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Chapter 1

Matroids

1.1 Introduction

Matroids are important combinatorial structures both from the point of view of
theory and from that of applications. Hassler Whitney [Whitney35] introduced
matroids as a generalization of the concept of linear independence in the context
of matrices. The idea was arrived at independently also by Van der Waerden in
[Van der Waerden37]. Matroid theory is one of the areas that straddles across
several branches of discrete mathematics such as Combinatorics, Graph Theory,
Finite Fields, Algebra and Coding Theory. One of the subjects to which appli-
cations were found early was electrical network theory [Seshu+Reed61]. In this
chapter we give a brief sketch of the theory with electrical networks in mind.

1.2 Axiom systems for Matroids

A matroid can be defined in several equivalent ways. Each of these is based on
an axiom system. The primitive objects of each axiom system can be identified
with either the primitive or some derived objects of every other axiom system.
We restrict ourselves to finite underlying sets even though it is possible to define
infinite matroids. The concept of maximality and minimality (with respect to
set inclusion) is often used in Matroid theory. We may note that, in general,
maximal and minimal members of a collection of sets may not be largest or
smallest in terms of size.
Example: Consider the collection of sets {{a, b, c},{g},{e, f},{a,b,c,d, e, f}}.
The minimal members of this collection are {a,b,c},{g}, {e, f}, i.e., these do
not contain proper subsets which are members of this collection. The maximal
members of this collection are {g},{a,b,c,d,e, f}, i.e., these are not proper
subsets of other sets which are members of this collection.

However, in the key concept of collection of independent sets in matroids,
maximality implies the maximum size property.
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1.2.1 Independence and Base Axioms

Independent sets of a matroid correspond to subforests (or, dually, subcoforests)
of graphs and to independent sets of columns of matrices.
I. Independence Axioms:

Definition 1.2.1 (Matroid: Independence Axioms) A matroid M on S
is a pair (S,T), where S is a finite set and T is a family of subsets of S, al-
ways containing the empty subset, called independent sets, that satisfies the
following:

1141 €7 and Is C Iy, then Iy € 1.

12 maximally independent sets contained in a subset of S have the same
cardinality.

(equivalently axiom 12 can be replaced by the following)

I2° if X, X' are independent and | X'| > | X|, then there exists ¢’ € (X' — X)
such that X U e’ is independent.

A base of the matroid M = (S,7), is a mazimally independent subset of M
contained in S. The complement, relative to S, of a base is called a cobase of

M.

It follows immediately from the above that all bases of a matroid have the
same cardinality. Indeed, as we shall soon see, matroids can also be defined using
an axiom system that describes the collection of “bases”.

1.2.2 Examples of Matroids

Theorem 1.2.1 (Polygon and Bond Matroids) Let G(V, E) be an undi-
rected graph. Let Ty be the collection of subforests and let I. be the collection
of subcoforests of G (denoting by forest, a spanning forest of the graph). Then
(E,Zy), (E,Z.) are matroids. Further, the bases of either matroid are cobases of
the other.

Proof : We will only prove that the collection 7y satisfies independence axioms.
The proofs of the statements for Z. will follow directly from the definition of
dual matroid that we will encounter later. That the independence axioms are
satisfied by T, follows from the facts below

e maximal intersection of a forest of G with T,T C FE, is a forest of the
subgraph of G on T'.

e all forests of the subgraph of G on T have the same cardinality.
|

The matroid (E,Zy) is called the polygon matroid of G, and is denoted by
M(G). The matroid (E,Z,) is called the bond matroid of G, and is denoted by
M*(G).
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Let V be a vector space over the field of real numbers with components in-
dexed by the elements of S. Let R, R* be representative matrices (i.e., their rows
constitute bases) of V, A respectively. Since the column dependence structure
of all representative matrices of a vector space is the same (due to non-singularity
of elementary row operations), it makes sense to consider an arbitrary represen-
tative matrix to study linear independence of columns. Let Z be the collection
of independent column sets of R (identified with corresponding subsets of S)
and let Z* be the collection of independent column sets of R*.

Theorem 1.2.2 (Vectorial Matroid) (S,Z),(S,Z*) are matroids. Further,
bases of each matroid are cobases of the other.

Proof : (5,7) satsfies independence axioms follows from the fact that max-
imally independent subsets of columns of any submatrix of R (R*) have the
same cardinality. Further if (I : K) is a standard representative matrix of V
then (—K” : I) is a standard representative matrix of V. Since there is a
standard representative matrix corresponding to each maximally independent
subset of columns, we conclude that bases of either of (S,7), (S,Z*) are cobases
of the other.

We say that (S,Z) ((S,Z*)) is the matroid (dual matroid) associated with
V and denote it by M(V) (M*(V)).

Theorem 1.2.3 (Matroid Union) [Edmonds68][Nash- Williams67] Let G(V, E)
be an undirected graph and let k be a positive integer. Let Ty be the collection
of unions of k forests (not necessarily edge-disjoint) of G. Then (E,Zyy) is a
matroid.

Proof : Let Z15 be the collection of all sets of the form X UY, where Xj,
X, are independent respectively in the matroids My, Ms. We prove that
Mia = (S,7Z12) is a matroid. The hereditary axiom Axiom Il is clearly sat-
isfied. Therefore it suffices to prove Axiom 12’ to conclude that M12 = (5, Z12)
is a matroid. (This result (as Theorem 1.7.1), is discussed in detail later. The
present proof follows the one in [Mirsky71].) The theorem would then follow im-
mediately since by Theorem 1.2.1 the collection of forests of a graph constitute
the independent sets of a matroid. Let Z, = X7 U X5 and let Z, = Y7 UY5 with
X1, Y7 independent in M; and X5 and Y5 independent in M. Further let the
division of Z, into X7 U X5 be such that the ‘cross sum’ | X7 NYa|+ | X2 NY)| is
a minimum among all such divisions. Now if |Z,| > |Z,], either |Y1| > |X;| or
|Y2| > | X2|. Wlog let [Y2| > | X2|. Then there exists e € (Yo—X5) such that eUX,
is independent in Ms. If e € X then the division of Z, as (X; —e) U (XaUe)
would yield a lower cross sum than the division X; U X5, a contradiction. Hence
e & X1 and therefore e € (Z, — Z,). Thus we have e U Z, = X7 U (X3 Ue) is in
the collection Z15 confirming Axiom 12’.

Let G(V, E) be an undirected graph. A matching of G is a subset of edges no
two of which have a common endpoint. We say that a set of vertices U and a
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matching X meet iff the set of the endpoints of the edges in X include all the
vertices of U. Let Z,,, be the collection of subsets of those vertices which meet a
matching.

Theorem 1.2.4 [Edmonds+Fulkerson65] (Matching Matroid) (V,Z,,) is a
matroid.

Proof : Let T C V(G) and let I, I> be two maximal subsets of T in the collec-
tion Z,,,. We will show that | Is |=| I1 |. There exist matchings M;, My which
meet I, I5. Consider the subgraph of G on M; U My (the vertex set of this
subgraph may contain vertices outside T'). Each component of this subgraph
is either a circuit or a path. If a node of T" has degree two in the above sub-
graph, then it must belong to both I; and I (using the fact that both these
are maximal subsets of T in the collection Z,,,). So vertices in T, which are in
components which are circuits, are in I; N I5. Now let | Iz |>| I; |. Then in
one of the components, that is a path, the subset of nodes of I5 is of larger size
than the subset of nodes of I; in the same component. Once again, the ‘middle’
T nodes, in such components, must belong to I; N . This means one of the
end nodes, say v, of the path is in I — I; and the other end node is not in
I; — Ir. If we modify M; by dropping the edges of M; in this path and adding
the edges of Ms, the new matching M will meet T in I; Uv. Hence, Iy Uv € Z,,,
a contradiction. Therefore | I; |=| I2 | . |

1.2.3 Base axioms

In this subsection, we characterize matroids through an axiom system for bases
(that is, mazimally independent sets). We also consider an abstraction of the
concept of a circuit. Note that a circuit of a graph is not contained in any forest
and is the minimal such subset of edges. This motivates us to define a circuit of
a matroid (5,Z) to be a minimal subset of S not contained in any independent
set, equivalently, we could say that a circuit is a minimal dependent (or non-
independent) subset of the matroid.

We will now arrive at a characterizing property of bases of a matroid.

Let Bi, By be two bases of the matroid M = (5,Z). Let e € By — Bjy.
Therefore By Ue, not being independent, contains a circuit (a minimal dependent
set). We will prove uniqueness of this circuit. Suppose the contrary, let Cy,Cs
be two circuits contained in By Ue. Clearly e € C1 N Cy and {e} is not a circuit
as e is an element inside a base. A maximally independent subset of C; U Cy
containing e, cannot have the cardinality exceed | C1 U Cy | —2. On the other
hand C7 U Cy — e is stated to be independent. This violates the Axiom 12 for
Cy U Cy. Therefore Cy = Cs. (The unique circuit contained in e U By is referred
to as the fundamental circuit (f-circuit) of e with respect to By and denoted by
L(ev Bl) )

Now L(e, By) has a nonempty intersection with B; — By since {e} itself is not
a circuit and since Bs is independent, L(e, B1) cannot be contained in it. Let
e’ € L(e, B1) N (B1 — Ba). Let B’ = eU (By —¢'). Clearly By’ is also a base as
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it contains no circuit and has the same cardinality as B;. On the other hand for
any €” € By, (B1 —¢”)Ue is independent provided e” € L(e, B1). We therefore
have the following theorem.

Theorem 1.2.5 Let By, By be bases of a matroid M on S. Let e € By — Bj.
Then,

1. eU By contains a unique circuit L(e, By). This circuit has a nonempty
intersection with By — Bs.

2. If ¢’ € By, then (By —¢')Ue is a base of M iff ¢’ € L(e, By).

This consequence of independence axioms for collection of bases would, as
we shall soon see, indeed characterize the collection of bases of a matroid. In
fact, the following “dual” observation also leads to an alternative axiomatic
characterization for the collection of bases.

Let By, By be bases of a matroid and let e; € By — Bs. By is a maximally
independent subset of By U By — e1. Further as |By| = |Bz|, B — e; is not
maximally independent in this set. Hence, by Axiom 12’ there exists e € By —
Bi s.t. (By —e1) Ues is independent and, therefore, a base of M. We therefore
have the following.

Theorem 1.2.6 Let By, Bs be bases of M and let ey € By — Bs. Then there
exists ea € Bo — By, such that (By —e1) U ey is a base of M.

As remarked earlier, Theorems 1.2.5 and 1.2.6 can be used to generate axiom
systems for matroids.

Theorem 1.2.7 (Base Axioms) Let a collection B of subsets of S satisfy the
following equivalent axioms

Axiom B If By, By are members of B and if e; € Bo — By, then there exists
e1 € By — By s.t. (B1 —e1) Ues is a member of B.

Axiom B’ If By, By are in B and if e; € By — By then there exists es €
By — By s.t. (By —eq1)Ueq is in B.

Then the collection T of subsets of the sets in B is a collection of independent
subsets of a matroid (S,Z). (In other words B is the collection of bases of a
matroid. )

Proof : When Axiom B is satisfied, to prove that (S,Z) is a matroid, we only
need to prove that maximal subsets in Z contained in a given subset T (denoted
say Br) of S have the same cardinality. If Bp1, Bro are two such subsets we
take an element eo € Bpo — B and add it to Bpy and drop a suitable element
in Bpy — Bpo as in the argument to prove Theorem 1.2.5 . The resulting set is
also in By and has the same cardinality as Bp;. Repeatedly using the argument
will finally give us a set in Br containing Bps with the same cardinality as Bpj.
Clearly this must be By itself.
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Let us now consider the (Axiom B’) case. Let B satisfy Base Axioms B’. We
need only show that maximal subsets, from the collection Z, contained in 7' C S
have the same cardinality.

Case 1: T = S.

If By, By are bases (i.e., members of B) and e € By — By, we can find an
e € By — By s.t. (By —e)Ue¢ is a base. If we repeat this procedure we would
finally get a base By C B s.t. | Bg |=| B1 | . But one base cannot properly
contain another. So By, = Bz and | B2 |=| By | -

Case 2: T C S.

Suppose X = {1, -+, 2z} and Y = {y1, -+ ,ym} are maximal subsets of T,
from the collection Z, with k& < m. Let X be contained in a base B, and Y in
a base By. Let

Bm = {xla' s Tk Pk+1y 0 0 7p7’}

ByE{yla"' y Yms Gm+1, " " ,(Ir}

(Note that p;’s and g;’s are outside T'.) Since k < m, there exists p; € B, — By,.
Therefore, there exists z in By — B, s.t. (By — py) U 2z is a base. Clearly z
cannot be one of the y; for otherwise it would violate maximality of X. Say,
z = qs. We thus have a new base B!, = (B, — p:) U gs. Note the progress,
(By—B.)N(S—T) C (By—B;)N(S—T). Repeating this procedure we would
finally arrive at a base B s.t. Bf N (S —T) > B, N (S —1T).

Any further attempted exchange using one of the remaining p elements from BJ
would result in violation of maximality of X as a subset of T' from the collection
Z. The only way to avoid this contradiction is to have k = m. Therefore we
conclude that the maximal subsets of T', belonging to the collection Z, have the
same cardinality. [ |

1.2.4 Rank Axioms

In this subsection we discuss characterization of matroids through an axiom
system for the rank function.

Let M be a matroid on S. The rank of a subset T' C S is defined as the
cardinality of the maximally independent set contained in 7. This number is well
defined since all maximally independent subsets of T" have the same cardinality.
The rank of T' is denoted by r(T). r(S) is also called the rank of M and is
denoted also by r(M).

Clearly r(-) takes value 0 on (). Moreover the rank function is clearly an
integral, increasing function on subsets of S. Also r(X Ue) —r(X) <1V X C
S,e € S. We have the following properties of rank function which will motivate
axiom systems for matroids in terms of rank function.

Theorem 1.2.8 Let r(-) be the rank function of a matroid on S, X C S and
e1,eq €85.

1. r(X Uer) =r(X Ueg) = r(X), implies r(X Uey Ues) = r(X).
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2. r(XUe)—r(X)>r(YUe)—r(Y) whenever X CY C S —e.
3. r(-) is submodular, i.e.,

r(X)+r(Y) > (X UY) +r(XNY) V¥ X,V C 8.

