UP, such that UP, is a
minimum? For this problem we give an algorithm which makes the port connection diagram into a
graph, while the multiports are ‘generalized’. We also show that Kron’s diakoptics'™ is a special case
of decomposition of a network into two multiports.

The results of this paper have arisen from an attempt to understand the essence of Kron’s diakoptics

using Tutte’s algebra of minors as a tool.” It turns out, however, that a generalization (from the point of
view of vector spaces) of Tutte’s operation of ‘minors’ is necessary in order to carry out this program.

0098-9886/87/030211-23%$11.50 Received 15 May 1985
© 1987 by John Wiley & Sons, Ltd. Revised 22 August 1986

T T P T A ST fe e = e




212 H. NARAYANAN

Whereas Tutte’s minors go Over to the matroids associated with the vector spaces naturally, the
generalization is no longer matroidal in the sense that the matroid of Vs < V, cannot be uniquely
reconstructed knowing only the matroids of Vs and V5. In particular, multiport decomposition cannot be
“inverted’ to define a general matroidal multiport composition. However in the case where the
generalized multiports and the final generalized network are known to be binary, this is possible.” It is
also possible in the case where the multiports are 1-ports. This latter ‘composition of matroids’ has been
studied by Bixby.’

The organization of the paper is as follows.

Section 2 contains mathematical preliminaries.

Section 3 introduces the generalized minor operation.

Section 4 gives a physical interpretation for the generalized minor operation in terms of ideal
transformers.

Section 5 describes the notion of mutual extension of vector spaces and gives algorithms for the
construction of minimal extensions. Application to practical network analysis is outlined by considering
two special topological transformations.

Section 6 describes decomposition of a vector space into several component'spaces (multiports) and
coupler space (port connection diagram) and the relation of these ideas to Kron’s diakoptics.

.

2. PRELIMINARIES

We deal with finite sets throughout. If S is a set | § | denotes its cardinality. A function f:S = F is said to
be a vector on S over the field F. Unless otherwise stated F would be the real field IR. If used in equations,
f refers to a row vector and (f)" refers to a column vector. If T is a set, fr would denote a vector on T, 0;
the zero vector on T. We define restriction of a vector fon S to a subset T of S in the usual way and denote
it by f/T. Scalar multiplication and addition of two vectors on the same set are defined in the usual way.
However we permit addition of two vectors on different sets as follows: let fbeonS,gonT.Thenf + gis
defined on S U T and agrees with f on S — T, withgon T — S and on $ N T with the usual addition of
vectors on the same set. The S, notation would be also used for the extended notion of addition. When
T N R = ¢ we may write f; @ f,, to emphasize the fact that T, R are disjoint. When addition of several
vectors over disjoint sets is involved we may use @/, in place of 27_,. A collection of vectors on S closed
under addition and scalar multiplication is called a vector space on S. Vs would denote a vector space on S.
Independence and rank of a collection of vectors on § are defined in the usual way. The rank of a
collection of vectors P is denoted by r(P). We define Vp + V, in the obvious way as the collection of all
sums of vectors, one in V; and the other in V;. Vp + V;would therefore be on P U T. We use @ when P, T
are disjoint. V, — V, refers to the set theoretic difference. If g and f are on S, (g, £i=2.sg(e)f(e). If
(g, f) = Othenwesayg and f are orthogonal to each other. V* is the vector space of all vectors orthogonal
to vectors in V. We would call it the dual of V. Let T € S and let V be on S. Then

" VxT={g, =f/T.feVandf(e)=0,eeS - T}

V - T is the collection of all restrictions of vectors of Vto 7. When RS T C S we write V. x T * R for
(VxT)-RandV-T X R for (V + T) x R. Such spaces are referred to as minors of V. We say T CSisa
separator of V iff V. x T = V - T. Observe that we then have V = (VxT)®(V x(S— T)).1fKis a
matrix, (K)” is its transpose. The symbol [U] refers to an identity matrix whose order would be clear from
the context.

The generator marrix Ay of a vector space V is a matrix whose rows form a maximal linearly
independent set of vectors of V (basis of V). We say that A, generates V. Observe that g e V* iff
(Av)(@)" = 0. If Ay, A? are generator matrices of V observe that a set of columns of Ay are linearly
independent iff the corresponding set of columns of A2 are linearly independent. Let V be a vector space
on S. Let T C S. We say that T is a circuit of M(V) iff the set of columns of a generator matrix Ay of V
corresponding to T are minimal linearly dependent. T is a bond of M(V) iffit is a circuit of M(V*). (M(V)

i
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stands for ‘matroid associated with V’. However we do not use the idea of a matroid explicitly anywhere
in this paper.) :

Let G be an oriented graph on the set of edges S. Let 7€ S. Then G - T is the graph obtained by
deleting the edges in § — 7 and any isolated vertices formed. G x T is the graph obtained by fusing the
end vertices of each edge in (§ — T) and deleting it. A coboundary of G is a vector on § that satisfies the
Kirchhoff voltage (tension) equations of G. A cycle of G is a vector on S that satisfies the Kirchhoff
current (flow) equations of G. Ve (G)(Vo(G)) denotes the vector space of coboundaries (cycles) of G.
Let G,, G, be on disjoint sets of edges §,, S, and vertices Vi, V,. We construct G, ® G, on edges S, U §,
and vertices V[ U V., where V|, V3 are disjoint copies of V,, V., by making it agree with G, on S, and with
G, on S, In the graph G, ® G, observe that 5., S, are separators of both the coboundary as well as the
cycle spaces. A vector space V, is graphic (cographic) iff it is the coboundary (cycle) space of a graph.

A generalized electrical network N is a triple (S, Vs, D¢) where S is a finite set of ‘edges’, Vs is a vector
space on S over IR and the device characteristic Dy is a collection of ordered pairs (vy(+), is(+)), where for
all 1 € IR, vg(r) and is(1) are each vectors on S. Usually D will be specified.informally as Divs, is) = 0. A
solution of N is a pair (v,(-), is(+)) belonging to 15 where vs(1) € Vs, is(1) € Vi, for all . We will refer to Ve
as the coboundary space of N and Vi as the cycle space of N. A generalized ﬁe\twork is ordinary when V,
is the coboundary space of a graph. Let § be partitioned into e S, S Wrg\:'say that $,:5. .. ., S,
appear decoupled in Dy iff there exist collections Dy, of ordered pairs (v, (), i5,(-)) such that vs(-), 1))
belong to Dy if (vy(-)/S,, is(-)/S,) belong to D= ) A multiport is a generalized network with
asubset P of edges specified as ports such that on the ports there are no device characteristic constraints.

We now present a number of results which we use freely in the rest of the paper. The results are
standard in elementary linear algebra and matroid theory.*” Let V be a vector space on §.

