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DEVWUDFW D sureohp ri fxuuhqw lqwhuhvw lq lqwhuydo dqdo|vlv ^57` lv wkh frqvwuxfwlrq ri lqfoxvlrq
ixqfwlrq irupv iru pxowlglphqvlrqdo ixqfwlrqv/ kdylqj wkh surshuw| ri kljkhu rughu frqyhujhqfh1
Kljkhu rughu lqfoxvlrq ixqfwlrq irupv kdyh dssolfdwlrqv/ iru h{dpsoh/ lq wkh vroxwlrq ri htxd0
wlrqv/ txdgudwxuh/ dqg joredo rswlpl}dwlrq sureohpv/ zkhuh idvwhu frqyhujhqfh frxog srvvleo| eh
rewdlqhg zlwk wkhlu dlg1 Uhfhqwo|/ Olq dqg Urnqh ^4<` lqwurgxfhg wkh vr0fdoohg Wd|oru0Ehuqvwhlq
+WE, irup dv d kljkhu rughu lqfoxvlrq ixqfwlrq irup1 Krzhyhu/ Olq dqg Urnqh*v WE irup lv vhl}hg
zlwk ryhuzkhoplqj frpsxwdwlrqdo gl!fxowlhv zkhq wkh grpdlq zlgwk lv vpdoo1 Lq wklv zrun/ zh
suhvhqw wkh iroorzlqj1 +d, Iluvw/ zh sursrvh dq lpsuryhphqw ri Olq dqg Urnqh*v WE irup wkdw
pdnhv lw pruh sudfwlfdo iru vpdoo grpdlq zlgwkv1 Zh wkhq vkrz wkdw zlwk wkh lpsuryhg WE
irup/ kljkhu rughu frqyhujhqfh fdq eh txlwh hdvlo| rewdlqhg wkurxjk vhyhudo orz wr phglxp gl0
phqvlrqdo h{dpsohv1 +e, Wkhq/ zh sursrvh dq xqfrqvwudlqhg joredo rswlpl}dwlrq dojrulwkp wkdw
lqfrusrudwhv wkh lpsuryhg WE irup dv dq lqfoxvlrq ixqfwlrq irup iru wkh remhfwlyh ixqfwlrq1 Wkh
fxw0r� whvw dqg whuplqdwlrq frqglwlrq duh dovr vxlwdeo| prgl�hg lq wkh sursrvhg dojrulwkp1 Wkh
shuirupdqfh ri wkh sursrvhg dojrulwkp lv wkhq qxphulfdoo| whvwhg dqg frpsduhg zlwk wkrvh ri
wkh edvlf Prruh0Vnhoerh dojrulwkp ^5<` dqg wkh Prruh0Vnhoerh dojrulwkp zlwk wkh Wd|oru prgho
dv dq lqfoxvlrq ixqfwlrq1 Whvw uhvxowv rq vl{ ehqfkpdun h{dpsohv ri orz wr phglxp glphqvlrqv
vkrz wkh vxshulru shuirupdqfh ri wkh sursrvhg dojrulwkp1 +f, Qh{w/ zh sursrvh d ixuwkhu lp0
suryhg WE irup fdoohg wkh cfrpelqhg* WE irup/ wkdw lv pruh h�hfwlyh wkdq hlwkhu ri wkh deryh
wzr WE irupv lq dssolfdwlrq sureohpv zkhuh wkh grpdlq vkulqnv iurp odujh wr vpdoo zlgwkv1
Wkh frpelqhg WE irup lqkhulwv wkh kljkhu rughu frqyhujhqfh surshuw|1 Wkurxjk qxphulfdo whvwv
lqyroylqj wkh vl{ ehqfkpdun h{dpsohv/ wkh frpelqhg WE irup lv vkrzq wr frpsxwh wkh udqjh
hqforvxuhv prvw h!flhqwo| ryhu hqwluh udqjh ri grpdlq zlgwkv1 +g, Odvwo|/ zh sursrvh dq lp0
suryhg dojrulwkp iru xqfrqvwudlqhg joredo rswlpl}dwlrq lq wkh iudphzrun ri wkh Prruh0Vnhoerh
dojrulwkp1 D qryho dqg srzhuixo ihdwxuh ri wkh sursrvhg dojrulwkp lv wkdw d ydulhw| ri lqfoxvlrq
ixqfwlrq irupv iru wkh remhfwlyh ixqfwlrq duh lqfrusrudwhg lqwr lw 0 wkh frpelqhg WE irup/ wkh
Wd|oru prgho/ dqg wkh vlpsoh qdwxudo lqfoxvlrq irup1 Vhyhudo lpsuryhphqwv duh dovr pdgh lq wkh
Ehuqvwhlq vwhs ri wkh frpelqhg WE irup/ vxfk dv vhohfwlrq ri d pruh h!flhqw gluhfwlrq iru vxegl0
ylvlrq/ dqg xvh ri fxw0r� whvw dqg prqrwrqlflw| surshuw| wr glvfdug wkrvh er{hv zkhuh wkh joredo
plqlpl}hu fdqqrw olh1 Ixuwkhu/ wkh lqfrusrudwlrq ri vhyhudo lqfoxvlrq ixqfwlrq irupv doorzv wkh
fxw0r� whvw dqg whuplqdwlrq frqglwlrq lq wkh PV dojrulwkp wr eh pdgh hyhq pruh h�hfwlyh wkdq
lq rxu hduolhu sursrvhg rswlpl}dwlrq dojrulwkp1 Wkh shuirupdqfh ri wkh lpsuryhg rswlpl}dwlrq
dojrulwkp lv qxphulfdoo| whvwhg dqg frpsduhg rq hohyhq ehqfkpdun h{dpsohv zlwk wkrvh ri wkh
PV dojrulwkp/ wkh PV dojrulwkp zlwk wkh Wd|oru prgho dv lqfoxvlrq ixqfwlrq/ dqg rxu hduolhu
sursrvhg rswlpl}dwlrq dojrulwkp1 Wkh uhvxowv ri wkhvh whvwv lqglfdwh wkdw wkh sursrvhg dojrulwkp
lv xvxdoo| frqvlghudeo| vxshulru wr wkh uhvw/ lq whupv ri wkh ydulrxv shuirupdqfh phwulfv fkrvhq
iru frpsdulvrq1
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Frqwhqwv