Proof : i. Let Bx be a maximal independent subset of X. Clearly By is also a
maximally independent subset of X U e; as well as of X U es as their ranks are
same. Suppose Bx is not a maximally independent subset of X Ue; U es. This
means either BxUe; or B,Ues must be independent. But this is a contradiction.

ii. Consider any maximally independent subset Bx of X. One can grow
it into a maximally independent subset By of Y. (X Ue) — r(X) > 0 and
r(Y Ue) — r(Y) can be seen to be 0 or 1. It suffices to consider the case where
r(YUe) —r(Y) = 1. Then By is not maximally independent in Y Ue. Therefore
By Ue must be independent, which implies B, Ue must also be independent (by
Axiom I1). Therefore (X Ue) — r(X) = 1. Thus rank function always satisfies
r(XUe)—r(X)>r(Y Ue)—r(Y).

iii. Let Y — X = {e1,--- , ex}. We then have

r(Y)—r(XNY)= r(XNY)Ue) —r(XNY)
+ r((XNY)UerUey) —r((XNY)Uey)+---
+ r((XNY)Uer---Uer)—r(XNY)Uer U---Ueg_1)
(
(
(

> r(XUe)—r(X)+---
+ r(XUeU---Ueg)—r(XUey U---Ueg—1)
> r(XUY)—r(X).

Example 1.2.1 For the polygon matroid M(G) (independent set = subforest),
the rank function of the matroid is the same as the rank function of the graph.
For the bond matroid M*(G), the rank function is the nullity function v(-) of
the graph, where v(A), A C E(G), is the number of edges in a coforest of G x A
(the graph obtained by fusing the endpoints of edges outside A and removing
them,).

An important property of matroid rank functions is that they are submod-
ular.

Next we describe and justiify an axiom system for matroids based on the
rank function. The axioms will all be properties of rank function that follow
from being a matroid rank function. We show that certain combinations of
these properties as axioms ensure matroid-ness.

Theorem 1.2.9 (Rank Axioms ) Let S be a finite set and let r(-) be an in-
teger valued submodular function on subsets of S satisfying in addition

r(@) =0
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0<r(XUe)—r(X)<1 VXCSeeb.

Define T to be the collection of all subsets X of S satisfying r(X) =| X | . Let
members of T be called independent. Then (S,Z) is a matroid (satisfying the
Independence Axioms).

Proof :

i. Let Y € 7 and X C Y. We need to show that X € 7.

We are given that (@) = 0 and 7(AUe) < r(4A) +1V A € S. Therefore,
r(X) <| X |and r(Y) —7r(X) <|Y | — | X | . Sor(X) <| X [, implies
r(Y) <| Y |, which is a contradiction. Thus 7(X) =| X |, i.e., X € I.

ii. Let By, By be two maximal members of Z contained in a subset T' of S. We
need to establish that | By |=| B2 | .

For each e; € T—By,r(B1) < r(B1Ue;) <| By | +1, since B; is a maximal subset
of T such that r(By) = |By|. Therefore, r(ByUe;) = r(B1) V e; € T—By. For any
U,V satistying r(By UU) = r(B; UV) = r(B1), we have, using submodularity
of r(-) that

r(ByUU)+7r(BiUV)>r(BiUUUV) +7r(B1U(UNV)).

Note that LHS above is 2r(B;) and RHS is greater or equal to 2r(By) (r(-) is
an increasing function), therefore

r(BiUUUV)=r(BiUUNV))=r(B).
Using this inductively we can prove that
r(BiUerU---Ueg) =r(By),

where {e1, -+ ,ex} =T — B;. Hence, 7(B1) = r(T).
Similarly r(Bg) = r(T).
Therefore | By |=r(B1) = r(Bz2) =| Bz |- |

We call a set function r(-), satisfying the properties stated in Theorem 1.2.9,
a matroid rank function.

1.2.5 Circuit Axioms

Circuits of matroids satisfy the conditions given in the following theorem. We
will use these conditions to define an axiom system for matroids using circuits
as primitive objects.

Theorem 1.2.10 Let M = (S,Z) be a matroid and let C1,Cy be non-disjoint
circuits of M with e. as one of the common elements. There exists an e; € Cy —
Cy, (as circuits cannot be contained in one another, due to their minimality).
Then there exists a circuit C3 C C1 UCy — e, s.t. e; € Cs.

The following lemma will be used for the proof of the theorem.
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Lemma 1.2.1 Let M,Cy,C5 be as in Theorem 1.2.10. Then there exists a
circuit C4 C C1 U Cy — e.

Proof of Lemma 1.2.1: We use properties of rank function of the matroid.
Recall that a set X is independent iff (X) = |X|, and by the definition of a
circuit, r(C;) = |C;| — 1,i =1,2.

T(Cl U 02) + 7”(01 n 02) < T(Cl) + T(CQ) = |Cl| -1+ |CQ| — 1. Therefore

T(Cl UCQ) + |Cl ﬁ02| < |Cl UCQ| =+ |Cl ﬂCQ| -2,

since 7(C1 N C3) = |C1 N Cq|. This implies r(Cy U Cs) < |Cy U | — 2, therefore
r(C1UCy —e.) < r(ChUCy) < |CyUCe —e | — 1, which proves that there exists
a circuit inside C7 U Cy — e.. [ |

Proof of Theorem 1.2.10: The result is clearly true when the union of the
two circuits has size 3 and, trivially, when it is 2. We now use induction on the
size of the union of the two circuits. Suppose that the result is true when the
size of the union of the two circuits is less than n.
Let | C1UCy |=n, e. € C1NCq and e; € C; —Cs. By the above lemma (Lemma
1.2.1), one is guaranteed existence of a circuit C4 C CL UCy —e.. If e; € C% we
are done.

So assume that e; € C%. We have, C4 € C; and C§ C C; U Cy. So
CéﬁCg Z C1NCs. Let ey ECémCQ—ClﬁCQ.
Consider Cy U C4. We aim to use induction hypothesis on it, for which we need
to show that its size is less than n. But this follows from the observation that
e1 & C2UCY. Further es € C5NCy and e, € Cy — C%. By the induction hypoth-
esis there is a circuit C4 C Co UCY — eq s.t. e, € C4.
Now consider C; U C4. We have e, € C4, N Cy and e; € C; — C). Further
ez & C1 UCY so that | C1 UCYS |< n and we can apply induction hypothesis.
Therefore, there exists a circuit C5 C Cy UC) — e, s.t. e; € Cs.

Example 1.2.2 For the polygon matroid M(G) of G (independent set = sub-
forest), a circuit of the matroid is the same as a circuit of the graph. For the
bond matroid M*(G) (independent set = subcoforest), a circuit of the matroid
is the same as a cutset of the graph. For the vectorial matroid (associated with
the columns of a representative matriz), a circuit is a minimal dependent set of
columns.

Theorem 1.2.11 (Circuit Axioms:)

Let S be a finite set. Let C denote a family of subsets (called circuits) of S
satisfying
Axiom C1 No member of C is a proper subset of another.
Axiom C2 Let C1,Cy € C and let e. € C1 N Cy and e; € C; — Cy. Then there
exists C3 € C s.t. C3 C C1UCy —e. and ey € C3. Let T be the class of subsets
of S that do not contain a member of C. Then (S,Z) satisfies the axioms 11
and 12 of a matroid. (This also justifies denoting a matroid M as a pair (S,C)
describing collection of circuits as primitive objects).
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Proof : We will show that maximal subsets of T C S that are in Z (i.e., that
do not contain a circuit) have the same cardinality. For readability, during the
course of the proof we will call members of Z independent and maximal members,
bases although this terminology is justified only after the proof is complete.

Let Bj, B be two maximal independent sets contained in 7. If B; # B,
clearly B; 2 Bs. Let es € By — By. Then ey U By contains a circuit. Claim is
that this circuit is unique. For otherwise if C7,Cs are two such circuits since
both have e, as a member, then by the circuit axioms there exists a circuit
C3 C C1 Uy — es. This is impossible as it would imply that a circuit Cj is a
subset of the base Bj.

Define L(es, B1) to be the unique circuit contained in es U Bj. Since {es}
is not a circuit (element ey is inside the base Bs) we must have L(es, B1) N By
is nonempty. Also L(es, B1) is not a subset of Bs. Therefore, there exists an
e1 € L(eg, B1) N (B1 — B). Then Bj = e U By — e is independent.

We claim that Bj is also maximally independent. For, let ¢/ € T'— Bj. For
the case ¢’ = e;, we note that ¢/ U B} contains L(es, By), thereby not violating
maximality of Bf. So consider ¢’ # e;. Now ¢/UBj contains a circuit L(e’, By). If
this circuit does not contain eq, we have L(e’, By) C e’ U B, again not violating
maximality of Bj. Suppose it contains e;. Then L(eq, B1) and L(e’, B1) have
the element e in common. Hence, L(es, B1) U L(€’, B1) — e; contains a circuit.
This circuit is contained in ¢’ U Bj.

Therefore, we conclude that e’ U Bj is not independent for every ¢/ € T — Bj.

We now have a maximally independent subset B of T which has the same car-
dinality as By. However B also satisfies | Bo — B} |<| B2 — By | . Repeating
this procedure we would arrive at a maximally independent subset By of T' that
has the same cardinality as By and also contains By. But this implies By = By
and hence, | By |=| B2 | . |

1.3 Dual of a Matroid

Matroids occur naturally in pairs. This pairing is analogous to that of comple-
mentary orthogonal vector spaces.

Consider a vector space V on S. We remind the reader that dot product
of two vectors f,g on S denoted by < f,g > over a field F is defined by
<f,g>=) sf(e).g(e). Wesay f, g are orthogonal if their dot product is zero.
Y+, the space complementary orthogonal to V, is the collection of all vectors on
S which are orthogonal to every vector in V. Let M(V) denote the matroid
on S whose independent sets are the linearly independent column sets of a
representative matrix (i.e., rows constitute a basis) of V. Note that column
dependence structure of all representative matrices of V is identical. Whenever
we have a set of columns as a base of this matroid we know that we can build a
‘standard’ representative matrix with identity matrix corresponding to this set
as below.

B S—B



1.3. DUAL OF A MATROID 13

R=[1 : k| (1.1)
Then we know that
B S—B
R'=[ _gxr : 1] (1.2)

is a representative matrix of V. Tt is thus clear that the bases of M(VL) are
cobases of M(V) and vice versa. This situation can be shown to hold also for
arbitrary matroids and the pairs of matroids are said to be dual to each other.

Theorem 1.3.1 Let M = (S,Z) be a matroid. Then, M* = (S,I*), where
X € Z* iff S — X contains a base of M, is a matroid. M™ is called the dual
matroid. Further, (M*)* = M.

Proof : It suffices to prove that the collection of complements of the bases of
M satisfy either of the equivalent Base Axioms B or B’. This is indeed easy to
see due to the duality evident between the axioms B and B’. [ |

Example 1.3.1 If V is a vector space on S then (M(V))* = MWL), If
M(G) is the polygon matroid associated with the graph G, then we know that
M(G) = M(Vy(G)), where V,,(G) is the space of all vectors spanned by the rows
of the incidence matriz of the directed graph G and (M(G))* = M((V,(G))1).
Thus matroid (M(G))* is the bond matroid associated with G, for which the
independent subsets are subcoforests. When the graph G is planar there exists a

graph G* s.t. V,(G*) = (Vo (G))*. It would follow that M(G*) = (M(G))*.

The circuit of the matroid M* is called a bond of M. The following theorem
gives some characterizations of a bond.

Theorem 1.3.2 Let M = (S,Z) be a matroid. A subset K C S is a bond of M
iff any of the following equivalent conditions hold:

1. K is a circuit of M™.
2. K is a minimal set intersecting every base of M.

8. K is a minimal set which meets no circuit of M in just a single element.

We need the following lemma to prove the theorem.

Lemma 1.3.1 Let L be independent in M = (S,Z) and let K be independent
in M*. Further let LN K = (). Then there exists a base of M that contains L
and does not intersect K.
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Proof of Lemma 1.3.1 Independence of K in M™ implies S — K contains a
base B of M. Now, L is given to be independent in M and is also a subset
of S — K. So there exists a subset B’, that is maximally independent in M
containing L and also a subset of S — K. Axiom I2 tells us that | B’ |=| B |.
Hence B’ is the desired base of M. [ |

Proof of Theorem 1.3.2: Condition (i) is the definition of a bond. We will
show that each of the conditions (ii) and (iii) is equivalent to (i).

(i) & (ii): K is a minimal set that is not contained in any base of M*, equiv-
alently, that intersects every base of M (since bases of M are complements of
bases of M™).

(i) & (iii): First we will show (i) implies (iii). We begin by showing the mini-
mality (w.r.t. the intersection property of (iii)) of a circuit of the dual. Suppose
K is a circuit of M*. Let X C K. Then X is independent in M*. Let B% be a
base of M* containing X. Let Bx be the complement of B%. Bx is a base of
M and Bx N X = (. Let e € X and let L(e, Bx) be the unique circuit of M
contained in e U Bx. This circuit intersects X in {e}. Thus every proper subset
of K meets some circuit of M in exactly a single element.

Now we show that when a circuit of the dual meets a circuit of the origi-
nal matroid, they intersect in at least 2 elements. Suppose K meets a circuit
Cof M. Let e € CNK. C —e and K — e are independent in the matroid
and its dual respectively. Suppose C' and K intersect in just the element e.
This implies (C —e) N (K — e) = 0. Now, by Lemma 1.3.1, there exists a base
B of M that contains C' — e but does not intersect K — e. We must have ei-
ther e € B or e € (S — B). This would imply either C C B or in the latter
case, K C (S — B) contradicting the independence of B in M and S — B in
M respectively. Therefore C'—e and K —e must intersect, implying |[CNK| > 1.

It remains to show that (iii) implies (i). Let K C S be such that it does not
meet any circuit of M in just a single element. Such K cannot be contained
in a cobase of M, for, if e € S — B, for a base B of M, then the fundamental
circuit of matroid M, formed by e with B intersects (S — B) only in e. Hence,
K is dependent in M*. We only need to show that K is a minimally dependent
subset of the dual. Suppose the contrary, that is, there exists a proper subset K’
of K that is a circuit of the dual matroid. However, as already seen, any circuit
K’ of M™ does not meet any circuit of M in just a single element. This would
contradict minimality (w.r.t. the “intersection” property) of K. Therefore K is
a circuit of M*. [ |
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1.4 Minors of Graphs, Vector spaces and Ma-
troids

Given a matroid, there are some natural ways of deriving matroids on subsets
of the underlying sets which we will call minors of the original matroid. In this
section we motivate and define this notion by first studying the most important
instances of graphs and vector spaces.