Theorem 1

(a) (Vi) = V;
(B) r(Vs) +r (V) = |S|

Theorem 2
Let V,, V, be vector spaces on S. Then V, C Mo re T S

Fheorem 3
Let & S ilihen
r(VooT) +r(Ve x (S - 1)) = r(Vs)

Theorem 4
Let T € S. Then

@) Vs-T)*=VExT
(b) (VoxT)y*=vi.T

Theorem 5 :
r(Vin V) +r(V, + Vo) =r(Vy) +r(V2)

Theorem 6

Let T € S. (a) The circuits of M (V) contained in T and those of M(V « T) are identical. (b) The bonds
of M(Vy) contained in T and those of M (Vs x T) are identical.
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Theorem 7

Let T € S. (a) If M(Vs) has circuits contained in T then r(Vs - T)<|T|. (b) If M(V,) has bonds
contained in T then r(Vy x T) > 0.

Theorem & (Tellegen)
Vea(G)* = V(G)

Theorem 9

(a) Vcoh(G X T) = (vcnb(G)) >
(®) Veo(G - T) = (Ver(G)) - T

Theorem 10
(QEVGIE )= (Ve (G)) = T \
(b) VCY(G 3 T) = (V&\(G)) X T .'\\

3. THE GENERALIZED MINOR

In this section we introduce an operation on vector spaces which we use throughout this paper.

Definition 1

Let V; be a vector space on S. Let P € §. Let V,, be a vector space on P. Then the generalized minor of
V; with respect to V. is denoted Vi < V, and is defined as follows:

Vg < V,={f;_p: there exist f; € V, f, € V, such that f;/P = f,, fs/S — P = f;_,}

Theorem 11
V(s-py is a g-minor of Vg iff Vg X (§ — P) S V5. pE V- (S — P)

Proof. The necessity is trivial. To see that the condition is sufficient select a maximal set of independent
vectors fr on P such that there exists an f; in Vi whose restriction to P is f, and whose restriction to
(S — P) belongs to V_p. Let V., be the space of vectors generated by these vectors. Clearly
Vs < Vp 2 V(s_p. We will show that Vg < V, € V(s p). Let f5_p) € V5 < V. Then there exists a vector fs in
Vs such that the restriction of fs to (S — P) is f;_» and the restriction of f; to P belongs to V.. By the
definition of V, it follows that there exists a vector f; of V such that f; and f; agree over P and the
restriction of f; to (§ — P) is in V5. Observe that the restriction of f; — f; to S — P belongs to
Vs x (8§ — P). So the restriction of f; to (S — P) belongs to Vg p, i.e. Vi =V, S V¢ p.

Q.E.D.

Theorem 12
r(Ve = Vp) = r(Vs x (§ = P)) + r((Vs - P) 0 Vp) — r((Vs x P) N V)
Proof. Let V¢ be the space of all vectors f; of V¢ whose restrictions belong to V.. Choose a basis for this
vector space by first choosing a basis for all those vectors in Vg with all entries zero in P. Extend this by

choosing vectors with all entries zero in (S — P) and finally with vectors which have non-zero entries in S
as well as in P. It is easy to see that the number of vectors in this basis is

r{Vsx (S = P)] +r[(Vs~ P) N V,]
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Restricting these vectors to (§ — P) and omitting the zero vectors yields a basis for Vs < V,. The number
of vectors in the basis of V whose restriction to S is the zero vector is r(V; x (S — P)). The theorem
follows.

QED:

The following lemmas are needed for the proof of Theorem 13. Lemma 1 is a standard result from linear
algebra and can be proved by routine use of Theorems 1 and 5. Lemma 2 is merely a restatement of

Theorem 3.

Lemma 1

Let V,, V, be on §. Then (V; N V,)* = Vf + V3

Lemma 2
Let Vibe on S. Let PSS. Then r(Vs- P) — r(Vs x P) = r(Vs+ (S — P)k)'r‘r(Vs A8 P))

~
2
N

Theorem 13 -
Let Vs, V, be spaces on §, P, respectively, where P C S. Then (Vs < V,)* = Vi < V}.

Proof. We will first show that the two spaces are orthogonal to each other and then show that their
ranks add up to | S — P|. Letfe Vi < V,. Then there exist vectors fs, f, belonging to Vs, Vp, respectively,
such that £;/P = 5, f = fs/5 »). Let g € V§ < V. Then there exist vectors g, g, belonging to V¥, V7 such
that gg/» = g, 8 = gs/s_r). We now have (f, g) = —(fs/p, 85/r) = —(fp, gr) = 0. Next consider r (Vs < V;)
+ r(V{ = V}). By Theorem 12,

r(Vs < Vp) =r(Vs x(§ = P)) + r((Vs* P)NV,) — r((Vs x P) N V,)
r(Vi < Vi) = r(V§ x (S = P)) + r((VS - P)N V) — r((Vi x P) N V})
By application of Lemma 1 and Theorems 1 and 4 we have
r((V§ - P)N Vi) = |P| —r((Vs x P) + V3)
and
: F((VE X PY O V) = [P| = r(Vs~ P) + Vy)
So

r(Vs <= Vp) + r(V§ <= V2) =r(Vs X (§ = P)) + (Vi x (S — P))

+r((Vs= P) N Vp) +r((Vs* P) + V;)

= [P =7((Ms XP) @ V5) — r (Vs x B) + Vp) +:|P]

(Vs X (S = P)) + r(Vs x (S — P)) + r(Vs+ P} + r(Vp) — r(Vg x P)
—r(Ve)

by Theorem 5

=|S = P| = [r(Vs: (5= P)) = r(Vs x (S — P)] +r(¥s- P) — r(Vs x P)
=|s-P|

by Lemma 2. This proves the theorem.

4. IDEAL TRANSFORMERS

In this section we dwell briefly on the concept of an ideal transformer.® Using ideal transformers we give a
simple physical interpretation for the notion of a generalized minor. Generalized networks may be
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thought of as being constructed by plugging two-terminal electrical devices to the ports of ideal
transformers. The g-minor operation is therefore natural for generalized networks. Ordinary networks
obtained by connecting two-terminal electrical devices according to a graph are a special case of
generalized networks. The g-minor operation is therefore applicable to ordinary networks also. We show
in this section that the g-minor operation generalizes the short circuit and open circuit operations.

Definition 2

An ideal transformer I on § is a ‘black box’ with § as its set of ports, and satisfying the following
condition: let V%, Vi be the sets of all voltage vectors and current vectors that can exist at S. Then Vi =

(Vs)*.
Since an ideal transformer is fully characterized by the vector space Vi on S we will identify Is with the
pair (S, V%). We will refer to V§ as the space of coboundaries of Iy and (V)™ as the space of cycles of I;.