4 Lqwurgxfwlrq 4
414 Prwlydwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4
415 Remhfwlyhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6
416 Frqwulexwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6
417 Rujdql}dwlrq ri wkh wkhvlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8

5 Dq lpsuryhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh :
514 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :
515 Ehuqvwhlq/ Wd|oru/ dqg WE irupv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;

51514 Wkh Ehuqvwhlq irup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;
51515 Wkh Wd|oru irup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45
51516 Wkh WE irup ri Olq dqg Urnqh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46

516 Sursrvhg lpsuryhg WE irup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47
517 Qxphulfdo whvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49
518 Glvfxvvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;
519 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<

6 Joredo rswlpl}dwlrq xvlqj wkh lpsuryhg Wd|oru0Ehuqvwhlq irup 66
614 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66
615 Edfnjurxqg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 67

61514 Dojrulwkp PV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 67
61515 Dojrulwkp WPV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 68



ly Frqwhqwv

616 Sursrvhg rswlpl}dwlrq Dojrulwkp WEPV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 68
617 Qxphulfdo whvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6;
618 Glvfxvvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 75
619 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 76

7 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh 78
714 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78
715 Sursrvhg frpelqhg WE irup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 79
716 Qxphulfdo whvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7;
717 Glvfxvvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 83
718 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 84

8 Joredo rswlpl}dwlrq xvlqj wkh qdwxudo lqfoxvlrq/ Wd|oru prgho/ dqg frp0
elqhg Wd|oru0Ehuqvwhlq irupv 438
814 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 438
815 Lqlwldo ghyhorsphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 439

81514 Prqrwrqlflw| whvw iru Ehuqvwhlq sdwfkhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43:
81515 Gluhfwlrq vhohfwlrq iru Ehuqvwhlq sdwfkhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43:
81516 Fxw0r� whvw iru Ehuqvwhlq sdwfkhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43;
81517 Dojrulwkp iru erxqglqj sro|qrpldo udqjh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43;
81518 D wljkwhu hqforvxuh ri wkh ixqfwlrq plqlpxp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<

816 Sursrvhg rswlpl}dwlrq Dojrulwkp FWEPV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 443
817 Qxphulfdo whvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 446
818 Glvfxvvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 448

81814 Udqnlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 449
81815 Vwdwlvwlfdo phdvxuhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 449
81816 Plqlpxp/ phdq/ dqg pd{lpxp phdvxuhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44:
81817 Shuirupdqfh sur�ohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44;

819 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 454
9 Frqfoxvlrqv 464

Uhihuhqfhv 468
D Ehuqvwhlq dssurdfk 0 xqlyduldwh fdvh 46<

D14 Yhuwh{ surshuw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 474
D15 Ehuqvwhlq Vxeglylvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 476
D16 Frpelqlqj yhuwh{ surshuw| dqg vxeglylvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 479
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814 Shuirupdqfh sur�oh sorw ri wkh qxpehu ri lwhudwlrqv/ iru vpdoo idfwruv1 1 1 1 1 459
815 Shuirupdqfh sur�oh sorw ri wkh qxpehu ri lwhudwlrqv/ iru odujh idfwruv1 1 1 1 1 459
816 Shuirupdqfh sur�oh sorw ri frpsxwdwlrqdo wlph/ iru vpdoo idfwruv1 1 1 1 1 1 1 45:
817 Shuirupdqfh sur�oh sorw ri frpsxwdwlrqdo wlph/ iru odujh idfwruv1 1 1 1 1 1 1 1 45:
818 Shuirupdqfh sur�oh sorw ri pd{lpxp olvw ohqjwk/ iru vpdoo idfwruv1 1 1 1 1 1 1 45;
819 Shuirupdqfh sur�oh sorw ri pd{lpxp olvw ohqjwk/ iru odujh idfwruv1 1 1 1 1 1 1 45;
81: Shuirupdqfh sur�oh sorw ri �qdo olvw ohqjwk/ iru vpdoo idfwruv1 1 1 1 1 1 1 1 1 1 45<
81; Shuirupdqfh sur�oh sorw ri �qdo olvw ohqjwk/ iru odujh idfwruv1 1 1 1 1 1 1 1 1 1 1 45<
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514 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg
zlwk Wd|oru prgho/ Dojrulwkp OU/ dqg Dojrulwkp WE lq H{dpsoh 514 Julwwrq
+4� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53

515 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg
zlwk Wd|oru prgho/ Dojrulwkp OU/ dqg Dojrulwkp WE lq H{dpsoh 515 Mhqqulfk
dqg Vdpsvrq +5� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55

516 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg
zlwk Wd|oru prgho/ Dojrulwkp OU/ dqg Dojrulwkp WE lq H{dpsoh 516 Ohy|
+6� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

517 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg
zlwk Wd|oru prgho/ Dojrulwkp OU/ dqg Dojrulwkp WE lq H{dpsoh 517 Wuljrqr0
phwulf +7� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 59

518 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg
zlwk Wd|oru prgho/ Dojrulwkp OU/ dqg Dojrulwkp WE lq H{dpsoh 518 Julhzdqn
+8� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5;

519 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg
zlwk Wd|oru prgho/ Dojrulwkp OU/ dqg Dojrulwkp WE lq H{dpsoh 519 Wuljrqr0
phwulf +9� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63
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51: Dyhudjh h{hfxwlrq wlphv zlwk ydulrxv dojrulwkpv1 Wkh wlph lv lq vhfrqgv/ xqohvv
rwkhuzlvh vwdwhg1 Wkh dyhudjh lv wdnhq ryhu doo l/ dqg doo Wd|oru rughuv p1 Qrwh
wkdw zlwk Dojrulwkp OU/ prvwo| rqo| rqh vxeglylvlrq +l @ 4, lv irxqg srvvleoh
lq wkh sureohpv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 64

714 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg
zlwk Wd|oru prgho/ Dojrulwkp OU/ Dojrulwkp WE dqg Dojrulwkp FWE lq H{0
dpsoh 714 Julwwrq +4� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 85