1.4.1 Restriction and Contraction of Graphs
Let G(V, E) be a graph and let T C E.

Definition 1.4.1 The graph G open (E — T) is the subgraph of G with T as the
set of edges and the whole V(G) as the vertex set. That is, to obtain G open (E—
T) we remove (delete) edges in E—T, however, leaving their endpoints in place.
The restriction of G to T, denoted by G -'T, is the subgraph of G obtained by
deleting isolated vertices from G open (E —T). Thus, G - T is the subgraph of G
onT.

In case of a directed graph G, we retain original directions.

Definition 1.4.2 The graph G short (E—T), is built by first building
G open T. We then get connected components. Let Vi,--- Vi be the vertex
sets of the connected components of G open T. The set {Vy,---,Vi} is the ver-
tex set and T is the edge set of G short (E — T). (The reader may imagine
{V1,--+,Vi} as a set of ‘supernodes’ enclosed by surfaces). An edge e € T would
have V;,V; as its endpoints in G short (E —T) iff the endpoints of e in G lie
in Vi, V;. If G is directed, Vi, V; would be the positive and negative endpoints of
e in G short (E —T) provided the positive and negative endpoints of e in G lie
in Vi, V; respectively.

(In other words, G short (E — T) is obtained from G by short circuiting the
edges in (E —T) (fusing their end points) and removing them).

The contraction of G to T, denoted by G x T, is obtained from G short (E—T)
by deleting the isolated vertices of the latter.

An immediate consequence of the above definitions is that the union of a forest
of G short (E—T) (i.e., of G x T) and a forest of G open T (i.e., of G- (E —T))
is a forest of G. We therefore have

Theorem 1.4.1 7(G) =r(G xT)+r(G-(E-T)).

We denote (g X Tl) . TQ, TQ - T1 - E(g) by g X T1 . T2 and (g . Tl) X TQ.
T, CTy C E(G) by G- Ty x Ts. Graphs denoted by such expressions are called
minors of G. It is easy to see that when we short a set A C F(G) and open a
disjoint set B C E(G), then the final graph does not depend on the order in
which these operations are carried out. Also note that G x T'(G - T') differs from
G short (E—T) (G open (E—T)) only in that the isolated vertices are omitted.
We therefore have the following theorem. (In the statement below equality refers
to isomorphism.)
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Theorem 1.4.2 Let G be a graph and Xo C Xy C E(G). Then
1. Gx X1 x Xog =G x Xo,
2.G-X1-Xo=0G-X,
3. Gx X1 Xo=G (E— (X1 — X2)) x Xo.

Proof : To prove each statement of the above theorem we only need to note
that the graph minors on both LHS and RHS are obtained by shorting and
opening the same sets. In statement (i), on both sides ' — X5 is shorted. In the
statement (ii) £ — X5 is opened. In the more interesting statement of (iii), on
both sides, the shorted set is £ — X7 and the subset of edges opened is X1 — Xo.
|

The following result shows that construction of minors is essentially a two step
process. The proof is by a routine application of the previous theorem.

Theorem 1.4.3 Any minor of the form Gx X1-Xox X35...X,,, X1 2... 2 X,
(the graph being obtained by starting from G and performing the operations from

left to right in succession), can be simplified to a minor of the form
G- X xX,orGxX -X,.

The next two results are about circuits and cutsets of minors in terms of the
corresponding subsets in the original graph. The routine proofs are omitted.

Theorem 1.4.4 1. C CTis a circuit of G- T iff C is a circuit of G.

2. C CTisa circuit of G x T iff C is a minimal intersection of circuits of G
with T (equivalently, iff C is an intersection of a circuit of G with T but
no proper subset of C is such an intersection,).

Theorem 1.4.5 1. B CT isa cutset of G- T iff it is a minimal intersection
of cutsets of G with T.

2. A subset B of T is a cutset of G x T iff it is a cutset of G.

1.4.2 Restriction and Contraction of Vector Spaces

There are natural operations on vector spaces which are analogous to the oper-
ations of opening and shorting edges in a graph. We describe them now.
Let V be a vector space on S and let T C S.

Definition 1.4.3 The restriction of V to T, denoted by V.T, is defined as
follows:
VT = {fT fr = f/T,f S V}

The contraction of V to T, denoted by V x T, is defined as follows:

VxT={f'r:f'r=£f/T,f€V and £/(S—T) = 0}.
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It is easily seen that V- T,V x T are vector spaces.

We denote (V x T1) - To by V x Ty - Ty, as in the case of graphs. Such vector
spaces are called minors of V. We say we ‘open’ T when we restrict V to (S—T))
and say we ‘short’ T when we contract V to (S —T).

The order in which we open and short disjoint sets of elements is unimportant.
This is stated formally below.

Theorem 1.4.6 Let T CT7 C S. Then
1. V- 1Ty Ty =V Ty,
2.V xTy xTy=V x Ty,
3. VXTI -To =V -(S—(T1 —T2)) x T>.

Proof of (iii): LHS C RHS

Let sz eV xTy-Ts.

Then there exists a vector fr, € V x T; such that fr, /T = f7, and a vector
f € V with £/(S — T1) = 0 such that £/} = fr,.

Now let f" denote f/(S — (11 — 1»)).

Clearly f' € V- (S — (T1 — 1»)). Now £'/(S —T1) = 0.

Hence, fI/T2 ev- (S — (Tl — Tg)) X T5.

ThU.S, VXTl-TQ QV (S—(Tl —Tg)) XTQ.

The reverse containment is similarly proved. |
Remark: Observe that a typical vector of both LHS and RHS is obtained by
restricting a vector of V, that takes zero value on S — 77, to To. We now have
as in the case of graphs

Theorem 1.4.7 Any minor of the form V x Ty - ToxT3...T,,T1 DTo D ... D
T,, can be simplified to a minor of the form

V.- T'xT,or VxT - -T,.

1.4.3 Minors of dual vector spaces

We now relate the minors of V to the minors of the complementary orthogonal
space V+. We remind the reader that V* = {g :< g,f >= 0,f € V}, and that
for any finite dimensional vector space V' (V'+)+ = V’. In the following results
we see that the contraction (restriction) of a vector space corresponds to the
restriction (contraction) of the orthogonal complement. We say that contraction
and restriction are (orthogonal) duals of each other.

Theorem 1.4.8 Let V be a vector space on S and let T C S. Then,
1. (V- T)- =Vt xT.

2. (VxT)t =V T



18 MATROIDS

Proof : i. Let gr € (V- T)*. For any f on S let fr denote f/7. Now if f € V,
then fr € V- T and < gp,fr > = 0.
Let g on S be defined by g/T =gr, g/S —T =0.If f € V we have

<f.g> = <fr,gr>+<fs_r,gs_7>
04+ < fs_7,05_7 >
0.

Thus g € V* and therefore, gr € V* x T.Hence, (V . T)* C V- x T.

Next let gr € VX x T

Then there exists g € V* s.t. g/S — T =0 and g/T = gr.

Let fr € V- T. There exists f € V s.t. £/T = fr.

Now 0 =< f, g >=<fr,gr >+ <fs5_1,05_7 > =< fr,gr >.

Hence, gr € (V- T)* .

We conclude that

VL x T C (V-T)*. This proves that (V-T)+ = V+ x T.

ii. We have (WV+-T)t = (VhH)Lt x T.

For any finite dimensional vector space V' we know that (V1)1 = V. Hence,
(vt -17)H)+t =vt.T and (V1)L =V. Hence, V1 - T = (V x T)*. [ |
The following corollary is immediate.

Corollary 1.4.1 (Vx P-T)t =V+.PxT,TCPCS.

1.4.4 Representative Matrices of Minors of Vector Spaces

As defined earlier, the representative matriz R of a vector space ¥V on S has
the vectors of a basis of )V as its rows. We now describe how to construct a
representative matrix which contains representative matrices of V. P and V x
(S — P) as its submatrices. In such a case, V . P and V x (§ — P) are said to
become ‘visible’ in R.

Theorem 1.4.9 Let V be a vector space on S. Let P C S. Let R be a represen-
tative matrix as shown below

P S—P
| Rep Rpo
S »

where the rows of Rpp are linearly independent. Then Rpp is a representative
matriz for V . P and Raa, a representative matriz for V x (S — P).

Proof : The rows of Rpp are restrictions of vectors on S to P. If fp is any
vector in V . P there exists a vector f in V s.t. /P = fp. Now f is a linear
combination of the rows of R. Hence, f/P(= fp) is a linear combination of the
rows of Rpp. Further it is given that the rows of Rpp are linearly independent.
It follows that Rpp is a representative matrix of V . P.
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It is clear from the structure of R (the zero in the second set of rows) that any
linear combination of the rows of Ras belongs to V x (S — P). Further if f is
any vector in V s.t. /P = 0 then f must be a linear combination only of the
second set of rows of R. For, if the first set of rows are involved in the linear
combination, since rows of Rpp are linearly independent, f/P cannot be zero.
We conclude that if /(S — P) is a vector in V x (S — P), it is linearly dependent
on the rows of Rys. Now rows of R are linearly independent. We conclude that
Ras is a representative matrix of V x P. [ |

The following corollary is immediate

Corollary 1.4.2

r(V)=r(V.P)+r(Vx(S—P)),PCS

1.4.5 Minors of Matroids

In this subsection we generalize the notion of minors of graphs and vector spaces
to matroids.

Let M = (S,7) be a matroid and X C S. The restriction (or reduction)
of M to X, denoted by M - X, is the matroid on the ground set X whose
independence family is the collection of all subsets of X which are members of
Z. We define the contraction of M to X, (which we shall denote by M x X),
as the matroid on X whose independent sets are precisely those Y C X which
satisfy the property that YUBg_x € Z whenever Bg_x is a base of M-(S—X).
Indeed it is clear from the definition that M - X is a matroid. That M x X is
also a matroid needs to be proved and this we do below.

Before we proceed to its proof, we define the notion of minor of a matroid.

A minor of M is a matroid of the form (M x X7)- X5 or (M-X7)x Xa, Xo C
X7 C S. Since there is no room for confusion we omit the bracket while denoting
minors.

We need the following useful lemma.

Lemma 1.4.1 Let M be a matroid on S and let Y C X C S. Suppose By, B}
are two bases of M - (S — X) and Y U By is independent in M. Then so is
Y U Bj.

Proof : Suppose the contrary. Then there exist bases B}, B, of M - (S — X)
s.t. Y U By is independent, but Y U B} is dependent and |B} — Bj| is a mini-
mum for these conditions. For e € B — B{, e U B} contains the unique circuit
L(e, B}) of M - (S — X). There must exist ¢’ of (Bf — Bj}) inside L(e, B}). So
B} = (B} —¢€')Ue is a base of M- (S — X). There exists a base By of M contain-
ing Y U Bj. Therefore e U By contains the unique circuit L(e, By). Observe that
L(e, By) is the same as L(e, B}) (this follows as circuits of M - (S — X) are the
same as circuits of M contained in (S — X)). As L(e, B1) = L(e, B}), it follows
that Bs = (B; —¢’)Ue is a base of M. Now, Y U B} is independent in M, being
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a subset of Bs. But note that B} and Bj violate the minimum size assumption
about B] and B} (since |B} — Bj| < |B} — Bj|). We conclude therefore that
Y U Bj is independent in M. [ |

To prove that M x X, given by (S5,Z%), is a matroid, we will verify that it
satisfies the Independence Axioms. If Y € T4 and Z C Y it is clear from the
definition of Z% that Z € T’ . Therefore Axiom I1 holds. Now we prove that
Axiom 12 holds. Let X; € X and let Z1, Zo be maximal members of Z% which
are subsets of X;. Then Z;, Z5 are maximal with respect to the property that
Z1,Z5 C X1 and Z1 W B, Z5 W B’ are independent in M, for each base B’ of
M- (S — X). We would be done if we show that |Z; W B'| = |Z2 & B’| (from
which |Z;| = |Z3| would follow). It suffices to show that Z; W B’ Zow B’ are both
maximally independent subsets of X; W (S—X) in M. Suppose not. Without loss
of generality, let Z; W B’ not be a maximally independent subset of X; W (S —X)
in M. Let W be a proper superset of it that is independent in M and and is
as well a subset of X7 W (S — X). Due to maximality of B’ and independence of
W, Wn(S—X)= B, and therefore W N X; would be a proper superset of Z;.
But (W N X;)U B’ is independent which implies that W N X is also a member
of 7% (note that we use Lemma 1.4.1 which assures us testing with any one
base B’ of M - (S — X) is adequate). This would however violate maximality of
Zy as a member of Z% . Therefore Z; W B" and similarly Zo W B’ are maximally
independent subsets of X; & (S — X) in M. Thus, |Z; W B’| = |Z2 W B’| and
therefore, | Z1| = | Z3| as required.

Theorem 1.4.10 Let M be a matroid on S and let X C S. Then
1. the union of a base of M x X and a base of M - (S — X) is a base of M.
2. rMx X)+r(M-(S—X))=r(M).

Proof : i&ii. Let B; be a base of M x X and let By be a base of M - (S — X).
By the definition of M x X, By U By is independent in M. Hence, r(M x X) <
r(M) —r(M- (S —X)).

Next, By U By can be extended to a base B of M. By the definition of
M- (S = X), we must have B, = BN (S — X). As (BN X) U By is inde-
pendent in M, by the definition of M x X and Lemma 1.4.1, BN X is indepen-
dent in M x X. Hence, r(M x X) > r(M) —r(M - (S — X)). Therefore that
rMx X)=rM)—r(M-(S—X)) and By U By is a base of M. | |

We next study the relation between primitive notions (such as bases, circuits,
bonds) associated with a matroid and those associated with restrictions and
contractions of a matroid. We begin with bases.

Theorem 1.4.11 Let M be a matroid on S and X C S. Then

1. Bx is a base of M- X iff it is a maximal intersection of a base of M with
X.
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2. By is a base of M x X iff it is a minimal intersection of a base of M
with X.