Definition 3

Let I = (S, V). Then the dual of Iy, denoted I, is the pair (S, V¥).
Observe that in our notation the dual of a non-planar graph would be an ideal fr_an§former,

Definition 4

LetI;, = (5, Vi), ..., L, = (S, V,) be ideal transformers on pairwise disjoint sets S, . .., S,. Then
their direct sum I, @ - @ I, is the ideal transformer

( Us,v,©~@ v,,)
i=1
The following simple lemma is useful. Its routine proof is omitted.

Lemma 3
(Vs, @~ ® V5,)* = (V5; @ = @ V)

An immediate consequence is

Theorem 14
(I;©-® L)' =0,9® L)

Definition 5

Let S be a set and let P C S. Let I = (S, Vi), I, = (P, V;). Then the g-minor of I with respect to I, is
denoted I; < I, and is defined by Is < I, = ((§ — P), Vs < V;).
The g-minor operation gives us a simple way of deriving new ideal transformers from old.

Example 1

Tt Iy — (S Vslihens T n—((S RSN X (S = P))F = Ao 1;, where I.= (P, 0;) and
13_»=((S = P), Vs + (S — P)) = Is < I}, where I} = (P, IR"), where IR" is the space of all vectors on P
over IR. By Theorem 9, V.,(G x (§ — P)) = WNVae(G)) > @ P) and! V(G -1(S = P)) =
(Ve(G)) - (S — P). Hence, for graphs, the operations of short circuiting edges and of open circuiting
edges can be achieved by the g-minor operation. Let I5p = ((S—P),Vs x(§ - Py)- (S P)),PLEP.
Then I} p = I« I3, where Iz = (P, {0} ® IR#-"V). The g-minor operation was introduced to
generalize the ordinary minor operations. The above illustrate this fact.

Theorem 13 permits us to give a simple physical interpretation of the operation of g-minor. Let L, I, be
ideal transformers on S, P with P € S. Let I = (S, Vs), Ip = (P, V). Let us identify the ports P in both
transformers as in Figure 1. Consider the current and voltage constraints on the exposed ports S = P)A
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vector fyp, can be a voltage (current) vector on the exposed ports iff there E‘zg'rst voltage (current) vectors
fi € Vy(V3), fr € Ve(V?) such that fs/P = f,, ie. iff fs p€ Vo= Vi(VE < V}*«'.).,\By Theorem 13 (V, «
Ve)* = (V5 < V). It follows that on the exposed ports (S — P) we have an ideal-transformer. Thus if we
‘plug’ the ports P in I by I, the ideal transformer I < I, results.

5. EXTENSION OF VECTOR SPACES

In this section we introduce the ‘inverse’ operation of g-minor, namely ‘extension’ of a vector space.
While analysing a given network we can use the topology of a different network by constructing a mutual
extension of the coboundary spaces of the two networks. These ideas are detailed in subsection 5.1 and
exemplified in subsection 5.2.

5.1. Definitions and theorems on extension

Definition 6

Let V; and Vg, be vector spacesonS and S U P, respectively. We say that Vs, is an extension of Vg iff Vg
i a g-minor of V.

%
Definition 7

PepVi . V5§ be vector spaces on §. Vsp is a minimal extension Of §V. S, V5} iff Vi, is an extension
of Vs (i = 1,...,n) and if Vip is any other extension of Vs(i=1,...,n) then V2l = {2

Theorem 15

Let Vi, V2 be vector spaces on S. Let Vi, on S U P be an extension of Vs and V2. V, is a minimal
extension of V! and V? iff

|2l =r(¥: + V) - r(vin ¥2)

Proof. Let V¢, be an extension of Vi, Vf‘ ‘Fhen Vip - § 2 V\' and Vi, -+ § 2 V: by Theorem 11. Hence
Vip $ 2 Vs + V5. Also Vs, xS C V! and Vsp X § € V§, by Theorem 11. Hence V7« § 2 (VH)*and V- §
2 (V3)* by Theorems 4 and 2. Hence Ve e 8 2 (V)™ + (V)* and hence Vsr X 8§ € V{N Viby Theorems 4
and 2. By Lemma 2, r(V,, - 8) = r(Vsp x8) = r(Vgp - P) — r(Vsp x P). Hence r(Vsp - PY —=r(Vsp x P) =
r(Vs + V§) = r(V} N V2). Since 0 < 7(Vsp X P) < r(Vsp+ P) < | P |, it follows thatif | P | = r(Vi + Vi) —
r(Vs 0 V3), Vi, is a minimal extension of V{ and VZ. We now show how to construct a minimal extension
of given spaces V and V¢, Construct a basis B, of Vi N V¢, Extend it to a basis B, of ¥ and a basis B, of
V5. Clearly B, U B, is a basis of V! + NiE=uBr B — B: B — B form.the seteof row vectors of Ans, A s,
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A, respectively. The matrix A shown below is taken to be the generator matrix for V. (Here P, U P, =
P.)

s ey
A U 0
A=TAL 0 %%
Asg 0 U
Py Py A

If V] has the generator matrix (U 0) and V; has the generator matrix (0 U) then it is easy to see that
Vi, < V. = V! and Vi, < Vi = Vi. Note that

Pl=IP+1P ‘
= r(V3) — r(Vi N V5) +r(V3) — r(V5N Vi)
=r(Vi+ V5) —r(ViNV))
by Theorem 5. It follows that Vg, is a minimal extension of Vi and V3.
QE.BD!

~
.*\

In Theorem 15 observe that we are able to obtain V{ and VI as ordinary minors (as opposed to
g-minors) of Vg since Vi = V- (SUP,) x S and Vi = V- (SUP,) x S. If we have to construct a
minimal extension of {V{ - Vi} whenn > 2, ordinary minors would be inadequate. By using the ideas of
the first half of the proof of Theorem 15 we can show

|P| Zr( > VL) —r(Vin =NV
i=1
The following matrix A can be taken as the generator matrix of Vg,:
A U
A=
Ang 0
(The rows of A form a basis for (Vi N - N V%), whereas the rows of
A+.S'
» = AMS

form a basis for 27, V§.) Let Vj be generated by the matrix

(K. K.] [i ]

Let V; be the space generated by the rows of [K.]. Clearly
Vsp < Vp = Vg

We summarize these results in Theorem 16 below:

Theorem 16

Let Vs, on S UP be an extension of {V{ - Vi}. It is a minimal extension of {V!-- Vi} iff |P|
ol e Moo= 20 1y Vi)

We next prove a simple but useful result.

Theorem 17

Ve is a minimal extension of {V§ - V§} iff V§, is a minimal extension of {(V{)*, -~ (V)*}.
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Proof. By Theorem 13 Vi is a g-minor of Vg, iff (V)* is a g-minor of V{,. We next observe that
r(; VS) =S| fr(lf]l(V_g) )
r(ﬂ V‘g) =|S5| —r(z(vfs*)*)
i=1 i=1

by Theorem 1 and Lemma 1. Hence

!P|=r(;va) -r(,ﬁ"-‘s)

|P|=r(il(vg»)*) —r(,ﬁ(v;)*)

iff

i=

T QE.D.