715 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg
zlwk Wd|oru prgho/ Dojrulwkp OU/ Dojrulwkp WE dqg Dojrulwkp FWE lq H{0
dpsoh 715 Mhqqulfk dqg Vdpsvrq +5� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 93

716 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg
zlwk Wd|oru prgho/ Dojrulwkp OU/ Dojrulwkp WE dqg Dojrulwkp FWE lq H{0
dpsoh 716 Ohy| +6� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9;

717 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg
zlwk Wd|oru prgho/ Dojrulwkp OU/ Dojrulwkp WE dqg Dojrulwkp FWE lq H{0
dpsoh 717 Wuljrqrphwulf +7� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :9

718 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg
zlwk Wd|oru prgho/ Dojrulwkp OU/ Dojrulwkp WE dqg Dojrulwkp FWE lq H{0
dpsoh 718 Julhzdqn +8� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;7

719 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg
zlwk Wd|oru prgho/ Dojrulwkp OU/ Dojrulwkp WE dqg Dojrulwkp FWE lq H{0
dpsoh 719 Wuljrqrphwulf +9� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <5

71: Grpdlq zlgwk sdudphwhu l dqg wlph wdnhq e| Dojrulwkpv WE dqg FWE wr
uhdfk dq dffxudf| ri 4H � 43 iru ydulrxv Wd|oru rughuv lq H{dpsohv 714 wr 7191 433

71; Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv rewdlqhg zlwk wkh qdwxudo lqfoxvlrq
ixqfwlrq irup lq H{dpsoh 714 Julwwrq +4� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 434

71< Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv rewdlqhg zlwk wkh qdwxudo lqfoxvlrq
ixqfwlrq irup lq H{dpsoh 715 Mhqqulfk dqg Vdpsvrq +5� glp,1 1 1 1 1 1 1 1 434

7143 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv rewdlqhg zlwk wkh qdwxudo lqfoxvlrq
ixqfwlrq irup lq H{dpsoh 716 Ohy| +6� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 435

7144 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv rewdlqhg zlwk wkh qdwxudo lqfoxvlrq
ixqfwlrq irup lq H{dpsoh 717 Wuljrqrphwulf +7� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 435

7145 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv rewdlqhg zlwk wkh qdwxudo lqfoxvlrq
ixqfwlrq irup lq H{dpsoh 718 Julhzdqn +8� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 436



OLVW RI WDEOHV l{

7146 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv rewdlqhg zlwk wkh qdwxudo lqfoxvlrq
ixqfwlrq irup lq H{dpsoh 719 Wuljrqrphwulf +9� glp,1 1 1 1 1 1 1 1 1 1 1 1 1 436

814 Udqnlqjv rewdlqhg e| sursrvhg Dojrulwkp FWEPV1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 449
815 Frpsdulvrq ri shuirupdqfh ri ydulrxv dojrulwkpv xvlqj vwdwlvwlfdo phdvxuhv1 44:
816 Plqlpxp/ phdq/ dqg pd{lpxp ri udwlrv dqg uhgxfwlrqv/ zlwk uhvshfw wr Do0

jrulwkp PV1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44;
817 Grpdlqv xvhg/ glphqvlrqv dqg wkh joredo plqlpxp ryhu wkh jlyhq grpdlq1 1 454
818 Frpsdulvrq ri qxpehu ri lwhudwlrqv uhtxluhg e| ydulrxv dojrulwkpv1 1 1 1 1 1 455
819 Frpsdulvrq ri frpsxwdwlrq wlph uhtxluhg e| ydulrxv dojrulwkpv1 1 1 1 1 1 1 1 456
81: Frpsdulvrq ri pd{lpxp olvw ohqjwk uhtxluhg e| ydulrxv dojrulwkpv1 1 1 1 1 1 457
81; Frpsdulvrq ri �qdo olvw ohqjwk uhtxluhg e| ydulrxv dojrulwkpv1 1 1 1 1 1 1 1 1 458
D14 Udqjh hqforvxuhv rewdlqhg zlwk Ehuqvwhlq irup ri ydulrxv ghjuhhv lq H{dpsoh

D141 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 475
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4
Lqwurgxfwlrq

414 Prwlydwlrq
Ohw ? eh wkh vhw ri uhdov/ [ � ? � eh d uljkw sdudoohohslshg sdudooho wr wkh d{hv +dovr fdoohg dv
d er{,/ dqg ohw �i +[, ghqrwh wkh vhw ri doo ydoxhv ri dq duelwudu| ixqfwlrq i = [ $ ? rq [1
Ohw L +[, eh wkh vhw ri doo er{hv frqwdlqhg lq [1 Ohw wkh zlgwk ri dq lqwhuydo [ eh gh�qhg
dv z +[, =@ pd{[ � plq[ li [ 5 L +?, > dqg dv z +[, =@ pd{ iz +[ � , > = = = > z +[ � ,j > li
[ 5 L �? � �1
Gh�qlwlrq 414 ^63` D ixqfwlrq I = L +[,$ L +?, lv vdlg wr eh dq lqfoxvlrq ixqfwlrq iru i /
li

�i +\, � I +\, iru doo \ 5 L +[,
Gh�qlwlrq 415 ^63` Dq lqfoxvlrq ixqfwlrq I iru i lv vdlg wr kdyh frqyhujhqfh rughu �> li

z+I +\,,�z+i+\,, � Oz+\, � iru doo \ 5 L +[, >
zkhuh O dqg � duh vrph srvlwlyh frqvwdqwv1
Dq lpsruwdqw sureohp lq lqwhuydo dqdo|vlv ri Prruh ^57` lv wkh frqvwuxfwlrq ri lqfoxvlrq

ixqfwlrqv iru pxowlglphqvlrqdo ixqfwlrqv kdylqj wkh surshuw| ri kljkhu rughu frqyhujhqfh/ l1h1/
kdylqj d frqyhujhqfh rughu � wkdw lv juhdwhu wkdq txdgudwlf1 Vxfk lqfoxvlrq ixqfwlrqv kdyh
dssolfdwlrqv/ iru h{dpsoh/ lq wkh vroxwlrq ri htxdwlrqv/ txdgudwxuh dqg joredo rswlpl}dwlrq
sureohpv1
Lq sduwlfxodu/ zh frqvlghu wkh joredo rswlpl}dwlrq sureohp ri ghwhuplqlqj duelwudulo| jrrg