Proof: i. By is a maximal intersection of a base of M with X iff it is a maximal
subset of X that is independent in M, i.e., iff Bx is a base of M - X.

ii. Let Bg_x be a base of M- (S — X). By the definition of M x X and Lemma
1.4.1, Bx is a base of M x X iff Bx U Bg_x is a base of M, i.e., iff a base B
of M intersects X in Bx and intersects (S — X) maximally among all bases of
M, ie., iff a base B of M intersects X in Bx and this intersection is minimal
among all bases of M. [ |

We next characterize circuits of minors.
Theorem 1.4.12 Let M be a matroid on S and let X C S. Then
1. Cx is a circuit of M - X iff it is a circuit of M contained in X.

2. Cx 1is circuit of M x X iff it is a minimal nonvoid intersection of a circuit
of M with X.

Proof : i. Independent sets of M - X are just the independent sets of M
contained in X. Hence, Cx is a minimal dependent set of M - X iff it is a
minimal dependent set of M contained in X.

ii. We use the following observation: If C' is a circuit of M intersecting X, then
C N X is dependent in M x X. (This follows as otherwise, the disjoint union
(CNX)U(CN(S— X)) which is indeed C, would be independent in M).

Let Cx be a circuit of M x X. Let B’ be a base of M - (S — X). Therefore
Cx UB' is dependent in M, but (Cx —e)U B’ is independent in M for any e €
Cx. Let C be the unique circuit of M containing e, contained in eU(Cx —e)UB’.
Note that C N X C Cx. But C N X is dependent in M x X by the above
observation. Therefore due to C'x being a circuit of M x X, we conclude that
Cx=CnX.

We still need to prove that Cx is a minimal nonvoid intersection of a circuit
of M with X. If Cx = C' N X were not minimal such, then there would exist
nonvoid C% = C' N X, C’" a circuit of M such that C% C Cx (proper!). But
then C% would be dependent in M x X by the above observation, contradicting
that C'x is a circuit of M x X.

Next we prove the other implication, that is, a minimal nonvoid intersection
CNX of acircuit C of M with X is a circuit of M x X. Suppose the contrary,
then there exists a circuit C’ of M x X, that is properly contained in CNX. But
then by the above there exists a circuit C” of M such that C'NX = C%, contra-
dicting that C'N X is a minimal nonvoid intersection of a circuit of M with X .l

The next result speaks of the rank function of minors. The routine proof is
omitted (the expression for rank function of contraction follows from Lemma
1.4.1).

Theorem 1.4.13 Let M be a matroid on S and let X C S. Let v(-), r(-), rc(+)
be the rank functions of M, M - X, M x X respectively. Then
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1. rnY)=rY),Y CX,
2.r.(Y)=r(YU(S-X))—r(S—X),Y CX.

A minor of a general form could be obtained from the original matroid by
a sequence of restrictions and contractions. As in the case of graphs we can
simplify these operations to a single contraction followed by a single restriction
or vice versa. The following result is needed for such simplification.

Theorem 1.4.14 Let M be a matroid on S and letY C X C S. Then,
I M-X-Y=MY.
2 MxXXxY=MxY.
BMxX-Y=M-(S—(X-Y)) xY.

Proof : i. Immediate from the definition of restriction.
ii. A base of M x Y is a minimal intersection of a base of M with Y, while a
base of M x X X Y is a minimal intersection of a base of M x X with Y. To
construct the former base, one could begin with a maximally independent set of
M within S — Y and extend it to a base of M using a set By of elements from
Y. By would then be a base of M x Y. But this could have been done by first
choosing a maximally independent set Bg_x within § — X of M, extending it
to a maximally independent set Bg_y of M within S — Y, and then growing it
further using By . Thus By is a base of M x X x Y. On the other hand, starting
with a base By of M x X XY, one can see that its union with a maximally
independent set Bg_y of M within S — Y gives a base of M. Therefore By is
a minimal intersection of a base of M with Y and therefore a base of M x Y.
A more routine proof uses Theorem 1.4.15 proved below.
(MY =M X Y) =M - X)XY=MPxXxY=MxXxY
But ( M" - Y)* = (M*")*xY =M xY.
We conclude that M x X xY =M x Y.
iii. Let Z be an independent set of M x X - Y. Then, by the definition of
restriction, Z C Y and Z is independent in M x X. Let Bg_x be a base of
M- (S —X). Then by the definition of contraction, Z U Bs_x is independent in
M. By the definition of restriction Z U Bg_x must be independent in M - (S —
(X-Y)). Now Bg_x isabase of M-(S—X) = M-(§—(X-Y))-(S—X). Hence,
Z is independent in M- (S — (X —=Y)) xY (note that (S— X)Wy =S5—(X-Y)
since Y C X). It is easy to see that the above sequence of implications can be
reversed. Hence, if Z is independent in M - (S — (X —Y)) x Y then Z is also
independent in M x X - Y. Thus,

MxX-Y=M-(S—(X-Y))xY
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Let M be a matroid on S and let S O X7 O X5 O --- D X,,. From Theorem
1.4.14, it is clear that M x X7 - Xo x X3---- X,, can be written in the form
M x P - X, for a suitable P O X,,.

Now we relate the minors of the dual matroid to the duals of the minors of
the original matroid.

Theorem 1.4.15 Let M be a matroid on S. Let X C S. Then
I  MxX)*=M"-X,
2. M- X)*=M"xX.

3. The rank of X in M* equals | X|—r(M x X) = |X|— (r(M)—r(M-(S—
X))).

Proof : i. Bx is a base of M x X iff it is a minimal intersection of a base of
M with X i.e., iff it is the complement of a maximal intersection of a cobase
of M with X, i.e., iff it is the complement of a maximal intersection of a base
of M* with X i.e., iff it is the complement of a base of M* - X.
ii. By the definition of dual, dual of the dual of a matroid is the original matroid
itself. Hence, using (i) above, (M* x X)* = (M")* - X =M - X

ie., M* % X = (M* x X)** = (M- X)*.

iii. Immediate from i above. [ |

1.4.6 Notes

The reader interested in making a serious study of matroid theory would do well
to begin by referring to [Kung86] where the key foundation papers in matroid
theory are reproduced. A terse but readable account of matroid theory, as seen in
the 60’s by a master, is available in [Tutte65]. Matroids seen from the unifying
perspective of combinatorial geometries is available in [Crapo+Rota70]. The
first comprehensive text book on matroids is [Welsh76]. More recent books are
[White86], [White87] and [Oxley92].

1.5 Convolution

1.5.1 Introduction

The convolution operation popularized by Edmonds [Edmonds70] is fundamen-
tal to the study of submodular functions and is extremely useful both for study-
ing the structure of matroids and for generating new matroids. Indeed, the well
known concept of principal partition associated with submodular functions in
terms of a given weight function and the union matroid of two matroids, to name
just two important instances, are best understood using convolution. In this sec-
tion we begin with a description of polymatroid rank functions and use this as
a framework for presenting results on convolution, and principal partition.
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1.5.2 Polymatroid rank functions

It is convenient to state the basic results for convolution in terms of polymatroid
rank functions which are a simple generalization of matroid rank functions.

We remind the reader that a function f(-) : 2° — R is said to be submodular
if for every pair of subsets X, Y of S we have f(X)+f(Y) > f(XUY)+f(XNY).
It is supermodular if the inequality is reversed and modular if the inequality is
replaced by an equality. A weight function g(-) on subsets of S satisfies g(X) =
Yeex 9(ei), X € S, with g(@) = 0. A modular function can be seen to differ
from a weight function only in that, for the latter, the value on null set is zero.
Indeed if g(-) is modular we have g(X) = >"__«(g(e) — g(0)) + g(0).

We saw in Section 1.2.4 that a matroid rank function r(-) on subsets of S
is increasing, submodular with 7(()) = 0, integral and satisfies r(e) = 0 or 1
for all e € S. A polymatroid rank function f(-) on subsets of S is increasing,
submodular with () = 0, the remaining conditions being omitted.

We define restriction, contraction and dual of a polymatroid rank function
essentially as in the case of a matroid rank function. The restriction f(-)/T of
f()toT, T C S, is defined by f/T(X) = f(X),X CT. The contraction foT'(-)
of f(-) to T, T C S, is defined by foT(X)=f(XU(S-T))—f(S-T),X CT.

The dual f*(-) of f(-) on subsets of S is defined relative to a positive weight
function g(-) on subsets of S just as r*(+) is defined relative to the | - | function
(see Theorem 1.4.15) :

f1(X)=9(X) = [f(5) - F(S-X), X C S5

It is easily verified that f**(-) = f(:). Further, if f(e) < g(e),Ve € S, it will
follow that f*(-) is a polymatroid rank function whenever f(-) is.
Just as in the case of matroid rank functions, contraction and restriction
operations turn out to be duals of each other for polymatroid rank functions.
We have, for X CT, (foT)*(X)=g(X) = [foT(T)— foT(T — X)]
= g(X) = [f(S) — F(S—T) = F((S—T)U(T — X)) + f(S =T
— g(X)— [J(S)— F(S—T)U(T = X))] = (X) ~ [(S) = F(S—X)] = [*/T(X),
Since f**(-) = f(-), it will follow that (f/T)*(X) = (f* o T)(X).

1.5.3 Formal properties of the Convolution operation

Definition 1.5.1 Let f(-),g(-) : 29 — R . The lower convolution of f(-) and
g(+), denoted by f * g(-), is defined by

fg(X) =minycx[f(Y) +9(X —Y)].
The collection of subsets Y, at which f(Y)+ g(X —Y) = f x g(X), is denoted
by By 4(X). But if X =S, we will simply write By 4.

It is clear that f % g(-) = g* f(-). We now have the following elementary but
important result.
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Theorem 1.5.1 If f(-) is submodular on subsets of S and g(-) is modular, then
fxg(+) is submodular.

We need the following lemma for the proof of the theorem.

Lemma 1.5.1 Let g(-) be a modular function on the subsets of S.Let
A,B,C,D C S such that AUB=CUD, ANB=CnND. Then

9(A) +9(B) = g(C) + g(D).
Proof: Both LHS and RHS in the statement of the lemma are equal to

> (gle) —g@)+ D (gle) — g(0) +2(g(0)).

e€c AUB e€c ANB

Proof of the theorem: Let X, Y C S. Further let

f*9(X)=f(Zx)+9(X = Zx), fxg(Y) = f(Zy) + 9(Y — Zy).
Then,

frg(X)+ fxg(Y)=f(Zx)+9(X = Zx)+ f(Zy) +9(Y — Zy).
We observe that, since Zx C X, Zy CY,

(X = Zx)U(Y = Zy) = (X UY — (Zx UZy)) U(X NY — (Zx N Zy))
and
(X = Zx) N (Y = Zy) = (X UY) = (Zx UZy)) N (X NY — (Zx N Zy)),

we must have, by Lemma 1.5.1,
9(X = Zx)+9(Y = Zy) =g(XUY — (Zx UZy)) +g(X NY = (Zx N Zy)).

Hence, f* g(X) + f*g(Y)
>fZxUZy)+ f(ZxNZy)+g(XUY — (ZxUZy))+g(XNY — (Zx N Zy)).
Thus,

frg(X)+ fxg(Y) > fxg(XUY)+ fxg(XNY),

which is the desired result. [ |

Remark: It is clear that if g(-) is not modular, but only submodular, then
9(X — Zx) + g(Y — Zy) need not be greater or equal to

g(XUY —(ZxUZy))+9(XNY —(Zx NZy)). Thus the above proof would not
hold if g(-) is only submodular. Indeed the following counterexample shows the
convolution of two submodular functions need not be submodular. Let By, By be
bipartite graphs on V; = {a,b,c}, Vg = {d/,¥’,,d'} with adjacency functions
I'1,T's defined as follows:

Pl(a) = {al7 bl7 d/}a Fl(b) = {al7 bl7 d/}a Fl(c) = {b/a C/, dl}y
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Ta(a) = {a’,b',},Ta(b) = {a’, b/, d'},Ta(c) = {¥',c}.
It may be verified that
IT1| *|T2|(a) = 3,|T1| * [T2|(a,b) = 3, |T'1| * |T2|(a, ¢) = 3, |T1] * |T'2|(a, b, c) = 4.
Hence
IT1| % T2|(a, b, ¢) = [T1| * [T2l(a, ¢) > L] * [T2f(a, b) — [T1] * [T2f(a).

This shows that |I'1] % [I'2|(-) is not submodular. But it is easily seen that
[Ty ()], |T2(-)| are submodular.

Theorem 1.5.2 Let f(-),g(-) be arbitrary set functions on subsets of S.

1. Then fxg(XUe) — fxg(X)
§ min[mazycx (f(YUe)—f(Y)), marycx(g9(YUe)—g(Y))], X CS,e€

2. Let f(-),g(-) be increasing. Then f x g(-) is increasing.
3. Let f(-),g(-) be integral. Then so is [ g(-).

4. (Edmonds [Edmonds70]) Let f(-) be an integral polymatroid rank function
and let g(-) = |- |.Then f x g(-) is a matroid rank function.

Proof : i. Let fxg(X) = f(Z)+ g(X — Z), where Z C X. Then
frg(XUe) <min[f(ZUe)+g(X - 2), [(Z) +9(X — Z) Ue)].

The proof is now immediate.
ii. Let, without loss of generality ,

fxrg(XUe)=f(ZUe)+g9(X —2),ZC X,e€ (S—X).
But then
fr9X) < f(2)+9(X —2) < f(ZUe)+9(X - Z).

iii. The proof is immediate from the definition of convolution.

iv.  We need to show that f % g(-) is an integral polymatroid rank function
that takes value atmost one on singletons. We have, f(-), g(:) are increasing, in-
tegral, submodular, taking value zero on the null set and further g(-) is a weight
function with g(e) = 1 Ve € S. From Theorem 1.5.1 it follows that f * g(-) is
submodular. It is clear that f * g() = 0. The remaining properties for being a
matroid rank function follow from the preceding sections of the present theorem.
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Theorem 1.5.3 Let p(-) be an integral polymatroid rank function on subsets of
S. A set X C S is independent in the matroid whose rank function is px | - | iff
p(Y)2|Y | VY CX.

Proof : Let r(-) = px | - |. A set X C S is independent iff r(X) = |X|, i.e., iff
(o |- D(X) =] X |, L., iff

minycx (p(V)+ | X =Y ) = X | .
Clearly this would happen iff p(Y) >|Y | VY C X. |

1.5.4 Connectedness for [ xg

Let f(-) be submodular on subsets of S with f(¢) = 0. We say that T is a
separator for S iff

FT) + f(5=T) = f(S).
We then have the following result.