5.2. Application 10 network analysis

In this subsection we show the relevance of the notion of extension of vector spaces to network analysis.
We will show that if we are allowed to increase the number of variables it is possible to solve a given
network by using the topology of a different network. These ideas do not depend upon the types of
devices present in the network.

Suppose we have to solve a network N, on the set of edges S, i.e. solve

(Aiif = 0
(Bis)vs = O or (A{s)e} = Vsl} (1)
D(vs,i5) = 0

We wish to use the topology of a different network, say N, on S with reduced incidence matrix A, but the
same device characteristic D(vs, i5) = 0. Let V), V2 be the spaces generated by the matrices A, Asg,
respectively. We can then construct a generator matrix

Ais
: Al

A

A Ans
Abs |7 | A

are generator matrices for Vg, V§, respectively. We next choose the following matrix Ag, as a generator
matrix for V,:

for the space V! + V3 such that

As U 0
As"r o= Al 0 0
Al 0 U

Here rows of Ay, Al; may be taken from rows of A,, A,. Then Vi, < V. = V! and (Vep = V32) = V2
PR B

where V}, V; are generated by [U 0], [0 U], respectively. By a suitable row transformation we can

choose Agp as a generator matrix for Vgp, where

oo [U 0 0 ] :}-‘ ;j g A U o
9= K, : = Tl 0 K,
0 22 KJ A;s 0 U 28 23

T R R
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Equations (1) may now be rewritten as

ST
/ L5
A U 0 ; 0
15 } ip{ = [ :r (2a)
T

Ay 0 Ky : 0
Ip
i
. 0 | = (2b)
ip;
D(vs,i5) = 0 (2¢)
e
U 0 [ i} = | ve} (2d)
0 Kg} i Vpg
&
[0 U [:”,‘] =0 or (Kh)el=0 (2¢)
P2 :
Equations (2a) and (2b) follow from V=V, < V.. Equations (2d) ‘and (2e) follow from
(V5)* = V& < (V1)*. Equations (2) may be rewritten as 3
(Aif = — (K)iv] . (3a)
—v§ + (AL)el = — (Als) Ve (3b)
D(vs, ig) = 0 (3¢c)
(Ki:)e: = 0 (3d)
Al =0 (3e)

Equations (3) are equivalent to equations (2) whatever be the device characteristic D(vy, is) = 0.
However, when networks N; and N, have unique solutions the following convenient procedure may be
adopted for solving N;.

Observe that equations (3a)—(3c) would reduce to the equations of N, if the right side were zero. Let us
for simplicity suppose that (3c) has the form

Eil + Fvi =5 (4)

In order to solve N, we could first solve for ig, e,, vs in terms of ip,, vp,, and s. In the linear steady-state
case this is equivalent to solving N,, | P| + 1 times. The equations (3d) and (3e) can then be converted to
an equation involving ip,, vy, and s. Solving this equation would yield ip,, vy, and s. Back substitution
would yield is and v;. A slight modification of this technique will permit us to handle non-linear, dynamic
networks also. It is clear from the construction that K,; and (A{s)" have linearly independent columns. It
follows that by addition of a suitable subset of rows of (3a) to (3d) and a suitable subset of (3b) to (3e) we
obtain the following equations, with the coefficient matrix on the right hand side being non-singular.

ii .
H,, H,, 0 esg = Hy. 0 'I’éf (5)
H;, H.; H); T 0 Hos Vi

23 vi

Assume that we know is,(t,), v,(t,) and s(z;) (where s is the source vector). We then solve the non-linear
resistive network N5(7,) (obtained by using a non-dynamic approximation of D(vs, is) = 0 at¢,) iteratively
in terms of iz(11), v5i(t1), (t1), and obtain i(t,), vi(r1), €3(r,), and thence using (5) obtainis’ (1), vi, (1)
The procedure can be repeated at (1; + T) using i5(¢,) as if(r, + ) and v5,(t,) as vi, (1, + T).

5.3. Two special topological transformations

The derivation of the preceding subsection glosses over practically important details such as the
construction of Ajs, Ajs, K,; and the size of the border | P |. OQur aim there has been merely to show that

-
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such a procedure is possible rather than that it is efficient. The method can compete with other methods
only if the required matrices can be computed efficiently, | P| is small and N, has a very ‘desirable’

structure. We next present two cases where N, has some specified sets §,,...,S, as separators. We
assume that these sets have been chosen in such a way that | P | would be small, i.e. we will assume that in
the original network S,, ..., S, are ‘loosely” connected. (This problem can only be handled heuristi-

cally). In the case presented the required matrices can be computed efficiently and we present algorithms
for doing so.

Case 1. New graph = (G X 8§,) @ - @ (G x S,,)

Let Ny = (S, Vi, D) and let $i(i = 1,...,n) be a partition of §. We will assume that Vs is the
coboundary space of a graph G. Choose N, = (S5, @, V, x §,, Dy). In this case A’ would simply be the
reduced incidence matrix of (G x§, @ @ G x§,). A would have no rows. K,; would have no
columns. The following algorithm describes how to construct Ajy. In this'case P, = P and |P| =r(G) -
DI (G S;). Observe that N, is easier to solve if in the device characteristic D(vy, i) = 0, the sets S,,
£ =1,...,n appear decoupled. Solving N; would then be equivalent to sdli?iqg n smaller networks. -

.

Algorithm I. To construct Ajs when Ny = (S, @, Vg x §,, Dy)
Step 1. Select trees 1, of graphs G x S,(i = 1, ..., n).
Step 1. Construct the reduced incidence matrix of the graph G x (S — (U7, 1,)): Adjoin zero columns
corresponding to U, t.. A is the resulting matrix.

Justification for Algorithm I. By Theorem 9, V(G x (S — UL, L)) =HNVHCG Y < €S = UL ). The
rows of Ajs are linearly independent and belong to V,(G) since they are obtained by padding vectors of
Ve (G) x (S — UL, 1) with zeros corresponding to U, 1. Since £, forms a forest of G x Si=1,...,n)
in the reduced incidence matrix of @, G x S, the columns corresponding to UL, r form a linearly
independent set. In the matrix Aj; we have only zeros corresponding to these columns. Further the
number of rows of Ay is r (Ve (G)) — | UL, 1, |. Hence the rows of A together with the rows of a reduced
incidence matrix of @, G x S, form a basis of V,,,(G).