orzhu erxqgv iru wkh plqlpxp ri �i +[,1 Pdq| dojrulwkpv edvhg rq lqwhuydo dqdo|vlv +LD, duh
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dydlodeoh wr vroyh wkh joredo rswlpl}dwlrq sureohp/ vhh iru h{dpsoh/ ^46`/ ^4:`/ ^64` dqg wkh
uhihuhqfhv flwhg wkhuhlq1 LD phwkrgv duh xvxdoo| edvhg rq eudqfk dqg erxqg whfkqltxhv/ wkdw
lv/ wkh| vwduw iurp wkh lqlwldo er{ [ / vxeglylgh [ dqg vwruh wkh vxeer{hv lq d olvw/ glvfduglqj
vxeer{hv zklfk duh jxdudqwhhg qrw wr frqwdlq d joredo plqlpl}hu xqwlo wkh ghvluhg dffxudf| lq
whupv ri wkh zlgwk ri wkh lqwhuydov lq wkh olvw lv dfklhyhg1 D edvlf eudqfk dqg erxqg dojrulwkp
ri LD lv wkh vr0fdoohg Prruh0Vnhoerh +PV, dojrulwkp ^64`1 Dowkrxjk wkh PV dojrulwkp lv
uholdeoh/ lw lv vrphzkdw vorz wr frqyhujh lq cgl!fxow* sureohpv/ zkhq lqfoxvlrq ixqfwlrqv
ri �uvw dqg vrphwlphv hyhq vhfrqg rughuv duh xvhg1 Idvwhu frqyhujhqfh frxog srvvleo| eh
rewdlqhg zlwk kljkhu rughu lqfoxvlrq ixqfwlrqv1
Wkh �uvw sdshu lq wkh olwhudwxuh frqfhuqlqj frqvwuxfwlrq ri lqfoxvlrq ixqfwlrqv zlwk kljkhu

rughu frqyhujhqfh lv wkdw ri Khu}ehujhu ^47`/ zkr vkrzv wkdw kljkhu rughu frqyhujhqfh fdq eh
rewdlqhg iru d fhuwdlq fodvv ri lqwhuydov1 Krzhyhu/ klv uhtxluhphqw rq wkh ixqfwlrq lv xquhdo0
lvwlfdoo| vwurqj1 Fruqholxv dqg Orkqhu ^9` sursrvh wkh lqwhusrodwlrq dqg uhpdlqghu irupv iru
pxowlglphqvlrqdo ixqfwlrqv wkdw hqdeoh dq| frqyhujhqfh rughu wr eh rewdlqhg lq wkhru|1 Krz0
hyhu/ lq sudfwlfh/ frqyhujhqfh rughu ri dw prvw 7 ru 8 lv uhfrpphqghg hyhq iru xqlglphqvlrqdo
ixqfwlrqv/ vhh ^9` dqg ^63/ sj1 <`1 Wkh vdph krogv iru wkh lpsuryhg yhuvlrq ri wkhvh irupv iru
xqlglphqvlrqdo ixqfwlrqv/ dv sursrvhg e| Qhxpdlhu lq ^5;/ vhf1 517`1 Dohihog dqg Orkqhu ^4`
sursrvh fhqwhuhg irupv zlwk kljkhu rughu frqyhujhqfh iru xqlglphqvlrqdo ixqfwlrqv1 Krzhyhu/
ehfdxvh ri wkh vwurqj frqglwlrq rq wkh ixqfwlrqdo uhsuhvhqwdwlrq/ wkhvh kljkhu rughu fhqwhuhg
irupv kdyh olplwhg sudfwlfdo ydoxh ^4/ sj1 ;`1 Ehu} hw do1 ^6`/ ^54` sursrvh wkh vr0fdoohg Wd|0
oru prghov iru pxowlglphqvlrqdo ixqfwlrqv1 Dowkrxjk wkh dffxudf| ri wkh vr0fdoohg uhpdlqghu
lqwhuydo sduw ri wkh Wd|oru prgho lqfuhdvhv lq d kljkhu rughu frqyhujhqw idvklrq/ wkh Wd|oru
prgho lwvhoi lv nqrzq wr h{klelw rqo| txdgudwlf frqyhujhqfh/ vhh dovr Nhduirww dqg Dud}|dq
^4;`1 Olq dqg Urnqh ^4<` frpelqh wkh Ehuqvwhlq irup zlwk wkh Wd|oru irup wr rewdlq wkh
vr0fdoohg Wd|oru0Ehuqvwhlq +WE, irup dv dq lqfoxvlrq ixqfwlrq irup ri i= Krzhyhu/ dv wkh gr0
pdlq zlgwk ehfrphv vpdoohu/ wkh uhtxluhg ghjuhh ri wkh Ehuqvwhlq sro|qrpldov ehfrphv yhu|
odujh1 Dv d frqvhtxhqfh/ wkh Ehuqvwhlq vwhs ehfrphv yhu| frpsxwdwlrqdoo| lqwhqvlyh zkhq wkh
grpdlq lqwhuydov vkulqn lq zlgwkv1 Wkhuhiruh/ dv dq lqfoxvlrq irup iru rewdlqlqj kljkhu rughu
frqyhujhqfh/ wkh sudfwlfdo xwlolw| ri wkh Olq dqg Urnqh*v WE irup lv vhyhuho| uhvwulfwhg1
Lw lv vhhq iurp wkh iruhjrlqj wkdw wkhuh lv d odfn ri kljkhu rughu lqfoxvlrq ixqfwlrq irupv

wkdw duh sudfwlfdoo| h�hfwlyh/ hyhq iru orz wr phglxp +l1h1/ hyhq xs wr vd|/ vl{, glphqvlrqdo
sureohpv1
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415 Remhfwlyhv
Prwlydwhg e| wkh deryh frqfhuqv/ zh kdyh vhw pdlqo| wkh iroorzlqj wzr remhfwlyhv iru wkh
suhvhqw zrun=