Theorem 1.5.4 Let f(-) be submodular on subsets of S with f($) =0 and let
T be a separator of f(-). Suppose X CT,Y CS—T. Then, f(X)+ f(Y) =
f(XUY).

By submodularity,
fY)+ (1) = f(YUT)

e f(Y) + F(S) = f(S—T) > f(Y UT)
ie, fYUT)+ f(S=T) < f(Y)+ f(S).
But by submodularity again,
fYUT)+ f(S=T) = f(5) + f(Y).

We conclude that f(YUT)+ f(S—T) = f(S)+ f(Y), ie,f(YUT) = f(S) —
f(S=T)+ f(Y) = f(T)+ f(Y). We could now repeat the argument working
with X in place of Y, Y in place of T and obtain

fXUY) = f(X)+ f(Y).
|
Thus when f(-) is submodular with f(¢) = 0 on subsets of S and T is a

separator, f(-) behaves as though it is the ’direct sum’ of its restrictions on
subsets of T" and subsets of S — T since

f(X)=fXUT)+ f(XN(5-T)).

The above discussion is particularly relevant when we consider f * g, where
f() is submodular with f(¢) = 0 and g(-) is a positive weight function on
subsets of S.
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Suppose
fxg(8)=f(T)+9(S-T).
We claim f x g(S) = f*g(T) + f *g(S —T). To see this suppose f * g(T) =
f(M)+9(T-T), Ty ST and fxg(S=T) = f(12)+9(S-T-T12), T, € S-T.
We then have

F)+g(S—T)> f(T1) +g(T —Th) + f(12) + g(S =T = T3),- - (*)
By submodularity of f(-),
f(M)4+g(S-T) > f(WUT)+g((T-T1)U(S-T—-T3)) = f(T1UT2)+g(S—(T1UT»)).

However,

min
XCS
Hence, f(T)+g(S—T) = f(T1 UTy) + g(S — (Ty UT5)), and the inequality (*)
above is an equality. The only way this can happen is if f(T") = f(T1)+g(T—T1)
and g(S —T) = f(Tz) + g(S — T — T3). It follows that f % g(T) = f(T) and
fxg(S—T)=g(S—T) and therefore

fxg(S)=fxg(T)+ fxg(S—-T),

proving the claim. Thus, T', S — T are separators of f x g.

When f(+) is an integral polymatroid rank function and g(-) = |-|, if fxg(S) =
f(T)+ g(S —T), the matroid M ., whose rank function is f * g has T,S — T
as separators. Further f % g(S —T) = |S — T| so that (S — T is independent.
Now consider any base b of My,,. We have b=0NT U (bN (S —T)). However

fT)+9(S-T) = f(X)+9(5 = X).

frgbNTUS -T)=f+xgbNT)+ fxg(S—T))=bNT|+|S—T|.

It is thus clear that bNT U (S — T') is independent. Since b is maximally inde-
pendent in M ¢,,, we conclude that bN (S —T) =5 —T. Thus S —T is a subset
of every base of My,g4, i.e., S —T is a set of coloops (elements which do not
belong to any circuit) of M f.q4.

On the other hand, suppose (S — K) is the set of all coloops of M ¢.,. It is
clear that

[xg(8)=fxg(K)+[S—K[=f*g(K)+ f*g(S— K).

Thus K, (S — K) are separators of f x g. We claim f x g(K) = f(K). For, if
fxg(K) = f(K1)+g9(K—K;) and K; C K, we have f*g(S) = f(K1)+g((S—
K)U (K — K7)). But this means (S — K) U (K — K1) is a set of coloops which
contradicts the fact (S — K) is the set of all coloops of M f.,.

We summarize the above discussion in the following theorem.

Theorem 1.5.5 Let f*g(S) = f(T)+g(S—T),T C S.

1. If f(-) is submodular on subsets of S with f(¢) = 0, then T,S — T are
separators of f*g(-).
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2. If f(-) is an integral polymatroid rank function and g(-) = |-|, the matroid
My.q whose rank function is f x g has T,S — T as separators and S —T
as a set of coloops. Also, if S —T is the set of all coloops of My.q, then

[xg(S)=f(T)+g(S-T).

1.6 The Principal Partition

1.6.1 Introduction

The ‘principal partition of a graph’ was defined by Kishi and Kajitani in their
seminal paper [Kishi+Kajitani69] and was originally an offshoot of their work on
maximally distant trees. A graph was decomposed into three minors according
to how ‘strongly’ subsets of edges can be covered by unions of two trees or two
cotrees. The extensions of this concept can be in two directions: towards mak-
ing the partition finer or towards making the functions involved more general.
Our present description favours the former approach and is mainly aimed at
describing the principal partition of a matroid ([Narayanan74], [Tomizawa76]).
However, the results are best stated in terms of convolution of polymatroid rank
functions with positive weight functions. Essentially, we study the collection of
all minimizing T such that Af % g(S) = Af(T) + g(S —T), A > 0 where f(-) is
a polymatroid rank function and g(-), a positive weight function on subsets of
S. The algorithms for building this structure for a matroid rank function are
based on the matroid union algorithm which finds the maximal union of bases
from two different matroids.

1.6.2 Basic properties of Principal Partition

Definition 1.6.1 Let f(),g(-) be a polymatroid rank function and a positive
weight function respectively on the subsets of a set S. The collection of all sets
in By, (i.e., the collection of sets X C S which minimize Af(X)+ g(S — X)
over subsets of S) VA, X > 0, is called the principal partition (PP) of (f(-),g(-)).
We denote By, by By when f(),9(:) are clear from the context. We denote

the mazimal and minimal members of By by X)‘, X\, respectively.

We now list the important properties of the principal partition of (f(-), g()).
Property PP1

The collection Byyf,4, A > 0, is closed under union and intersection and thus has
a unique maximal and a unique minimal element.

Property PP2

If Ay > Ay >0, then X* C X,,.

Definition 1.6.2 A nonnegative value A for which By has more than one subset
as a member is called a critical value of (f(-),q(+)).

Property PP3
the number of critical values of (f(-),g(:)) is bounded by |5].
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Property PP4

Let (A\;),i =1,--- ,t be the decreasing sequence of critical values of (f(-), g(-)).
Then, X = Xy, fori=1,--- t -1

Property PP5

Let (A;) be the decreasing sequence of critical values. Let A\; > o > Xj;1. Then
XM= X=X, =X\,
Definition 1.6.3 Let f(-) be a polymatroid rank function and let g(-) be
a positive weight function on subsets of S. Let (A\),i = 1,---,t be
the decreasing sequence of critical values of (f(-),g(-)). Then the sequence
Xo, X, -, X, XM = S is called the principal sequence of (f(-),g(-)). A
member of By would be alternatively referred to as a minimizing set correspond-
ing to A in the principal partition of (f(-), g(+)).

Remark 1.6.1 A word about the terminology is in order. For convenience, we
have defined the principal partition to be the collection of all minimizing sets
of the expression \f(X) + g(S — X). Literally speaking, this is not a partition.
However, there is a natural associated partition which is simply the collection of
all minimal sets of the form X1 — Xs, where X1, Xo minimize Af(X)+¢g(S—X),
for a critical value A\. The coarser partition associated with the principal sequence
is Xy, Xy, — Xy, XN - Xy

Proof of the properties of the Principal Partition

i. PP1: Define h(X) = Af(X) +g(S — X) VX C S, A > 0. Observe that the
function ¢'(+), defined through ¢'(X) = g(S—X) VX C S, is submodular. Thus
h(-) is the sum of two submodular functions and is therefore submodular. The
collection of sets on which this function reaches a minimum is called the principal
structure of h(-) [Fujishige80b]. If T, T> minimize h(-), since h(T1) + h(T2) >
h(T1UT5)+h(T1NTs), it follows that 77 UTs, Ty NT5 also minimize A(-). Thus the
principal structure of h(:) is closed under union and intersection and therefore
has a unique minimal and a unique maximal set. The principal structure of h(-)
is precisely the same as B.

ii. PP2: Observe that minimizing X; f(X) + g(S — X)VX C S\, > 0,i = 1,2,
is equivalent to minimizing f(X) + (A\;)"1g(S — X) VX C S\ > 0,i = 1,2.
(Here +o0o x 0, corresponding to A; = 0 and g(f) = 0, is treated as zero). So
we may take the sets which minimize the latter expression to be the sets in
By, i = 1,2. Define p;(X) = f(X) + (X)) 'g(S—X) VX C S\ >0,i=1,2.
As in the case of h;(+),pi(-),i = 1,2 is also submodular. Let Z; minimize p;(-).
We will now show that pa(Z1) < p2(Y) VY C Z;. Let Y C Z;. We have,

p2(Z1) = pr(Z1) + ((A2) ™" = (M) H)g(S — Z1)
and
p2(Y) =p1(Y) + (M)~ = (A1) H)g(S = Y).

Since ¢(-) is a positive weight function, S — Z; € S —Y and
((A2)~t = (A\1)7Y) > 0, we must have ((A\2)~! — (A1) 1)g(S — Z1)
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< ((A2)7r = (M) Hg(S = Y). Since p1(Y) > p1(Z1), it follows that po(Y) >
p2(Z1). Now let Z C S minimize pa(-). Applying the submodular inequality
for po on Z, 7y, it would follow that if Z U Z; is not the same as Z, then
p2(Z N Zy) < pa(Zy), with (Z N Z1) # Z; which would be a contradiction. It
follows that Z D Z;.

iii. PP3: If By has more than one set as a member then | X*| > | X |. Soif A\, Ao
are critical values and A; > Aa, by Property PP2, we must have | Xy, | < |X»,|.
Thus the sequence Xy, where ()\;) is the decreasing sequence of critical values
cannot have more than |S| elements.

iv. PP4: We need the following lemma.

Lemma 1.6.1 Let A > 0. Then, for sufficiently small € > 0, the only set that
minimizes A — € is X .

Proof of the Lemma: Since there are only a finite number of (f(X), g(S—X))
pairs, for sufficiently small € > 0 we must have the value of (A — €)f(X) +
g(S — X) lower on the members of By than on any other subset of S. We
will now show that, among the members of By,X?* takes the least value of
A =€) f(X)+g(S — X),e > 0. This would prove the required result. If A is
not a critical value this is trivial. Let X be a critical value and let X7, X* be
two distinct sets in By. Since X; C X*, we have, g(S — X1) > g(S — X?).
But, Af(X1) + g(S — X1) = AM(X?) + g(S — X*). So, Af(X1) < Af(XH).
Since A > 0, we must have, —ef(X;) > —ef(X?),e > 0. It follows that,
(A= F(X1) + g(S - X1) > (A — ) F(X?) + g(S — X, N

Proof of PP4: By Lemma 1.6.1, for sufficiently small values of € > 0, X*¢ would
continue to minimize (\; —€) f(X) 4+ g(S — X). As € increases, because there are
only a finite number of (f(X), g(S — X)) pairs, there would be a least value, say
o, at which X*¢ and atleast one other set minimize (\; — o) f(X) + g(S — X).
Clearly, the next critical value A;;+1 = A\; — 0. Since A\; > \; — o, by Property
PP2, we must have X* C X, _,. Hence we must have, X* = X, _, = X,
as desired.

v. PP5: This is clear from the above arguments.

Informally, the situation is as follows. Suppose we start with A = +o00. Here
Xoo would be the null set and X °, the set of elements e for which f(e) is zero.
As we reduce A, a point would be reached, say when A = \;, where X*! becomes
a proper superset of X °°. This would be the next critical value. Between oo and
A, XN = X\ = X, As we lower \ further, X* = X, = X till the next
critical value Ay is reached. The last critical value \; will be such that X* = S.
When A =0, it is clear that the minimum of Af(X) + ¢g(S — X) is reached only
at S. It follows that all critical values have to be positive.

A characterization of principal partition would be useful for justifying algo-
rithms for its construction. We will describe one such characterization in The-
orem 1.6.1 below. This is a routine restatement of the properties of PP.

i1

Theorem 1.6.1 Let f(-) be a polymatroid rank function on subsets of S and
let g(-) be a positive weight function on subsets of S. Let By denote Byyfq. Let
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A1, 5 A be a strictly decreasing sequence of numbers such that
1. each By,,i =1,--- ,t has atleast two members,
2. By, By i =1,---,t—1 have atleast one common member set,

3. 0 belongs to By,, while S belongs to By, .

Then A1, -+, A\ is the decreasing sequence of critical values of (f(+),g(-)) and
therefore the collection of all the sets which are member sets in all the By,,i =
1,---,t is the principal partition of (f(-),g(-)).

Proof: We note that, by definition, A1, -, \; are some of the critical values
and, in the present case, ) = Xx,, X»,, -+, Xy,, X = S is a subsequence of the
principal sequence. Let A}, - -, A} be the critical values and let Yp,--- , Y, =S

be the principal sequence of (f(-),g(+)). Since the principal sequence is increas-
ing, it follows that Yy = 0. By Property PP2 of (f(-),g(-)), the only member
set in By, when A > \|, is Yj. Further when A < A}, Yj is not in B). Hence
A1 = \]. Next by Property PP5, when \] > A > )}, the only member in B) is
Y1 which is the maximal set in B - Since By, has atleast two sets we conclude
that A2 < M. We know that By, and B), have a common member which by
Property PP2 can only be Y;. But for A < A}, by Property PP5, Y7 cannot be a
member of By. Hence Ay = \,. By repeating this argument, we see that ¢ must
be equal to k and A; = A\, i =1,--- ,t. [ |

1.6.3 Principal Partition of Contraction and Restriction

There is a simple relationship between the principal partition of a polymatroid
rank function and its restrictions and contractions relative to sets in the principal
partition.

If the function is foT'(+),S—T C XM then the principal partition for A < A\q
remains essentially that of f(-) except that we have X — (S —T') as minimizing
set in place of X, a superset of S —T. On the other hand if the function is
f()/T, where T D X)‘l, then the principal partition for A > Ay, is identical to
that of f(-). We formalize these ideas below.

Theorem 1.6.2 Let f(-) be a polymatroid rank function and g(-) a positive
weight function on subsets of S.