Example 2
o Let G in Figure 2 be the graph of N;. Let §, = {l,...,5}, §;={6,...,10}, §; = {11, ..., 173

S;={18,...,24}. The graph ® G xS, is shown in Eigure 3. Here 1, = {1,2}, . = {6, 7},
5 ={11,12,13, 14}, 1, = {18,119, 20, 21}. r(G) — Zi_, (G x &) = 3. So we need three extra variables

Figure 2. Graph G
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Figure 3. @/ (G x §;)

for acquiring the advantages of working with §,, S, S;, S, as separators—v, hds three variables and Ay
has three rows. The rewritten equations are as follows: .

(Aan)il = 0 3
(A, = 0
(Au it =0
(Assil, = 0

(A, is a reduced incidence matrix of G x §,)

IS
v

_V.i; % (A£11)e§|
—Vi, + (ALn)el
—vi; + (Al)el;
—vi, + (Ady)el

AT (A;.\)l Vr';’

D(vs, is) = 0
(Alis = 0

Al may be chosen as the reduced incidence matrix of the graph obtained by adding U t; as self loops to
G x (S — U’ 1) shown in Figure 4. In this case, since the coboundary space of the graph of N, is
contained in the coboundary space of the graph of N;, the matrix K/, has no rows.

Case [I. New graph = @_, G - §;

Let N, = (8, Vg, Dg) and let S;(i = 1....,n) be a partition of §. We will assume that V; is the
coboundary space of a graph G. Choose N, = (8, @/, Vy - §,, Dy). In this case A’,s would simply be the

Figure 4. G x (S — Uy r;)
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reduced incidence matrix of G. The following algorithm describes how to construct K!;. In this case
P,=Pand |P|= (2L, r(G-S,) —r(G)). Observe that N, is easier to solve if in the device characteristic
D(vy, i) = 0, S,(i = 1, ...,n) appear decoupled. Solving N, would then be equivalent to solving n
smaller networks.

Algorithm II. To construct Ki; when N, = (S, @, Vg - §,, Dy)

Let n, be the set of boundary nodes of G where edges of more than one S; are incident. Let the copy of
node ¢, of m, in the graph G-, be named e,. Let m; be the number of components of
G-S(i=1,...,n).Forj=1,...,mandi=1,....,ndothe following. If the jth component of G - ,
has boundary nodes, select a boundary node €, as a datum node. Construct the graph G, by adding an
edge e, directed from ¢, to &, for each boundary node ¢,, in the jth component of G - S,. Let B, be a cycle
matrix of G,,. To this matrix add zero columns corresponding to non-boundary nodes of each G - S,. The
resulting matrix is K/,.

Justification of Algorithm 1. The condition KLe! = 0 represents the }uaximal linearly independent
voltage constraints on all the nodes of G - S,(i = 1, . .., n) in order to connect the G - S, to make up the
graph G. The KVL conditions of G, also represent the voltage constraints on all-the boundary nodes of
G- S =1,...,n)in order to connect the G - S, to make up the graph G. If B, s a cycle matrix of G,
then Bye” = 0 is a maximal linearly independent set of constraints among them. Padding the matrix B,

with zero columns corresponding to internal nodes of G - S.(i = 1,...,n) therefore yields (a candidate
for) K!,.
Example 3

Let G in Figure 2 be the graph of N,. Let §, = 5 S = (60 0P RST— Sl sl
Sy ={18,...,24}. The graph @, G - S, is shown in Figure 5. In this case (21, r(G - $) —r(G)) = 1.

So we need one extra variable for acquiring the advantages of working with §,, S,, S, S, as separators. ip,
has one variable and K2; has one row. The rewritten equations are as follows:

(Axn)is,
(Ax)is,
(AZSB)i§3
. (Asa0)is,

—vi + Alen =0

= [Ky] iP::.

—vi, + Alel, = 0

—v,'i_; + Alvel; = 0

—Vi, + Alel, = 0
D(vs, is) = 0
Klel =0

Here A,, is the reduced incidence matrix of G - S,. For the jth component of G - §, (if it has a boundary
node) the node e, must be chosen as the datum node, i.e. the datum nodes selected in the construction of
G, (see Figure 6) and the datum nodes selected for constructing the reduced incidence matrix of G - S,
must be the same. In this example ¢,,, = €, € = €1, €5 = e ande,, = e;. Different k, can turn out to be
identical. Here, for instance, k, = k4 = 3. It simply means that copies of the same boundary node (e; in
this case) have been chosen as datum nodes in components of different G -+ S,. The matrix KI; has a single
row in this example. It has entries for each non-datum node of each component of G - §;(i = 1,...,n).
In this case it has entries corresponding to all the nodes of @2, G - S, excepte,, e5,e,; and ey, i.e. it has
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€13
18
"
19 20
B
21 22
24 15 i
47,
%
4 ‘ o i
Figure 5. @1 (G S‘) =
2
€
e
A
€3
52
4

Figure 6. The graph Gy,

16 entries. Of these entries all entries except those corresponding to edges of G, are zero. Corresponding
e11 €24 €42 €43

to edges of G, we have the entries (-~ 1 1 =il 1 ) (this is a circuit vector of G,). In this

case A has no rows since Vs is a subspace of P (Ve 8.

6. DECOMPOSITION OF VECTOR SPACES

In this section we introduce another vector space notion based on the g-minor operation, namely
decomposition of a vector space. The notion of decomposition arises when we decompose an electrical
network into several multiports and a port connection diagram. Practical network analysis methods such
as Kron’s diakoptics can be derived using the idea of decomposition of a network into two multiports. For
theoretical network analysis the notion of decomposition provides a convenient means of network
reduction. Properties of the original network, pertaining to interaction between different component
multiports can be transferred to a reduced network based on the port connection diagram. It is therefore
reasonable to study minimal decompositions where the port connection diagram has the minimum
number of edges. A more detailed study of vector space decomposition is available in Reference 5.
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6.1. Definitions and Theorems

Definition 8

Let V be a vector space on S. Let S be partitioned into §,,...,5,. Let sets P;, ..., P, be pairwise
disjoint and disjoint from S. Let P=UL, P. Let Vyp(i=1,...,n), V, be vector spaces on
S, UP(i =1,...,n), P respectively. We say that {V,,Vsp,,..., Vg 5 } is an n-decomposition of Vs with
respect to Sy, ..., S8, iff Vo= (Vgp, @ =@ Vg p ) =V, V(i = 1, .. ., n) will be called components of
the decomposition. P, will be called the sets of ports of the component V- V, will be called the coupler
of the decomposition. The decomposition is said to be minimal iff whenever {V,, V!, . . ., Vs,r.} is an
n-decomposition of Vg with respect to Sy, ..., S,, |P'| = |P|.