41 Wr ghyhors kljkhu rughu lqfoxvlrq ixqfwlrq irup iru pxowlglphqvlrqdo ixqfwlrqv wkdw duh
sudfwlfdoo| h�hfwlyh/ dqg

51 Wr ghyhors xqfrqvwudlqhg joredo rswlpl}dwlrq dojrulwkp zlwk wkh ghyhorshg kljkhu rughu
lqfoxvlrq ixqfwlrq irup/ iru h!flhqw ghwhuplqdwlrq ri duelwudulo| jrrg orzhu erxqgv rq
wkh plqlpxp ri �i +[,1

Lq hdfk fdvh/ wkh sudfwlfdo h�hfwlyhqhvv ri wkh sursrvhg wrro lv wr eh qxphulfdoo| whvwhg dqg
frpsduhg zlwk h{lvwlqj whfkqltxhv rq vhyhudo cgl!fxow* sureohpv ri gl�huhqw glphqvlrqv1

416 Frqwulexwlrqv
Wkh pdlq frqwulexwlrqv ri wklv zrun fdq eh vxppdul}hg dv wkh iroorzlqj1

41 Dq lpsuryhg WE irup lv sursrvhg dv d kljkhu rughu lqfoxvlrq ixqfwlrq irup iru pxowl0
glphqvlrqdo ixqfwlrqv wkdw duh vx!flhqwo| gl�huhqwldeoh � 1 Wkh lpsuryhg WE irup xvhv
Ehuqvwhlq sro|qrpldov ^<` iru erxqglqj wkh udqjh ri wkh sro|qrpldo rewdlqhg iurp wkh
Wd|oru irup ^63` ri wkh jlyhq ixqfwlrq i 1 Wkh lpsuryhg WE irup kdv vrph lpsruwdqw
gl�huhqfhv iurp Olq dqg Urnqh*v WE irup/ lq wkh sudfwlfdo zd| lw lv frqvwuxfwhg1
Wkh kljkhu rughu frqyhujhqfh ehkdylru ri wkh lpsuryhg WE irup lv qxphulfdoo| whvwhg
dqg frpsduhg zlwk wkdw ri Olq dqg Urnqh*v WE irup dqg dovr zlwk wkdw ri wkh Wd|oru
prgho1 Iru wkh qxphulfdo whvwlqj/ vl{ ehqfkpdun h{dpsohv zlwk glphqvlrqv ydu|lqj
iurp 4 wr 9 duh frqvlghuhg1 Lq doo h{dpsohv/ xqolnh zlwk wkh Wd|oru prgho dqg Olq dqg
Urnqh*v WE irup/ kljkhu rughu frqyhujhqfh ri rughuv xs wr < duh h{klelwhg zlwk wkh
lpsuryhg WE irup1 Pruhryhu/ vxfk kljk rughuv ri frqyhujhqfh duh udwkhu hdvlo| rewdlqhg
iru xs wr 8� glp sureohpv zlwk wkh lpsuryhg WE irup1

51 Dq dojrulwkp iru xqfrqvwudlqhg joredo rswlpl}dwlrq lv sursrvhg lq wkh iudphzrun ri
wkh PV dojrulwkp1 Wkh sursrvhg rswlpl}dwlrq dojrulwkp xvhv wkh lpsuryhg WE irup
dv dq lqfoxvlrq ixqfwlrq irup iru wkh remhfwlyh ixqfwlrq= Wkh lpsuryhg WE irup dovr
doorzv wkh fxw0r� whvw dqg whuplqdwlrq frqglwlrq ri wkh PV dojrulwkp wr eh pdgh pruh
h�hfwlyh/ dqg wkhvh prgl�fdwlrqv duh lqfrusrudwhg lqwr wkh sursrvhg dojrulwkp1
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Wkh shuirupdqfh ri wkh sursrvhg rswlpl}dwlrq dojrulwkp lv qxphulfdoo| whvwhg dqg frp0
sduhg zlwk wkrvh ri wkh PV dojrulwkp dqg wkh PV dojrulwkp zlwk wkh Wd|oru prgho
dv lqfoxvlrq ixqfwlrq1 Iru wkh qxphulfdo whvwlqj/ vl{ ehqfkpdun h{dpsohv ri ydu|lqj gl0
phqvlrqv duh frqvlghuhg1 Wkh uhvxowv ri wkhvh whvwv lqglfdwh wkdw wkh sursrvhg dojrulwkp
zlwk wkh lpsuryhg WE irup dv lqfoxvlrq ixqfwlrq lv frqvlghudeo| pruh h�hfwlyh iru wkh
orz wr phglxp glphqvlrq sureohpv frqvlghuhg1

61 D frpelqhg WE irup lv sursrvhg dv d kljkhu rughu lqfoxvlrq ixqfwlrq irup iru pxowlgl0
phqvlrqdo ixqfwlrqv wkdw duh vx!flhqwo| gl�huhqwldeoh1 Lq dssolfdwlrq sureohpv zkhuh
wkh grpdlq vkulqnv iurp odujh wr vpdoo zlgwkv/ wkh frpelqhg WE irup lv pruh h�hfwlyh
wkdq hlwkhu Olq dqg Urnqh*v WE irup ru wkh lpsuryhg WE irup1 Wkh frpelqhg WE
irup vzlwfkhv ehwzhhq wkh Olq dqg Urnqh*v dqg lpsuryhg WE irupv ghshqglqj rq wkh
grpdlq zlgwk 0 l1h1/ lw uhgxfhv wr Olq dqg Urnqh*v WE irup iru odujh grpdlq zlgwkv/
dqg wr wkh lpsuryhg WE irup iru vpdoo grpdlq zlgwkv1
Wkh kljkhu rughu frqyhujhqfh ehkdylru ri wkh frpelqhg WE irup lv qxphulfdoo| whvwhg
dqg frpsduhg zlwk wkdw ri Olq dqg Urnqh*v WE irup/ wkh lpsuryhg WE irup/ dqg
dovr zlwk wkdw ri wkh Wd|oru prgho1 Iru wkh qxphulfdo whvwlqj/ vl{ ehqfkpdun h{dpsohv
zlwk glphqvlrqv ydu|lqj iurp 4 wr 9 duh frqvlghuhg1 Lq doo h{dpsohv/ zkloh wkh Olq dqg
Urnqh*v WE irup dv zhoo dv wkh lpsuryhg WE irup idlo wr frpsxwh wkh udqjh hqforvxuhv
iru vrph grpdlq zlgwkv/ wkh frpelqhg WE irup vxffhhgv lq frpsxwlqj wkh vdph iru dq|
grpdlq zlgwk dqg iru dq| sureohp glphqvlrq1 Lw lv dovr irxqg lq wkhvh h{dpsohv wkdw
wkh pd{lpxp olvw ohqjwk qhhghg e| wkh frpelqhg WE irup lv qlo/ iru dq| grpdlq zlgwk
dqg iru dq| sureohp glphqvlrq> pruhryhu/ iru odujh wr lqwhuphgldwh grpdlq zlgwkv/ wkh
frpelqhg WE irup lv idvwhu wkdq wkh lpsuryhg WE irup e| dv pxfk dv 5� 7 rughuv ri
pdjqlwxgh1