1. Let (S—T) C XM, Let A < M. Then for X D XM, A\f(X)+g(S—X) =
minxcsAf(X)+g(5 — X) iff
Af OT(X N T) + g(T —-XnN T) = minygT)\f OT(Y) + g(T — Y)

2. Let T D XM. Let A > Ay. Then, A\f(X) + g(S — X) = minxcsAf(X) +
9(S = X) iff \f/T(X) + 9(T = X) = minycrAf/T(Y) +9(T = Y).
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Proof : i. For A < \;, we have X/\ D) X)‘l. We now have, for X D X)‘1 )
(S - T)v
AfeT(XNT)+g(T—XNT)=Af(XNTU(S-T))— f(S—T)]+g(S — X)
=A(X)+9(S—X)—Af(S-T).

Next we have, minycrAfoT(Y)+g(T —-Y)
=minycrAf(YU(S =T)) = f(S=T)]+g(S - (YU (S-T)))]
=minycrAf(Y U (S —T))+9(S— (Y U(S—T)) = Af(S—T)]
=minxcsAf(X) +9(S — X) = Af(S-T)
(noting that A < A; implies X 2 XM D (S—-1)).
Thus the LHS of the two equations as well as the RHS of the equations differ
by Af(S — T'), which proves the result.

ii. We note that if A > Aq, xA C XM So the first equation holds for X, only if

XcXx A C T. The result follows by noting that the LHS of the two equations
differ by g(S — T') and so do the RHS of the two equations. [ |

1.6.4 Principal Partition of the Dual

We next study the principal partition of the dual.

We have the following result which summarizes the relation between the PP
of (f(-),9(-)) and that of (f*(-),g(-)). Essentially, critical values of the dual
are of the form \* = (1 — (A\)~!)~!, where A\ are the critical values of the
original function and the minimizing sets in the dual corresponding to A\* are
complements of those corresponding to A in the original.

Theorem 1.6.3 Let f(-) be a submodular function on the subsets of S and let
g(+) be a positive weight function on subsets of S. Let By, By denote respectively
the collection of minimizing sets corresponding to A in the principal partitions

of (f(),9()), (f*(-),9(-)), where
f*(+) denotes the dual of f(-) with respect to g(-). Let \* denote

(1—=N)"H™1 YAeR. Then
1. a subset X of S is in By iff S — X is in B3,

2. if A1, -+, At 18 the decreasing sequence of critical values of (f(+), g(+)), then
Afy oo, AT is the decreasing sequence of critical values of (f*(+),9()),

3. if the principal sequence of (f(-),g(:)) is 0 = Xo,---, X = S, then the
principal sequence of (f*(-),g(-)) is0=85—X¢,---,5S—Xo=S.

Proof:
i. We will show that ¥ minimizes Af (X )+¢(S—X) iff S—Y minimizes A* f*(X)+
g(S — X). We have

A X))+ 9(5 = X) = A[g(X) = (f(5) = f(S = X))+ 9(5 — X)

= A5 = X)+ (A" = 1)g(X) = A" f(S) +9(5).
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Minimizing this expression is equivalent to minimizing the expression A\*(\* —
1)71f(S — X) + g(X). Noting that A*(A* —1)~! = X we get the desired result.
(We note that when one of A\, \* is 1, the other is to be taken as +00.)

The remaining sections of the theorem are now straightforward. [ |

1.6.5 Principal Partition and the Density of Sets

The principal partition gives information about which subsets are densely
packed relative to (f(:),g(+)). Let us define the density of X C S relative to
(f(),9(+)) to be g(X)/f(X), taking the value to be +oo when f(X) is zero.
For instance if f(-) is the rank function of a graph and ¢g(X) =| X |, the sets
of the highest density correspond to subgraphs where we can pack the largest
(fractional) number of disjoint forests. As we see below, the sets of the highest
density will be the sets in B A where \; is the highest critical value.

The problem of finding a subset T" of S of highest density for a given g(7")
value would be NP hard even for very simple submodular functions.
Example: Let f(-) = rank function of a graph, g(X) =| X |. In this case
g(T) =| T | and if we could find a set of branches of given size and highest
density we can solve the problem of finding the maximal clique subgraph of
a given graph. However, as we show below in Theorem 1.6.4, every set in the
principal partition has the highest density for its g(7) value and further is easy
to construct. This apparent contradiction is resolved when we note that there
may be no set of the given value of g(T) in the principal partition.

Theorem 1.6.4

Let f(-),g(:) be polymatroid rank functions on subsets of S with g(-), a positive
weight function. Let T be a set in the principal partition of (f(-),g(:)). If T’ C S
s.t. g(T) = g(T") and T' not in the principal partition, then the density of T C S
is greater than that of T'.

Proof : Suppose otherwise. Let A be the density of T. We must have
G(T)=N(T") > 0 = g(T)—Af(T). Hence, (S—T)+AF(T) > g(S—T')+ \f(T").
But g(S —T) = g(S — T"). Hence, f(T) > f(T"), since A > 0. Let T' € B,.
Then T minimizes the expression g(S — X) + of(X) VX C S. But since
o > 0 (0 = 0 minimizes the expression g(S — X) + of(X) only at X = 5),
g(S=T)+0of(T)>g(S—=T")+of(T'), a contradiction, since T” is given to be
not a set in the principal partition (and therefore, not in B,). [ |

1.6.6 Outline of algorithm for Principal Partition

We now present an informal algorithm for building the principal partition of a
polymatroid rank function f(-) on subsets of S with respect to a positive weight
function g(-).

We assume that we have a subroutine [y (f, g, P) for finding all sets X which
minimize A\f(X) + g(P — X),X C P, where f(-),g(-) are as above, A > 0
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and P is the underlying set. By property PP1 (subsection 1.6.2), such sets
are closed under union and intersection. This enables them to be represented
through a partial order on a suitable partition of P. (Details may be found in
[Narayanan97]).

Step 1. Take A = the ‘density’ g(S)/f(S) and apply [y (f,g,S5). We obtain
X - Output the family F ) of sets )A(—X)\, where X is in the family of sets output
by [\(f,9,5). By Theorem 1.6.2, the sets in this family minimize )\f(X)—i—g(S—
Xy — X),X C§—X), where f(-) = fo (5 —X,). If X, =0 and XA = 5,
(e, if Af(S) = g(S)) we stop.

Step 2. Now work with fi = f/X),fo = fo (S - X)), ;1 =
9/Xx.92 = g/(S — X)). Repeat with (fi(-),91()),(f2(-),92(-)) wusing
f)\l(fl,gl,X)\),f/\Q(fg,gg,S—X)\) respectively where Aj, Ay are the corre-
sponding densities.

The only \'s in the above sequence of steps which are critical values are
those for which the sets X/\,X)\ (f;(-),g;(-)) are the full set (at that stage of
the algorithm) and the null set respectively.

At the end of the algorithm, we will have a number of families 7. In the
process, we will have a number of disjoint sets K, K>, - Kj,---, and a cor-
responding sequence of critical values such that [ A\, (fj, 95, K;) yields K;,0, as
the maximal and minimal minimizing sets for A;. Let the critical values A;
be reordered as a decreasing sequence A, and let the corresponding sets be
K\ K? . ...KJ ...,

The principal sequence then is K, K' UK? K'UK?UK3,---,S and the
critical values are A\', A2, - - -.

We have X7 as a minimizing set corresponding to A, for f7(-),¢’(-), K7, where

_fﬁf(') =fo(S = Uicy-n KD/K?,¢7() = g/ K7 (),

Xiy Ui<i-1) K] is a minimizing set for f(-),g(-), S corresponding to M.

If we could take [y(f,g,P) to output only the minimal set minimizing
AM(X) 4+ g(P — X),X C P, the above algorithm would construct only the
principal sequence instead of the complete principal partition. The algorithm is
justified through the use of Theorem 1.6.2.

1.6.7 Notes

An excellent overview of submodular functions (and therefore polymatroid rank
functions) is available in [Lovdsz83]. The principal partition of the polyma-
troid rank function can be generalized to that of a pair of them. Details might
be found in [Fujishige91]. If the principal partitions of two matroids on the
same underlying set have common sets then this goes over also to the union of
the matroids under simple conditions. Details may be found in [Narayanan97].
For the matroid case, applications of the ‘structural solvability’ kind may be
found in the following representative references: [Ozawa76], [Sugihara+Iri80],
[Iri+Tsunekawa-+Murota82], [Iri83], [Sugihara83], [Sugihara86], [Murota+Iri85],
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[Murota87]. An up to date survey of principal partition and related ideas may
be found in [Fujishige09].

1.7 Matroid Union

In this section we give a self contained description of the matroid union concept
and link it to the principal partition of a matroid. We first give an informal
algorithm for building a maximal union of bases, one from a matroid M; and
the other from the matroid Ms. We show that in the process, we really are
constructing the base of another matroid, which could aptly be called the ‘union’
of the two matroids. The algorithm is due to Edmonds [Edmonds65a]. It can
be easily modified to give the maximum size common independent set of two
matroids. It also allows us to discuss the structure of various standard ‘objects’
associated with the matroid union viz. f-circuit, the set of coloops etc.

1.7.1 The Matroid Union Algorithm

In this subsection we give an informal description of the matroid union algorithm
and justify it.

Let b1, by be bases of matroids M, My respectively on S. We aim to make
b1 U by a maximal such union (equivalently make by, bs ‘maximally distant’).
If by Ubs = S there is nothing to be done. Otherwise let e € S — (b1 U ba).
Now let Li(e,b1), La(e,b2) be the unique fundamental circuits that e forms
with b1, b2 in the matroid Mj, My respectively. The elements in L(e,bq)
which do not intersect by in My form fundamental circuits with b5 in My and
similarly elements in Lo(e, bo) with b; in M;j. Let the set of all elements in
the fundamental circuits obtained by repeatedly performing these operations be

(e by, bg) which let us call R temporarily. It is clear that b; N R spans the set
R in M, R since all elements in R — b; form fundamental circuits with it. If
by NbyN R is not nul/l\ we will show that by U by can be enlarged.

Let e. € by NbayN R. We then must have a sequence e, e1,es, -+, e = e. with
property that e; € Li(e,b1), e2 € La(e1,ba), - ,ex € Li(ex—1,b;) where i =1
or 2 depending on whether k is odd or even. We may, without loss of generality,
assume that if e, is in the sequence it does not occur in a fundamental circuit of
ej, j <r —1. Now we update the bases b1, by as follows. (Let ex € Li(ex—1,b1)
for notational convenience.)

b% =by —ep +ep_1

1
by = by —ep—1+er—2

2 1
bl - bl — €k—2 + €L—3
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The claim now is that each of the sets b’ b} is actually a base of My, My
respectively for every j.

It is clear that b}, b} are indeed such bases. Consider b?. This would be the
base of M provided ej,_o € L;(ex_3,bl). But this is so because in L;(ex_3,b})
we know that ej, does not lie so that L;(ex_3, b%) = Li(ep_3,bh).

Repeating this argument it is clear that b}, b} is actually a base of M1, My
respectively for j.

Suppose finally, bt = b’i_l —e; +eand b’;_l = b’;_Q —eg+ e,

Viubht=bUbyUe.

Thus b; U by has been enlarged, by including e and making e. belong only to
one of the bases b%, b5

We repeat this procedure, which we shall call ‘updating using reachability’,
with every element e outside b; U bs and stop when we can proceed no further,
i.e., till a stage is reached where no element in b; N by can be reached from
an element outside by U ba. (We will call the resulting bases by, by ‘maximally
distant’.) This is the matroid union algorithm.

Let b1, by be maximally distant and let R be the set of all such elements
reachable from elements of S — by U by by using fundamental circuits in the
matroids M;, i = 1,2 with by, bs repeatedly as above. We then have the following
lemma which also contains a justification for the matroid union algorithm.

Lemma 1.7.1 1. For the matroids M;.R,i = 1,2, bNR,i = 1,2 respectively
are disjoint bases.

2. If b1, by are the output of the matroid union algorithm (i.e., are mazimally
distant), then |by U ba| has the mazimum size among all unions of bases
from My, My respectively and this number is r1(R)+r2(R)+|S— R| which
is minxcgri(X) +ra(X) + 15 — X|.

3. Given an element e in R, it is possible to find mazimally distant bases by,
by of M, i = 1,2 respectively such that e ¢ by U bs.

Proof : All elements in R — (b; N R) form fundamental circuits with b; N R in
the matroid M;.R,i = 1,2 (equivalently in M;, i = 1,2). When the algorithm
terminates, the set of all elements reachable from outside b1 U by, by taking
repeated fundamental circuit operations with respect to the two matroids, does
not contain any element of by N by. This is so since, otherwise, by using the
algorithm, we can enlarge b; U b by adding the external element, from which
the common element can be reached, to the union of the bases (making the
common element not a part of one of the bases). This proves that b;"R,i =1,2
are disjoint bases of M;.R,i = 1,2 respectively.

We have |[by U bs| = m1(R) + r2(R) + |S — R|. If b, b are bases of M;,
i=1,2, then b, N X,i = 1,2, X C S, are contained in bases of M;.X,i = 1,2
and (B UML) N(S—X) C (S—X). So |ty Uuby <ri(X)+r(X)+1]S - X|,
for every subset X of S. This proves that |by Ubs| is the maximum possible and
T’l(R) + T'Q(R) + |S — R| = minxgsrl(X) + T'Q(X) + |S — X|
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Next, every element e;, in b; N R, = 1,2 is reachable from some element
eout outside by U by. If we use the updating using reachability procedure, e+
would move into the union of the updated bases and e;,, would move out. This
proves that any element in R lies outside some maximally distant pair of bases. ll

Example

In Figure 1.1, consider the trees t1, to of the graph G. We illustrate the algorithm
using two trees of G and obtaining a maximally distant pair by using the matroid
union algorithm.

Figure 1.1: Example for matroid union algorithm

In the present case both the matroids are the same being the polygon ma-
troids of G (i.e., independent set = circuit free set). We have,

L(eg,t1) = {eo,e1,e2}

L(ei,t2) = {e1,es,e9}
L(eg,t1) = {es,e3,es5,€2}.

Note that es belongs to both the trees.
So, we update the trees by,

t%=t1—65+€g

t%ztg—eg-i-el
t%:t%—el—i—eo.

Observe that 13 Ut = t; Uta Ueg. Further e5 € ¢} and e5 ¢ 13.
For completeness, we give a formal description of the matroid union algo-
rithm below. We make use of a directed graph, G (b1, bs), associated with bases
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b1, ba of matroids My, My respectively defined on S. The graph G(b1,bs) is built
as follows: S is the vertex set of the directed graph. Let vy, vs be vertices. Then
there is an edge (v1,vs,1) directed from vy to vy iff vo € L;(v1,b;), i.e., iff vy lies
in the fundamental circuit of v; with respect to b; in the matroid M;. If vy € b;
there is no edge of the kind (v1,ws,7). The notational difference between the
informal algorithm and the present description is that elements of S are here
denoted by v and the edges of the graph G(by1,b2) by e.