Example 4

Consider the graph G in Figure 7. Let § be the set of edges of G. Let §;,={1,...,5},
S,=1{6,...,12},83={13,...,19}, P, = {p,}, P, = {p.}, Ps = {p;}. We see (Figure 8) that the graph G
has been broken up into three multiports and a port connection diagram G,. Let Vg, V(i = 1, 2, 3), V,
be the coboundary spaces of G, G (i = 1, 2, 3), G, respectively. Then it is possible to show that Vs =
(i Vsr) <= Ve >

We begin with a result which gives characteristic properties that a vector space must possess in order to
be a component of a decomposition of a given space Vs.

Theorem 18

LetVgp (i =1,...,n)bespacesonS;UP;,i =1,...,n,where§,N P, = ¢ foralli,j, S NS; = ¢ for
i#j,P,ONP=¢,i#j. Let US, =8, UP, = P. Then there exists Vp on P such that Vg = (V5,5 ® — @
Vir,) < Vpiff Vo xS, 2 Vg, xS, Vs S;EVgp - S, (= 1,...,n).

Proof. Vs can be ag-minor of (Vs;p, @ -~ @ Vg p Viff Vo S (Vg @ = @ Vg p ) - Sand Vg 2 (Vg1p, @ - @
Vs,r,) XS by Theorem 11. We will show that these two conditions are equivalent to the ones in the
statement of the theorem. If V5 C (Vs @ - @ Vg ) - S then clearly Vs - 5§, E V- S, (i = 1, ..., n).
Nextlet Vs- S8, €S Vg -S:(i = 1,...,n). Letfge V5. Then fs/S; € Vgp - Si (i = 1, .. ., n). Hence fs € Vg,
< 5:9 @ Vgp, - S,. But (V5101 - 81) @ = @ (Vsopn » 8) = (Vsup1 @ - @ Vi) - S. Thus it is clear that Vs €
(Vsip1 © == @ Vyg,p,) - S, Next Vs 2 (Vg1p1 @ =+ @ Vgupy) X Siff VEE (Vyp, @ - @ Vs )" - § by Theorems
Z*and5,ie. iff Vs - S, S V5 - S: (G =1,...,n),ie.iff Vs x 8,2 Vgp. xS, (i = 1,...,n) by Theorems 2
and 4.

Theorem 19

Let {Vp, Vspy, - - - 5 Vs,0,} be a decomposition of V5. Then {VZ, Vs, .. ., V¢ p.} is a decomposition of
e

Figure 7. Graph G
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G

S2 F’2

Figure 8. The decomposition of G

Proof. Vs = (Vs;p, @ = @ Vs,p,) < Viff V& = (Vy;p, @ - @ Vi )* < V} by Theorem 13. By Lemma
3 this is equivalent to Vi = (Vi @~ @ Vi, )< V}.

Q.E.D.

An immediate consequence of Theorem 19 and the definition of minimal decomposition is the following
theorem.

The?rem 20

{Ve, Vs, 1 = 1,. .., n(} is a minimal decomposition of Vy iff {V}, VSp (i =1,...,n)} is a minimal
decomposition of V.
The next few theorems provide characteristic properties for a minimal decomposition.

Lemma 4

Let {Vp, Vspp, ..., Vs,p,} be an n-decomposition of V. Then |P|=r(Vi-S) — r(Vs xS,),
TR LI T

Proof. From Theorem 18 we know that
NS =% -5 VS oW, xS,
Hence
r(Vs=8;) — r(¥s x8) =r(Vgp + 8;) — r(Vsp X )
By Lemma 2,
r(Vse, = 8;) — r(Vsip X 8) =r(Vsg, = P) — r(Vsp, X P) < | Py
The Lemma follows.
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Lemma 5
Let {Vy, Vipy, ..., V5,0, } be an n-decomposition of V. Then
r(Vs=8) —r(Vs x8) =r(Ve- P) —r(Vp xP),i=1,...,n

Proof. Select vectors fl‘, il f}[ which together with a basis of Vg x §, form a basis of Vs + S,. Then by
the definition of decomposition there exist vectors fip, (r =1, .. ., k) in Vg, such that

- =
seifs: = 8, £p. /e, € Vp o P,

Suppose {f5,/r, (r = 1, ..., k)} does not form a linearly independent set with a basis of V, x P,. Then
there exists fyp € Vg, such that f, /p is a non-trivial linear combination of f5,/, (r = 1,...,k) and
belongs to Vp x P,. This linear combination of 5/ will however yield a vector which belongs to
Vs« 8, — V5 x 8. Thus the vector fs;, is such that fy,. /s, € Vi + S, — Vg X S, f5,p/p € Vp x P,. Consider a
vector fyp € @ Vg, such that

fs‘l’/&';uﬂ = fs, P

f:S‘I’/(SuP)—(.Y,uP,; =0

Next choose a vector f, € V" such that f, is zero outside P. and fofp, = f,\,,,,,/;w:: This is possible since
fs,p.fp; € Ve x P.. Since fspfp = f it follows that fip/s € V. But then s/, € Vs x S,. This contradicts the fact
that {f5,/s;} forms a linearly independent set with a basis of Vs xS;. We conclude that {fi,/n
(r=1,...,k)} forms a linearly independent set with a basis of V, x P,, i.e. r(Vp+ P) — r(V, x P)) =
r(Vs-S) — r(Vs x5;).

QE. D!

We later present an algorithm for the construction of a minimal decomposition of a vector space V; that is
the coboundary space of a graph and has [P | = Z(r(Vs*S,) — r(Vs x S.)). A simple algorithm of the
same kind can be given even for a general vector space Vy.> We therefore assert

Lemma 6

{Ve, Vsip1o- .-, Vs,p,} is a minimal n-decomposition of Vs iff |[P|=r(Vs-S) — r(Vyx5,),
(= Tl oo i) 4

&
Theorem 21
Let {V;,Vspy, ..., Vs,p,} be ann-decomposition of Vs. Then the following statements are equivalent:

(a) It is minimal.
®) |P|=r(Vs-S) —r(Vs xS)G=1,...,n).
(c) P, has no circuits or bonds in M(Vg,) (i = 1,...,n) or M(V,).