71 Dq lpsuryhg dojrulwkp iru xqfrqvwudlqhg joredo rswlpl}dwlrq lv sursrvhg lq wkh iudph0
zrun ri wkh PV dojrulwkp1 D qryho dqg srzhuixo ihdwxuh ri wkh sursrvhg dojrulwkp lv
wkdw d ydulhw| ri lqfoxvlrq ixqfwlrq irupv iru wkh remhfwlyh ixqfwlrq duh lqfrusrudwhg
lqwr lw 0 wkh frpelqhg WE irup/ wkh Wd|oru prgho/ dqg wkh vlpsoh qdwxudo lqfoxvlrq
irup1 Vhyhudo lpsuryhphqwv duh dovr pdgh lq wkh Ehuqvwhlq vwhs ri wkh frpelqhg WE
irup/ vxfk dv vhohfwlrq ri d pruh h!flhqw gluhfwlrq iru vxeglylvlrq/ dqg xvh ri fxw0r�
whvw dqg prqrwrqlflw| surshuw| wr glvfdug wkrvh er{hv zkhuh wkh joredo plqlpl}hu fdq0
qrw olh1 Ixuwkhu/ wkh lqfrusrudwlrq ri vhyhudo lqfoxvlrq ixqfwlrq irupv doorzv wkh fxw0r�
whvw dqg whuplqdwlrq frqglwlrq lq wkh PV dojrulwkp wr eh pdgh hyhq pruh h�hfwlyh
wkdq lq rxu hduolhu sursrvhg rswlpl}dwlrq dojrulwkp1
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Wkh shuirupdqfh ri wkh lpsuryhg rswlpl}dwlrq dojrulwkp lv qxphulfdoo| whvwhg dqg
frpsduhg zlwk wkrvh ri wkh PV dojrulwkp/ wkh PV dojrulwkp zlwk wkh Wd|oru prgho dv
lqfoxvlrq ixqfwlrq/ dqg rxu hduolhu sursrvhg rswlpl}dwlrq dojrulwkp1 Iru wkh qxphulfdo
whvwlqj/ hohyhq ehqfkpdun h{dpsohv zlwk ydu|lqj glphqvlrqv duh frqvlghuhg1 Wkh uhvxowv
ri wkhvh whvwv lqglfdwh wkdw wkh sursrvhg dojrulwkp lv vxshulru wr wkh uhvw/ lq whupv ri
wkh ydulrxv shuirupdqfh phwulfv fkrvhq iru frpsdulvrq1

417 Rujdql}dwlrq ri wkh wkhvlv
Wkh uhvw ri wkh wkhvlv lv rujdql}hg dv iroorzv1
Lq Fkdswhu 5/ dq lpsuryhg WE irup kdylqj wkh kljkhu rughu frqyhujhqfh surshuw| lv sur0

srvhg1 Lq vhfwlrq 515/ wkh hvvhqwldov ri wkh Ehuqvwhlq irup/ Wd|oru irup/ dqg WE irup ri Olq
dqg Urnqh duh jlyhq1 Lq vhfwlrq 516/ dq lpsuryhg WE irup wkdw lv pruh h�hfwlyh wkdq wkdw ri
Olq dqg Urnqh*v WE irup lv sursrvhg1 Lq vhfwlrq 517/ wkh kljkhu rughu frqyhujhqfh ehkdylru
ri wkh lpsuryhg WE irup lv qxphulfdoo| whvwhg dqg frpsduhg zlwk wkdw ri wkh odwwhu dqg dovr
zlwk wkdw ri wkh Wd|oru prgho1 Lq vhfwlrq 518/ wkh rewdlqhg whvw uhvxowv duh glvfxvvhg/ dqg lq
519/ wkh frqfoxvlrqv ri wkh fkdswhu duh jlyhq1
Lq Fkdswhu 6/ dq dojrulwkp lv sursrvhg iru joredo rswlpl}dwlrq lq wkh iudphzrun ri wkh

PV dojrulwkp1 Lq vhfwlrq 614/ wkh joredo rswlpl}dwlrq sureohp lv lqwurgxfhg1 Lq vhfwlrq 615/
dq rxwolqh ri wkh PV dojrulwkp lv jlyhq1 Lq vhfwlrq 616/ dq dojrulwkp lv sursrvhg iru joredo
rswlpl}dwlrq zlwk wkh lpsuryhg WE irup dv dq lqfoxvlrq ixqfwlrq irup1 Lq vhfwlrq 617/ wkh
shuirupdqfh ri wkh sursrvhg dojrulwkp lv qxphulfdoo| whvwhg dqg frpsduhg zlwk wkrvh ri wkh
PV dojrulwkp dqg wkh PV dojrulwkp zlwk wkh Wd|oru prgho dv dq lqfoxvlrq ixqfwlrq irup1
Wkh rewdlqhg whvw uhvxowv duh glvfxvvhg lq vhfwlrq 618/ zkloh wkh frqfoxvlrqv ri wkh fkdswhu
duh jlyhq lq vhfwlrq 6191
Lq Fkdswhu 7/ d frpelqhg WE irup kdylqj wkh kljkhu rughu frqyhujhqfh surshuw| lv sur0