ALGORITHM 1.1 Algorithm Matroid Union

INPUT

OuUTPUT

Initialize

STEP 1

STEP 2

STEP 3

STEP 4

STEP 5

STEP 6

Matroids My, Mo on S. Bases by, by of M1, Mas respectively.

1. Bases b{, bg of My, My respectively such that b{ U bg has mazi-
mum size (i.e. is a base of M1V Ma).

2. The set R of all element reachable from S — bl UbL in G(b],b).

J=0

(COMMENT: j describes the current index of the base set.)
bjl — bl,bé — b2.

Construct G(b),b3). If S = b, Ub,, GOTO STEP 7.

Mark all vertices which belong to both of the bf
For each v € S — b, U} in G(b],b}), do
Starting from v do a bfs (breadth first search) and find
the set of all vertices reachable through directed paths from v.
(COMMENT: The directed edges (vq,vp, D), (Ve,vd,q),
p # q may be in the same directed path.) o
If no marked vertez is reachable from v in G(b],b})
call v good. Otherwise v is bad.

Ifallv e S — bl Ub, are good, GOTO STEP 7.

Let v be a bad vertex of G(b],b%) and let v, be a marked vertex
reachable from v. Let v = v,,€1,v1, " ,€m,Um be the shortest directed
path from v to vy, (where e; is the directed edge from v;—1 to v;).
Fori=0tom—1, do

If €m—i E (Umfifla Um—i, q)

bl — (531 UVUm—i—1) — Um—i
(COMMENT: The union of the updated bases has size one more than
the union of the original bases since v, has moved into the union by
pushing vy, out of one of the bases to which it belonged.)

Fori=1,2, do
Bt b

j—j+1. GOTO STEP 1
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STEP 7  Declare: b{ =, bg = b}
and R to be the set of all vertices reachable in G(b],b}) from S—bJ UbS.

STOP

1.7.2 Complexity of the Matroid Union Algorithm

It is convenient to discuss the complexity of the algorithm in terms of the di-
rected graph, G (b1, b2), associated with bases b1, by of matroids Mi, Ma respec-
tively defined on S.

Let us suppose that the matroids are available through the ‘independence
oracle’ which would declare, once per call, whether a particular subset of S is
independent in the specified matroid M;,i =1, 2.

How many calls do we require to build G (b1, b2)? This requires the knowledge
of the f-circuits of an element outside b; with respect to it in the matroid M;.
To build L;(v, b;) we check for each v' € b; whether v Ub; — v’ is independent in
the matroid M;. This requires atmost 7(M;) calls to the independence oracle.
Thus the total number of calls to the independence oracle to build G(by,bs) is
atmost | S —by || b1 |+ | S —ba|| b2 ].

Finding the reachable set from S — (b1 U by) requires O | E(G(b1,b2)) |
elementary steps, where | E(G(b1,b2)) | is the number of edges in G(b1,b2)
treating parallel edges as a single edge.

We may have started with (in the worst case) b; = by and end with a base
of the union of size atmost | by | + | bz | . The graph G(b1,b2) has to be
rebuilt after each update. Let us call such graphs G;. So the overall complexity
is Ob1|(| b1 || S =01 |+ | b2 || S—b2]) calls to the independence oracle. If r, r/
are the maximum and minimum of the ranks of the matroids this simplifies to
O(r?(| S | —=")) calls to the independence oracle.

There are O(r | E(G;) |) elementary steps involved in building the reachable
set for all the G;. Let us simplify | E(G;) | to O(| S |?).

So the time complezity of the Matroid Union Algorithm is
O(r?3(] S | —r'")) calls to the independence oracle +O(r | S |*) elementary
operations.

The space requirement is that of storing the updated version of the graph
G(by1,by). This has atmost | S |? edges. So the space complexity of the Matroid
Union Algorithm is O(] S |?).

1.7.3 Matroid Union Theorem

We now state and prove the matroid union theorem. Note that a less illuminating
but brief proof has been given in Theorem 1.2.3.

Theorem 1.7.1 Let My = (S,Z1), Ma = (S,Zz) be matroids with rank func-
tions r1(.), ro(.) respectively and let Ty V Io be the collection of all sets X such
that X = X1 U Xo,where X1, X5 are independent sets respectively in My, Mas.
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Then My V Mo = (5,71 V 1) is a matroid with rank function
ro(K) = minxcr(r1 +r2)(X) + |K — X|,i.e.,mp(:) = (11 +72) x| - |.

Proof: It is clear that subsets of a set X € 77 V Zs also belong to Z; V Z,. We
will verify that maximal subsets belonging to Z; V Zs which are contained in a
given subset K C S have the same size.

We first observe that if by, by are bases of M1.K, Msy.K respectively then
for any set X C K,

|(b1 Ubg)ﬁX| < Tl(X)+T2(X)
(b1 Uby) N (K — X)| < |K — X]|.

Hence,
|b1 U b2| < minng[(T‘l + TQ)(X) + |K — X”

We will now construct a subset R of K where we have equality.

If we use the matroid union algorithm on bases of M;.K and My.K we will
finally reach bases b1, by respectively of these matroids which are maximally
distant. At this stage one of the following two situations will occur.

1. Ube = K
In this case (r1 4+ r2)(¢) + | K| = |b1 U by|

2. K —(byUby) =T # ¢.

By using the repeated fundamental circuit operation in My, Ms starting from
each element e € T, it should be impossible to reach any element e’ € by N by
(i.e., there is no directed path in G(b1, b2) from the ‘vertex’ e to the vertex e’),
since otherwise we can enlarge by U bs.

Let R be the set of all such elements reachable from elements of T' by using
b1, b2. By Lemma 1.7.1, b; N R are disjoint bases in the matroids M;.R, i = 1,2
respectively. (Note that M;.K.R = M;.R and the rank function of the matroids
M;.R and M; coincide on subsets of R.) Thus

[(by Ub2) N R| =r1(R) + r2(R).
The elements in K — R are covered by (b U bz). Hence
[(b1Ub2) N (S — R)| = |K - R|
Thus the size of the maximal union of independent sets is
=(r1+r)(X)+ |K — X| for X =R.

Since we have already seen that it is less than or equal to minxcx(r1 +
r9)(X) + |K — X|, it follows that the size of any maximal union of indepen-
dent sets of My, My contained in K equals minxcg(r1 + r2)(X) + |K — X|
and is therefore always the same as required. Further it is clear that r,(K) =
minxci(r1 +r2)(X) + | K — X|. [ |



42 MATROIDS

1.7.4 Fundamental circuits and coloops of M;V M,

Let us now understand details of the matroid union algorithm in the context
of the fact that M; V Ms is a matroid. In particular we obtain a picture of
fundamental circuits and coloops (i.e., elements not in any circuit) of the matroid
M1V Ms.

Firstly if b1, b is a pair of maximally distant bases of M1, My (say as output
by the matroid union algorithm), then b, U bs is a base of M7 V Ms. Consider
the set R of all elements reachable from elements of S — b; U bs in the graph
G(b1,b2) (equivalently by the process of taking repeated fundamental circuits
relative to by, be in the matroids Mj, My respectively). By Lemma 1.7.1 we
know that for each e € R, there exist some pair of maximally distant bases
b}, b5 such that e ¢ b Ubh, i.e., there exists a base of M7 V My which does not
contain e. So R contains no coloops of M1 V Ms. Lemmal.7.1 assures us that
r1(R)+r2(R)+ S — R| = minxcsri(X)+r2(X) +|S — X|. By Theorem 1.5.5,
this means that |S — R| is a set of coloops of the matroid whose rank function
is (11 +r2) % | - |, i.e., of the matroid M; V Ma,

Thus the set R that we encounter in the matroid union algorithm is the set
of all noncoloops of the matroid M; V My and is independent of the pair of
maximally distant bases by, bs. Further, again by Theorem 1.5.5, R is the unique
minimal set that minimizes r1(X) 4+ r2(X) 4+ |S — X|,X C S.

Next let by U by be a base of M1V My and let e ¢ by U be. Consider the set
R, of all elements reachable from e in G(by, b2). It is clear that all the elements
of R, are spanned by b; N R.,i = 1,2 in the matroid M,.R, and further that
b; N Re,i = 1,2 are disjoint. So the union of no pair of maximally distant bases
can contain Re. On the other hand, given any ¢’ in ;N R, i = 1,2, by using the
updating through reachability process in the algorithm, we can build a pair of
maximally distant bases b, b5 such that b} Uby = by Uby Ue — e’. We conclude,
using Theorem 1.2.5, that R, is the fundamental circuit of e with respect to the
base by Uby of M1V Ms. Note that if by Uby = by” Ubs”, R, would be the same
using G(by,b2) or G(b1”,b2”).

1.7.5 Union of Matroids and the Union of Dual Matroids

It is natural to examine the relation between M; vV My and M7 Vv M35. We
show in this section that the complements of coloops of these matroids do not
intersect and that this gives a natural partition of S relative to My, Ms.

Theorem 1.7.2

Let My, My be matroids on S and let M7, M5 be their duals. Let
7“1('), TQ(')) 7“1*('),

ro*(+) be the rank of functions of My, Mo, M7, M3 respectively. Let R, R* be
the minimal sets that minimize (r1 +12)(X) + S — X|,X C S and

(ri* +r*)(X)+ | S — X |,X C 8 respectively. Then,

1. by, bs are mazimally distant bases of M1, Mo respectively iff S —by, S —ba,
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are mazimally distant cobases of the same matroids (equivalently mazi-
mally distant cobases of M7, M3).

2. A set K C S minimizes (r1+r2)(X)+ | S—X |, X C S iff S— K minimizes
(rm*+r")(X)+[S-X[,XCS.

3. S — R*,S — R are the mazimal sets that minimize
(ri+r2)(X)+[S-X[,XCS,

(7“1* +7”2*)(X)+ | S—X |,X cSs
respectively.

4. R is the collection of non-coloops of My V Mo and is disjoint from R*
which is the collection of non-coloops of M7V M.

5. The set S—(RUR*) can be covered by disjoint bases of M;.(S—R*)x (S—
(RUR*)),i = 1,2 (equivalently by those of M .(S—R)x (S—(RUR")),i =
1,2).

Proof : i. This follows essentially by noting that b; U bs is of maximum size iff
b1 N by is of minimum size.
ii. We have

(ri*+r")(X)+]5—-X|

=2 X [ =(1(S) +72(9) =11 (S = X) =25 = X))+ [ S = X |
=((r+7r)(S=X)+|S=(S=X) )+ (| S| —(r1 +72)(5)).

It is thus clear that K minimizes (ry +72)(Y) +|S - Y|, Y C S iff (S — K)
minimizes (r1* +r2)*(Y)+ | S-Y |, Y CS.

iii. This is an immediate consequence of the above result when we note that
R, R* are the minimal sets which minimize respectively the expressions (r1 +
ro)(X)+ | S =X [,(r*+r*)(X)+ |5 —-X |

iv. We saw in subsection 1.7.4 that the collection of non-coloops of M7 V My
(M7 V M3) is the minimal set R (R*) that minimizes (r; +r2)(X)+ | S — X |
X CS(r™ +r2")(X)+ ][5 —X[,X C0).

However, the second part (above) shows that S — R O R*.

v. From Lemma 1.7.1 we know that maximally distant bases of M1, My respec-
tively must intersect any set 7 which minimizes the expression (r1 + r2)(X)+ |
S—X |,X C S in disjoint bases of M7.T, Ms.T respectively and the corre-
sponding (maximally distant) cobases must cover T. Similarly maximally dis-
tant bases of MJ, M3 respectively must intersect any set P which minimizes the
expression (r1* +ro*)(X)+ | S — X |, X C S in disjoint bases of M].P, M3.P
respectively and the corresponding (maximally distant) cobases must cover P.
It follows that set P N T is covered by any pair of maximally distant bases
of My, Mz as well as M7, M5. Since by (i) above S — P,S — T respectively
minimize the expressions (11 + r2)(X)+ | S — X |, X C S, (r1* + r2*)(X)+ |
S—X |,X C S, (since minimizing sets are closed under intersection) so do
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(S —P)NT,(S—T)N P respectively. But this means, whenever by,by are
maximally distant bases of My, My respectively they intersect (S — P)NT in
disjoint bases of M1.((S — P)NT), M2.((S — P) N T) respectively, intersect T'
in disjoint bases of M7.T, M. T respectively and cover P N T. It follows that
bi N PNT,byNPNT are disjoint bases of M1.T x (PNT),M2.T x (PNT)
which cover PNT. The result now follows substituting S — R for P and S — R*
for T'. The dual result follows by working with dual matroids. |
Kishi and Kajitani’s principal partition for graphs [Kishi+Kajitani69] is essen-
tially the partition R, S — RU R*, R* where M; = My = M(G), G being the
given graph.

1.7.6 Matroid Union and Matroid Intersection

The problem of matroid intersection (find the maximum size common indepen-
dent set of two given matroids) and its solution has received more attention in
the literature than matroid union. This is probably because Lawler based his
well known book [Lawler76] on matroid intersection. In this subsection we con-
sider the relation between the two problems. These results are due essentially
to Edmonds [Edmonds70].

Theorem 1.7.3

Let M1, Mg be matroids on S. Let b1y be the largest set independent in My
as well as in Ms. Then

1. by can be represented as bia. — by where biay s a base of M1V M3 which
is the union of a base by of My and a base b of M3,

2. every set of the form bia. — b} is a common independent set of M1, Mas
of mazimum size.

3. | big |[= (M1 V M3) — r(M3) = minxcsr(Mq1.X) + r(Ma.(S — X)),

Proof : i. Let by, by be bases of M1, Mg s.t. by Nby = b1a. Let by* = S — bs.
Then bya = by Uby™ — ba™. Next by Uby™ is independent in M; V M35, since by*
is a base of M3. Let this be contained in the base b1, U b3, of M1V M5. Now
bin U b3, — b3, is independent in M and M. Further,

| bin Ub3, — b5y, [2] b1 Ube™ —b2" [=[ b1z | .