Proof. By Lemma 6 we know that (a) and (b) are equivalent. We will now show that (b) and (c) are
equivalent. Let | P,| = r(Vs+ S8;) —r(Vs xS,) (i = 1, ..., n). Then for alli, by Theorem 18, | P;| = r(Vs;,
S8;) —r(Vsp xS;). Hence by Lemma 2, | P, | = r(Vs;p, - P.) — r(Vsp, X P). By Lemma 5, | P;| =r(Vp+ P)
—r(V, x P;). It follows that | P,| = r(Vp - P;) = r(Vp+ P;) and 0 = r(Vsp, X P;) = r(Vp x P;) for alli.
Hence by Theorem 7, M (Vs + P;) and M(V; - P,) do not have circuits and M (Vs X P,) and M(V, x P,)
do not have bonds. Hence P, has no circuits or bonds in M (V) (i = 1, ...,n) or M(V;,) by Theorem 6.
Conversely suppose P; has no circuits or bonds in M (Vy,s,), or M(V,). Then for all i

|P:1 =r(VS.‘I’1'Pl) =l’(VP'P,)
0 = r(Vgp X P;) = r(Vs x P,)

s0, | P:| = r(Vsie, - B:) = r(Vsies X P)
=r(Vsp 0 8) — r(Vsp, X S))
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A, respectively. The matrix A shown below is taken to be the generator matrix for V. (Here P, U P, =
P.)

s ey
A U 0
A=TAL 0 %%
Asg 0 U
Py Py A

If V] has the generator matrix (U 0) and V; has the generator matrix (0 U) then it is easy to see that
Vi, < V. = V! and Vi, < Vi = Vi. Note that

Pl=IP+1P ‘
= r(V3) — r(Vi N V5) +r(V3) — r(V5N Vi)
=r(Vi+ V5) —r(ViNV))
by Theorem 5. It follows that Vg, is a minimal extension of Vi and V3.
QE.BD!

~
.*\

In Theorem 15 observe that we are able to obtain V{ and VI as ordinary minors (as opposed to
g-minors) of Vg since Vi = V- (SUP,) x S and Vi = V- (SUP,) x S. If we have to construct a
minimal extension of {V{ - Vi} whenn > 2, ordinary minors would be inadequate. By using the ideas of
the first half of the proof of Theorem 15 we can show

|P| Zr( > VL) —r(Vin =NV
i=1
The following matrix A can be taken as the generator matrix of Vg,:
A U
A=
Ang 0
(The rows of A form a basis for (Vi N - N V%), whereas the rows of
A+.S'
» = AMS

form a basis for 27, V§.) Let Vj be generated by the matrix

(K. K.] [i ]

Let V; be the space generated by the rows of [K.]. Clearly
Vsp < Vp = Vg

We summarize these results in Theorem 16 below:

Theorem 16

Let Vs, on S UP be an extension of {V{ - Vi}. It is a minimal extension of {V!-- Vi} iff |P|
ol e Moo= 20 1y Vi)

We next prove a simple but useful result.

Theorem 17

Ve is a minimal extension of {V§ - V§} iff V§, is a minimal extension of {(V{)*, -~ (V)*}.
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L1 L3
R1 R3
Cq C3
Figure 10. The graph G of N

R =
Ry 3 =

G

Figure 11. The graph G derived from &

Figure 12. A minimal decomposition of G

Construct the matrix

Py Py
AP = [Arl 752 Am]

V. is the space generated by the rows of this matrix.
Let A, be the reduced incidence matrix of G x S;(i=1,...,n). Let A, be the submatrix of

A, corresponding to columns 7,. Let A, be the reduced incidence matrix of ¢ x S (1=
1,...,n). The generator matrix of Vg, (i = 1, . .. ,n)is

P‘
4 . ofisnais®
v b R A,
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Remark. Observe that A, is the reduced incidence matrix of a graph, whereas the spaces Vj;p, need not
be coboundary spaces of graphs. An algorithm that makes Vg (i =1,...,n) graphic (but V,
non-graphic) is given in Reference 5.

6.2. Applications to network theory

The idea of decomposition is particularly relevant when the network can be naturally partitioned into
different types of elements, such as resistors, inductors, capacitors or linear, non-linear or faulty and good
elements etc. Solutions that can exist in such networks may be classified as of two kinds: ‘trapped’ and
‘interactive’ solutions. Trapped solutions ‘lie’ entirely within one type of element. A solution that is not
trapped will be called interactive. By examining sections of such solutions corresponding to one part of
the network, one can obtain an idea of what is happening to another part of the network. Trapped
solutions can yield no such information. Interactive solutions can be studied more conveniently by
working with a network defined on the coupler space of the decomposition. The new reduced network
will be minimal when the decomposition is minimal.

Definition 9

Let N = (S, V5, D) be a generalized network. Let S be partitioned into Sy, . . . ;‘TS,,. Let these sets
appear decoupled in the device characteristic. We say that (v, is) is a trapped solution with respect to the
partition (S, . . ., S,) iff vs€ 27, Vs X S, and is € DN XS

Observe that in the above definition if V; is the coboundary space of a graph G ,a solution (vs, is) is a
trapped solution iff vs can exist in ®-; G X S, and i can existin @-; G -+ §;. One may imagine the voltages
lying trapped within cutsets of G lying entirely in a single S; and currents as trapped within circuits of G
lying entirely in a single S,. Such solutions cannot be observed at the ports of the component multiports
and hence will not be reflected onto the network defined on the coupler space of the decomposition.

Multiport decomposition can be used in theoretical network analysis in the following manner.

Let N = (S, Vs, Ds) be a generalized network and let S be partitioned into (S, Sa, - - ., S,)- Let S1»
S, ...,S, appear decoupled in the device characteristic. Let (Vp, Vsipip - -+ V,.p,) be an n-decom-
position of V. Define networks Nip; = (S;UP,Vsp,Dgp), i =1,... , n). Dy;p; imposes no constraint at
all on P, and precisely the same constraints on S, as Ds. Solving the network N is then equivalent to finding
solutions (Vsp,, is;p,) (=1, ... ,n) of N; such that %, -Vspyr € Vp and 2 io1ispyri € Vo

In other words, in order to solve N, we solve the ‘multiports’ Np; in terms of the port variables, in the
procéss obtaining the ‘port behaviour” of Nip; (i.e. the set of all vp,, ip; that can coexist on P, in the multiport
Np,). We then define a new coupler network N» on P with coboundary space V (the ‘port connection
diagram’) and device characteristic on P, as the port behaviour of the multiports N,;,. Solving Np gives the
possible port vectors. Since in each Nis; the other variables have been determined with respect to the port
variables this completes the solution of N. Observe that trapped solutions will coexist with zero vectors on
the port-edges, which means that the trapped solutions of the network correspond to the zero solution of
N,. The non-zero solutions of Np will correspond to the interactive solutions of N.

This approach is quite natural in theoretical network analysis and one can use it to relate the properties
of the multiports observable at their ports by projecting these properties onto the reduced network Np.
For an RIMC network, for instance, by splitting into resistive, inductive and capacitive multiports, one
can construct a minimal reduced network on Ny which has no zero eigenvalues and except for them has
the same Jordan canonical form for its state equations as the original network.

The idea of decomposition may also be exploited for (large scale) network analysis. Assuming that | 2]
is small the computationally crucial step in the analysis would be the solution of multiports N;p, in terms of
the port variables. One way of doing this is to treat say P; € P, as unknown current sources of value i; and
P, — P; = P, as unknown voltage sources of value ¥, and solve N, in terms of these variables.