srvhg1 Lq vhfwlrq 714/ wkh qhhg iru d ixuwkhu lpsuryhg WE irup lv suhvhqwhg1 Lq vhfwlrq 715/
d frpelqhg WE irup lv suhvhqwhg wkdw frpelqhv wkh WE irup lq Fkdswhu 5 dqg wkdw ri Olq
dqg Urnqh*v1 Lq vhfwlrq 716/ wkh shuirupdqfh ri wkh frpelqhg irup lv qxphulfdoo| whvwhg dqg
frpsduhg zlwk wkrvh ri wkh frqvwlwxhqw irupv/ dv zhoo dv zlwk wkrvh ri wkh Wd|oru prgho dqg
wkh vlpsoh qdwxudo lqfoxvlrq irup1 Wkh rewdlqhg whvw uhvxowv duh glvfxvvhg lq vhfwlrq 717/ zkloh
wkh frqfoxvlrqv ri wkh fkdswhu duh jlyhq lq vhfwlrq 7181
Lq Fkdswhu 8/ dq lpsuryhg dojrulwkp lv sursrvhg iru joredo rswlpl}dwlrq lq wkh iudphzrun

ri wkh PV dojrulwkp1 Lq vhfwlrq 815/ vhyhudo lpsuryhphqwv frqfhuqlqj wkh Ehuqvwhlq vwhs duh
lqwurgxfhg1 Lq vhfwlrq 816/ wkh sursrvhg dojrulwkp iru joredo rswlpl}dwlrq lv jlyhq1 Lq vhfwlrq
817/ wkh shuirupdqfh ri wkh sursrvhg dojrulwkp lv qxphulfdoo| whvwhg dqg frpsduhg zlwk wkrvh
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ri wkh PV dojrulwkp/ wkh PV dojrulwkp zlwk wkh Wd|oru prgho dv dq lqfoxvlrq ixqfwlrq irup/
dqg wkh hduolhu sursrvhg rswlpl}dwlrq dojrulwkp1 Wkh rewdlqhg whvw uhvxowv duh glvfxvvhg lq
vhfwlrq 818/ zkloh wkh frqfoxvlrqv ri wkh fkdswhu duh jlyhq lq vhfwlrq 8191
Lq Fkdswhu 9/ wkh frqfoxvlrqv ri wkh zrun duh jlyhq1 Lq Dsshqgl{ D/ dq rxwolqh ri wkh

Ehuqvwhlq dssurdfk iru wkh xqlyduldwh fdvh lv jlyhq1



Wklv lv sdjh :
Sulqwhu= Rsdtxh wk

5
Dq lpsuryhg Wd|oru0Ehuqvwhlq irup iru kljkhu
rughu frqyhujhqfh

514 Lqwurgxfwlrq
Dv vhhq lq Fkdswhu 4/ lq wkh lqwhuydo dqdo|vlv olwhudwxuh wkhuh lv d odfn ri kljkhu rughu lqfoxvlrq
ixqfwlrq irupv wkdw duh sudfwlfdoo| h�hfwlyh/ hyhq iru orz wr phglxp glphqvlrqdo sureohpv1
Lq wklv fkdswhu/ zh dwwhpsw wr �oo lq wklv jds e| sursrvlqj dq lqfoxvlrq ixqfwlrq irup

kdylqj wkh kljkhu rughu frqyhujhqfh surshuw| iru pxowlglphqvlrqdo ixqfwlrqv1 Wkh sursrvhg
lqfoxvlrq ixqfwlrq irup xvhv Ehuqvwhlq sro|qrpldov iru erxqglqj wkh udqjh ri wkh sro|qrpldo
rewdlqhg iurp wkh Wd|oru irup ri wkh ixqfwlrq i 1 Wkh Ehuqvwhlq irup ^<` lv frpelqhg zlwk wkh
Wd|oru irup ^63` wr rewdlq wkh uhvxowlqj vr0fdoohg Wd|oru0Ehuqvwhlq +WE, irup dv dq lqfoxvlrq
ixqfwlrq irup ri i= Wkh sursrvhg WE irup kdv vrph lpsruwdqw sudfwlfdo gl�huhqfhv lq wkh
zd| lw lv frqvwuxfwhg iurp wkh WE irup ri Olq dqg Urnqh ^4<`1 Vshfl�fdoo|/ wkh udqjh ri
sro|qrpldo sduw ri Wd|oru h{sdqvlrq lv frpsxwhg lq wkh iruphu xvlqj Ehuqvwhlq vxeglylvlrq/
dqg d yhuwh{ frqglwlrq fkhfn lv grqh rq hyhu| vxeglylvlrq1
Ixuwkhu/ zh dovr qxphulfdoo| whvw dqg frpsduh wkh kljkhu rughu frqyhujhqfh ehkdylru ri

wkh lpsuryhg WE irup zlwk wkrvh ri Olq dqg Urnqh*v WE irup dqg wkh Wd|oru prgho1 Iru
wkh whvwlqj/ zh frqvlghu vl{ ehqfkpdun h{dpsohv zlwk glphqvlrqv ydu|lqj iurp rqh wr vl{/
dqg h{dplqh frqyhujhqfh rughuv xs wr qlqh1
Wkh uhvw ri wklv fkdswhu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 515/ zh rxwolqh wkh hvvhqwldov ri

wkh Ehuqvwhlq irup/ Wd|oru irup/ dqg WE irup ri Olq dqg Urnqh1 Lq vhfwlrq 516/ zh sursrvh
dq lpsuryhg WE irup wkdw lv pruh h�hfwlyh lq sudfwlfh1 Lq vhfwlrq 517/ zh qxphulfdoo| whvw
dqg frpsduh wkh kljkhu rughu frqyhujhqfh ehkdylru ri wkh lpsuryhg WE irup zlwk wkdw ri
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wkh WE irup ri Olq dqg Urnqh/ dqg dovr zlwk wkdw ri wkh Wd|oru prgho1 Lq vhfwlrq 518/ zh
vxppdul}h wkh rewdlqhg whvw uhvxowv1 Lq vhfwlrq 519/ zh gudz wkh frqfoxvlrqv ri wkh fkdswhu1

515 Ehuqvwhlq/ Wd|oru/ dqg WE irupv
51514 Wkh Ehuqvwhlq irup
Wkh Ehuqvwhlq irup kdv hvwdeolvkhg lwvhoi dv dq lpsruwdqw wrro iru �qglqj erxqgv rq wkh udqjh
ri pxowlyduldwh sro|qrpldov/ vhh/ iru lqvwdqfh/ ^44`/ ^66` dqg wkh uhihuhqfhv flwhg wkhuhlq1 Dq
lqwurgxfwlrq wr wkh Ehuqvwhlq irup lv jlyhq lq wkh errn ^63`1 Wkh vdolhqw ihdwxuhv ri wkh
Ehuqvwhlq irup dssurdfk duh=