But b15 is the largest common independent set of M; and Msy. We conclude
that |b1a] = |b1, UbS, — b3,], and | by Uby™ |=| b1, U b3, | . Therefore by Ubs™ is
a base of M; V M5 and the result follows.

ii. If b1o. is a base of Mj V M5 with bia, = by U be", where by, by™ are bases of
M, M3 respectively, then b1z, — bo™ is independent in M; as well as in Mo
and further its size equals r(M7 V M3) — r(M3).

iii. It is clear from the above that | bis |= r(M; VvV M3) — r(M3) =
minxcs(r(M1.X) + r(M5.X) 4+ |S — X|) — r(M3).
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Now 7(M3.X) — r(M3) = r(M2.(S — X)) — |S — X| and the result follows. W
Note that the collection of maximal common independent sets of two matroids
do not form the bases of a matroid since they do not always have the maximum
size.

We next show how to convert Algorithm Matroid Union to an algorithm for
finding the maximum size common independent set of two matroids M1, Mo.

We begin with two bases b1, ba of matroids My, My respectively on S. Let
by = S — b3, where b} is a base of M35. We now try to push updated versions of
b1, b5 apart. However, we would like to work with f-circuits of My rather than
with f-circuits of M3. For this it suffices to observe that v, € L} (v, b3) iff v, €
Ls(vp, be), where L3(-,+), La(+,-) denote f-circuits of M3, My respectively. So
while constructing G(b1, b3) it is convenient to build edges of the type (vp, vg, 2)
at the node v, directed into v, (rather than at v, directed away from v,). If by, b3
are maximally distant bases of M1, M3, then b N by is a common independent
set of M1, M of maximum size as we saw in Theorem 1.7.3 above.

1.7.7 Applications of Matroid Union and Matroid Inter-
section

Representability of matroids (A.Horn [Horn55])
Horn showed that &k independent sets of columns can cover the set of all columns
of a matrix iff there exists no subset A of columns such that |A| > kr(A). He
conjectured that this might be correct only for representable matroids (i.e., for
matroids which are associated with column sets of matrices over fields). If the
conjecture had been true then there would have been a nice characterization
of representability. It is clear that the problem for matroids is to check if S
is independent in the matroid Mj V -+ -V My, where all the M; are the same
matroid M. From Theorem 1.7.1, this happens iff minac gkr(A)+|S—A| = |5,
ie., iff |A] < kr(A),VA C S. So the result is true for arbitrary matroids.

Decomposition of a graph into minimum number of subforests
[Tutte61], [Nash-Williams61]).
Tutte and Nash-Williams characterized graphs which can be decomposed into
k disjoint subforests as those which satisfy kr(X) > |X|,VX C E(G). This
condition again fits into the matroid union framework as described above.

We need some preliminary definitions to describe the following results. Let
B = (V5,, Vg, E) be a bipartite graph, which has all edges (members of E) with
one endpoint in (‘left vertex set’) Vz and another in (‘right vertex set’) Vz. If
X C V., (X CVg), then T'(X)(T'r(X)) denotes the set of vertices adjacent to
X. A matching is a subset of edges with no two incident on the same vertex.
A cover is a subset of vertices containing atleast one end point of every edge
in E. We give below some fundamental results about bipartite graph matching
and derive them using matroid union or matroid intersection. Given a family
S1,-+-, Sk of S, a transversal of the family is a set {v1,--- v} of k elements
such that v; € S;. (Note that the definition of a family permits S; = S; even
if i ¢ 7). In a bipartite graph Vi (Vg) can be regarded as a family of subsets of
Vr(VL), by identifying a vertex in Vi (Vg) with the subset of vertices of Vi (V1)
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it is adjacent to. Thus we could say Vi has a transversal whenever there is a
subset T' of V, such that a matching has T as its left end points and Vg as its
right end points.

Transversal Matroids [Edmonds+Fulkerson65] For each vertex v € Vg,
we define a matroid M, on the set V. In this matroid the set of all vertices, say
v, -+, Uik, which are adjacent to v, has rank one and contains no selfloops (rank
zero elements). The complementary subset of vertices of V7, are all selfloops. Let
its rank function be denoted by r,. The union of all the matroids M,,v € Vg, isa
matroid which has, as independent sets, the subsets of V7, which are endpoints of
matchings. This matroid is called the transversal matroid My,.. Its rank function,
by using Theorem 1.7.1, can be seen to be ry.(X) = mmYEX(ZveVR ro(Y) +
X — Y1) = minycx (T2 (V)] + X - Y]), X € Vz.

Konig’s Theorem [Konig36]. Let B = (V,, Vg, E) be a bipartite graph.
A cover meets the edges of every matching. No two edges of any matching can
meet the same vertex of any cover and therefore the size of a matching can never
exceed the size of any cover. The following result is therefore remarkable.

Theorem 1.7.4 [Kdnig36] In a bipartite graph the sizes of a mazimum match-
ing and a minimum cover are equal.

This follows naturally from the matroid intersection result in Theorem 1.7.3 part
(ii). We have the following matroids defined on E: My, where the independent
sets are subsets of E which do not meet any vertex of V7, in more than one edge
and Mp where the independent sets are subsets of E which do not meet any
vertex of Vg in more than one edge. (M, Mg are easily seen to be matroids).
A subset of E is a matching iff it is independent in both matroids. The size of
the maximum matching is therefore minxcg(rp(X)+rgr(E — X)), where r.(-),
rr(-) are the rank functions respectively of My, Mpg. Now r1(X) (rg(E — X))
is the size of the left vertex subset vy (X) (vg(E — X)) meeting X (E — X). It
is clear that vr(X) Uvr(E — X) is a cover. The result now follows.
Rado’s Theorem [Rado42]

Theorem 1.7.5 (Rado’s Theorem [Rado42])
Let B = (Vi,, Vg, E) be a bipartite graph. Let M be a matroid on Vi, with rank
function f(-). Then Vg has a transversal that is independent in M iff

fCr(2)) 2| Z | ¥Z C Vg.

Here we consider the intersection of two matroids on Vi, viz., M and the
above mentioned transversal matroid M;. By Theorem 1.7.3, part (ii), the max-
imum size of a common independent set in the two matroids is
minxcv, (r(X) + f(Ve — X))
= minxcy, (minycx (UL (V)| + [ X =Y]) + f(VL — X))
=minxcv, (|[T'(X)|+ f(VL — X)), where we have used the fact that f(K) <
|K|, K C V. Clearly the maximum size of common independent set in the two
matroids must become |Vg| for Vi to have an independent transversal. This will
happen iff minxcv, (T (X)| + f(Vi — X)) = |Val,
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ie., iff minxcy, (ITL(X)|+ f(VL — X)) — |Vg| =0,

e it f(V, — X)) > [Val — [T (X)L VX C Vi (%)

We claim that the condition (*) is equivalent to

FTR(2) > |ZLVZ C Vi (%)

To see this, first observe since I'r(Vg — I'n(X)) € Vi — X, and f(-) is
an increasing function, it follows that (**) implies (*). Next, define Z =
Ve — T (Ve — Tr(Z)). If (*) is true, taking X = Vi — I'r(Z), we have
f(Tr(2)) > |Z|,YZ C Vg. But Z 2 Z and T'r(Z) = ['r(Z). So (**) is true.

1.7.8 Algorithm for construction of the Principal Se-
quence of a Matroid rank function

In this subsection we outline an algorithm for building the principal sequence of
a matroid rank function with respect to a positive rational weight function. The
main subroutine is the matroid union algorithm. The algorithm for the complete
principal partition is along the same lines and may be found, for instance, in
[Narayanan97]. This algorithm is elementary and handles the weight function in
a naive manner. The case of real weight function may be tackled by using the
methods in [Cunningham84],[Narayanan95a).

We need some preliminary ideas about parallel elements in a matroid for
describing our algorithm.

For a matroid M on S, two elements ej,es are in parallel iff {e1,es} is
a circuit or ey, es are both selfloops. It is immediate that if e; € I, where
I is independent in M and ej, ey are in parallel, then (I — e1) U eq is also
independent. Given a matroid M on S, and e € S, we can create a new matroid
M on SU¢€ e ¢ S, by making e, e’ parallel. The independent sets of this
new matroid are simply all the independent sets of M and in addition sets of
the form (I — e) U e’, where e € I, I independent in M. This process can be
repeated by adding more than one element in parallel with a given element.
In particular, we could replace each element e of M by k parallel elements
{el,---,e*}. The resulting matroid My, is on S* = {U.,es P*(e;)}, where
Pk(e;) = {e],-- ,e?}. The sets P¥(e;) constitute a partition of S¥. We denote
by P*(T), T C S, the set Ue,er P¥(ej). If 7(-), 7x (), are the rank functions of
M, My, then r(T) = r,(P*(T)), T C S. More generally, given a positive integral
weight function g(-) on subsets of S, we can build the g- copy M, on S9, of
M on S, with each element e € S replaced by the set P9(e) of g(e) parallel
elements in SY. Here again r(T") = ry(P9(T)), T C S, where P9(T') is defined as
UejeT P9(e;) and r4(-) is the rank function of the matroid M.

The principal partition of r(-), g(-) is essentially the same as that of r4(-), |-|.
This situation basically does not change even if g(-) were divided by a positive
integer. We formalize these ideas in the following theorem.

Theorem 1.7.6 Let M be a matroid with rank function r(-). Let q be a positive
and A\, a nonnegative number.
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1. Let g(-) be a positive integral weight function. Then, minxcsAr(X) +
g9(S — X) occurs at K iff minycsosArg(Y) + |S? — Y| occurs at P9(K).

2. Let qg(-) be a positive integral weight function. Then, minxcs(A/q)r(X)+
g(S — X) occurs at K iff minxcsAr(X) + qg(S — X) occurs at K, equiv-
alently, miny cgsArqg(Y) + 1599 = Y| occurs at P99(K).

Proof: Let e;, e; be in parallel and let e; € X, e; ¢ X. Then Ar(X)+g(S—X) >
Ar(X Uej) +g(S — (X Uej)). Thus a minimizing set of Ar(X) + ¢(S — X) must
contain all elements parallel to e if it contains e.

Now consider the principal partition of (r(-),g(+)). If we replace every ele-
ment e by g(e) parallel elements Ar(X)+g(S—X) = Ary(P9(X))+]59—PI(X)].
Next if X minimizes minycgsAr,(Y) + |9 — Y|, it must be of the form P9(X)
for some X C S.

This proves (i).
(ii) is a routine consequence. | |

To build the principal sequence of (r(-),g(-)), where r(-) is a matroid rank
function and g¢(-), a positive integral weight function, the key step is the con-
struction of [y (r, g, Q), which we will take as outputting the minimal minimizing
set for Ar(X) + ¢g(@Q — X). Since g(+), r(-) are integral, the As for which we need
I\(1,9,Q), are of the form p/q, where p,q are positive integers. By Theorem
1.7.6, we need to build [,(r¢e(-), |- |, P2(Q)). The output of this subroutine is
simply the set of noncoloops of the matroid M} , which is the union of Mg,
with itself p times. As we have seen in Theorem 1.7.6 this set, since it minimizes
Preg(Y) + Q% — Y| must have the form P99 (K), for some set K C P. The set
K is the minimal minimizing set for Ar(X)+ g(Q — X) and therefore the desired
output of [y (r,g,Q).

Algorithmically speaking, parallel elements can be handled by using just one
of the elements and simply remembering how many elements are in parallel to
it. So the underlying size of set does not go up in an essential way.

1.7.9 Example

Principal sequence of (r(:),| - |) where r(:) is the rank function of a
graph
Consider the graph G in Figure 1.2. We have, E(G) = {1,---,20}. We need
to compute the principal sequence of (r(:),| - |). We trace the steps of the
algorithm of Subsection 1.6.6 as specialized in Subsection 1.7.8 for this purpose.
First we compute the density A = E(G)/r(G). This is 20/11. So we use the
subroutine [y (r, ||, E(G)) which is essentially [2o(r11,] - |, P*'(E(G)))
= [20(r11,] - |, E(G11)), where Gi; is obtained by putting in place of each edge
of G, 11 parallel edges. The subroutine does its job by computing the set of
noncoloop elements of the matroid M%(l) (where My is the polygon matroid of
G11 and ./\/l%(l) is the union of Mj; with itself 20 times).
This set is the parallel copy of the subset {1,---,13}. So we build the graphs
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20

(b) Principal Sequenceof (r(.),|.))

Figure 1.2: Example of Principal Sequence for a graph

Go =G-{1,---,13} and Gg = G x {14,---,20} and repeat the algorithm on
gou gﬁ

For G, the density is 13/6 and for Gg, it is 7/5. So we build the parallel 6— copy of
G, and parallel 5— copy of Gg and find the set of non coloops of (M,)E, (Mg)?L.
This yields the appropriate parallel copies of sets {1,2,3}, {14, 15,16} respec-
tively.

We are now left with the graphs

Go1 =G-{1,2,3},G02=6G-{1,--- ,13} x {4,---,13},

Gp1 =G x {14,---,20} - {14,15,16},Gg2. = G x {17,--- ,20}.

On these graphs when we apply our subroutine [y (r,| - |, E(G")), (G’ being the
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appropriate graph), we find the set of noncoloops is the null set which means
that the null set minimizes A\r(X)+|E(G’')— X|. Further, we find that the full set
also minimizes Ar(X)+|E(G’)— X| since Ar(0)+|E(G")| = Ar(E(G"))+10]. So at
this stage we get the sets A = {1,2,3},B={4,---,13},C = {14,15,16}, D =
{17,---,20} with the corresponding critical values 3,2,3/2,4/3 (being the den-
sities of the graphs G - {1,2,3},G - {1,--- ,13} x {4,--- ,13},G x {14,--- ,20} -
{14,15,16},G x {17,---,20}). Thus the principal sequence is Fy = (§ =
Xy Bi=X) =AE=X), =AUB,E;=Xy, =AUBUC,E; = XM =
AUBUCUD = E(G). The critical values are Ay = 3, \a = 2, A3 = 3/2, Ay = 4/3.

1.8 Notes

A good way of approaching matroid union is through submodular functions
induced through a bipartite graph [Welsh76]. Related material may be found in
the survey paper by Brualdi [Brualdi74]. A book that emphasizes the algorithmic
uses of matroid intersection is [Lawler76]. An important class of applications
of the matroid union, intersection and its generalizations, is in the structural
solvability of systems [Murota87], [Recski89].
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modular function, 24
orthogonal vectors, 12
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