The form of the left hand side of the equations (after the temporary ‘sources’ have been shifted to the
right) would be that of the network obtained from N, by contracting P, and deleting P;. One could
choose P, and this partition into ‘current sources’ and ‘voltage sources’ in such a way that this results in
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several decoupled pieces of equations. Kron’s diakoptics'™ is a slight variation of a special case of this
method corresponding to a number of multiports equal to two. In order to obtain the exact form of Kron’s
equations one may proceed as follows.

Let the given network N have graph G on the set of edges S. Let S be partitioned into S, and S,. Let T
be a forest of G - S, and «, a coforest of G x S,. Let

G510 =G X (51U ), Gy, = G - (S,UT)
G110y =G X (S Um) (T, VUa,).

It may be verified that the coboundary (cycle) space of G has as its decomposition the coboundary (cycle)
spaces of Gy,.,, Gs,r, and Gy,,.. It can be shown that this is equivalent to: is(v,) is a cycle (coboundary) of
G iff there exist cycles (coboundaries), iy ., (Vs;a)s is,r, (Vsor,) such that

isf; =15, = 1,2)
(vsfs; = vs; (G = 1,2))
e is31, e :
(Ys12/iy = Vsar1fry) S
Suppose now that in the network N, S, and §, appear decoupled in the device characteristic. We can then
define the network Nj,,, on the graph Gg,,,, and the device characteristic of §; as in N with «; treated as
norators, the network Ny, on the graph Gs,;, and the device characteristic of S, as in N with 7 treated as
norators. Then to solve N we need only solve N;,., and N, r, simultaneously under the condition that i, is
the same in both networks and v; is the same in both networks (this may be done by giving the
corresponding variables in the two networks the same names). Kron’s diakoptic equations for linear
networks result if we write nodal-type equations for Ny,,, treating «; as current variables of value i,, and

loop-type equations for Ns,;, treating T, as voltage variables. These equations are of the form

Ay A Vi) =[S
A Ay, iz S2

A, would have the structure corresponding to G + S, and A,, would have that of G x S,. If G - S,

(G x S,) is made up of separators Sy, . . . , 81, (821, - . ., Sx) and these are also decoupled in the device
icharacteristic, A;; would appear in the block diagonal form with blocks corresponding to 7, N S,
(a: N S5).

The results of this paper arise in answering the following natural questions. Is it critical to diakoptics
(‘piecewise analysis of networks’)

(a) that nodal-type equations should be written for S, and loop-type equations for S,
(b) that the network be linear
(c) that we work only with G - §; or G x §,?

The answer to all the above questions is ‘No’.

Indeed, if we work with the network decompdsed into two multiports, as already indicated, we can
solve the individual multiports any way we choose; the networks can be non-linear; we can have an
infinite variety of structures on §; and §,—using generalized minors, on S, (S,) we can have any space Vg,
(Vs;) such that V(G x 8;) € Vi € VoG * S1) (VoG X S3) € Vi, € Veoo(G - S,)). The cost for
achieving all this is the introduction of the extra port variables. Having improved upon Kron’s diakoptics
thus far one is naturally led to examine the range of possible structures that can be imposed on the set of
branches of the network and the minimal cost in terms of extra variables. This leads to the techniques
described in Section 5 with the generalized minor unifying these techniques with those of multiport
decomposition.
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CONCLUSION

In this paper we have introduced and made systematic use of the generalized minor operation on vector
spaces. We have shown that it arises naturally in the context of connection of ideal transformers. We have
defined the notion of the minimal extension of two or more vector spaces and used it to describe a method
of network analysis where one could use any desired network topology, at a certain cost, to solve a given
network. We have defined the notion of decomposition of a vector space to formalize the intuitive idea of
decomposition of a network into multiports and a port connection diagram. We have related this notion to
Kron’s diakoptics. Although all the concepts introduced in this paper have been for arbitrary vector
spaces, in order to show their relevance to network theory, we have presented algorithms, wherever
necessary, which are particularly appropriate to coboundary spaces of graphs.
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APPENDIX: JUSTIFICATION FOR ALGORITHM III

Observe that the rows of the following matrix generate the coboundary space of G:
- Al
A= A,
A5 - A,

where Ag is the submatrix of A corresponding to columns ;. This is because

(a)i The rows of A belong to the coboundary space of G. (They are obtained by taking suitable vectors
of Vg x (S — U t) and adding zero columns corresponding to edges in U o)
it )
(b) The rows of [0 -~ A, -~ 0] belong to the coboundary space of G since the rows of A, belong to
(Vtoh(G) x SJ)
(c) The rank of A equals the rank of G. [The columns 1, of A, are linearly independent, whereas these
columns are zero columns in the matrix A. Hence

=1

rankofAﬁér(G x8) +r(G x (S— LRJL ))
2=1
Ui

i=1

Il

+7r(G x (S—Qzﬁ))

et

Since U”_, I, contains no circuits in G

i

rankof[\=r(6’-( U
=1

S
~—
1
~
—_
(63
X
T
)
I
@@=
—
=

i

=r(6)
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Ay, can be expressed as k,(A) since Ay, is a reduced incidence matrix of G - S,. For the spaces ®,”
Vs.r, and V, we have the generator matrices A., A, shown below: :

S e S S Py vt P, wen P,
Ay, o0 0. o 0 @
A, 2 S A 0 0
A, = ek L0
% 0 0 A 0 0 A, 0
0 AT - 00
0 0 As : 0 0 A,
S Eies e
Ar = [ ki(A;) ]
<, Consider the submatrix A, of A as shown below:
i & s AL e AN
AlSl E Alll
Ag = Ay . Ay,
AnSn- :
If we premultiply this matrix by the matrix
P P; P,
[y i k£ ey

we obtain the matri
o 2 5 Py By B

i Sa n
[A51 As, As,. : Aq Au A,,,]

observe that A, appears as the submatrix corresponding to columns P. From the definition of g-minors it
follows that V, C (81 Vs;p, = V). We will now show the reverse inequality. Let f; be a vector in
(D21 V) <V, Then f; can be written as fi + fZ where fs€@” (Vs x S)) and 2 is the restriction of a
vector fg,, which is linearly dependent on the rows of A: and further rsZP/p € Vp. £ clearly belongs to V.
We will show that £ also does. We have g = (1)(As). Hence fszp/p = (4)(Azr). We know that ffp/p is
linearly dependent on the rows of
Pl Pi Pn
Pl pn Alu
[A, -~ Al,,] = (kl R kn) Au.‘
Anl,,

| The matrix postmultiplying (k, . . . - k;) is the matrix A.,. Since this Is non-singular A is linearly

s X
dependent on the rows of (k; -~ k,). Hence £/ is spanned by the rows of [A;l = As,]. Hence fZe V.
The minimality of the decomposition follows by verifying that the condition of Theorem 21(c) is
satisfied in this case.
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