41 Wkh frpsxwdwlrq ri wkh erxqgv frqyh|v wkh lqirupdwlrq derxw wkh vkdusqhvv ri wkhvh
erxqgv1

51 Wkh dssurdfk dyrlgv ixqfwlrqdo hydoxdwlrqv zklfk pljkw eh frvwo| li wkh ghjuhh ri wkh
sro|qrpldo lv kljk1

61 Zkhq elvhfwlqj d er{ dqg dsso|lqj wkh Ehuqvwhlq irup wr rqh ri wkh wzr vxeer{hv wr
jhw dq hqforvxuh iru wkh udqjh ryhu wklv vxeer{/ zh rewdlq zlwkrxw dq| h{wud frvw dq
hqforvxuh iru wkh udqjh ryhu wkh rwkhu vxeer{1

71 Iru vx!flhqwo| vpdoo er{hv wkh Ehuqvwhlq irup jlyhv wkh h{dfw udqjh1
Lq wklv vxevhfwlrq/ zh iroorz wkh qrwdwlrq lq ^44`1 Ohw o eh wkh qxpehu ri yduldeohv dqg { @

+{ � > = = = > { � , 5 ? � 1 D pxowl0lqgh{ L lv dq rughuhg o0wxsoh ri qrq0qhjdwlyh lqwhjhuv L @ +l � > = = = > l � ,1
Iru wzr jlyhq pxowl0lqglfhv L>Q zh zulwh L � Q li 3 � l 7 � q 7 > n @ 4> = = = > o1 Zlwk L @
+l � > = = = > l 8 4�� > l 8 > l 8 % � > = = = > l � ,zh dvvrfldwh lqgh{ L 8(9 7 jlyhq e| L 8�9 7 @ +l � > = = = > l 8 4�� > l 8 . n> l 8 % � > = = = > l � ,
zkhuh 3 � l 8 . n � q 8 1 Dovr/ zh zulwh � : ; � iru � <>=? = � = = = � <A@? @ �1
Zh fdq h{sdqg d jlyhq pxowlyduldwh sro|qrpldo lqwr Ehuqvwhlq sro|qrpldov wr rewdlq

erxqgv iru lwv udqjh ryhu dq o0glphqvlrqdo er{ [1 Zlwkrxw orvv ri jhqhudolw|/ frqvlghu wkh
xqlw er{ X @ ^3> 4` � vlqfh dq| qrqhpsw| er{ [ ri ? � fdq eh pdsshg d!qho| rqwr wklv er{1
Ohw s +{, eh d pxowlyduldwh sro|qrpldo lq o yduldeohv zlwk uhdo frh!flhqwv1 Ghqrwh e|

Q @ +q � > = = = > q � , wkh wxsoh ri pd{lpxp ghjuhhv vr wkdw q 7 lv wkh pd{lpxp ghjuhh ri { 7 lq
s +{, iru n @ 4> = = = > o1 Ghqrwh e| V @ iL = L � Qj wkh vhw frqwdlqlqj doo wkh wxsohv iurp ? �
zklfk duh cvpdoohu wkdq ru htxdo* wr wkh wxsoh Q ri pd{lpxp ghjuhhv1 Wkhq/ zh fdq zulwh
dq duelwudu| o0yduldwh sro|qrpldo s lq wkh irup

s +{, @ [;CBED d ; {
;
> { 5 ? � +514,
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zkhuh iru { @ +{ � > = = = > { � , 5 ? � zh vhw {
;
@ { ? =� { ?"FG = = = { ? @� / zkhuh d ; 5 ? uhsuhvhqwv wkh

fruuhvsrqglqj frh!flhqw wr hdfk {
; 5 ? ; =Zh uhihu wr Q dv wkh ghjuhh ri s1 Wkh L H�I Ehuqvwhlq

sro|qrpldo ri ghjuhh Q lv gh�qhg dv
E :; +{, @ E < =? = +{ � , = = = E < @? @ +{ � , { 5 ? �

zkhuh/ iru lJ @ 3> = = = > qJ > m @ 4> = = = > o
E <LK? K +{J , @

�qJ
lJ
�
{
? KJ +4� {J , <MK 4 ? K

Wkh Ehuqvwhlq frh!flhqwv e ; +X, ri s ryhu wkh xqlw er{ X duh jlyhq e|

e ; +X, @ [
NEO ;

�
;
N �

� : N �d N > L 5 V

Wkxv/ wkh Ehuqvwhlq irup ri d pxowlyduldwh sro|qrpldo s lv gh�qhg e|
s +{, @ [;CBED e ; +X,E :; +{,

Wkh Ehuqvwhlq frh!flhqwv duh froohfwhg lq dq duud| E +X, @ +e ; +X,, ;
BED / fdoohg d sdwfk1 Edvhg
rq wkh deryh/ zh fdq kdyh dq dojrulwkp iru �qglqj d sdwfk ri Ehuqvwhlq frh!flhqwv1
Dojrulwkp Sdwfk = E +X, @Sdwfk+[> d ; ,
Lqsxwv= D er{ [/ d sro|qrpldo s dv lq +514, ri ghjuhh Q lq o0yduldeohv zlwk frh!flhqwv d ; =
Rxwsxwv= D sdwfk E +X, ri Ehuqvwhlq frh!flhqwv ri s rq X1
EHJLQ Dojrulwkp
41 Wudqvirup wkh sro|qrpldo s +zlwk frh!flhqwv d ; , rq [ wr d sro|qrpldo rq X1 Ghqrwh

wkh frh!flhqwv ri wkh odwwhu dv d P ; =
51 Ilqg wkh Ehuqvwhlq frh!flhqwv ri s rq X dv

e ; +X, @ [
NEO ;

�
;
N �

� : N �d P N > L 5 V

61 Uhwxuq wkh sdwfk E +X, @ +e ; +X,, ;
BED 1
HQG Dojrulwkp
Wkh iroorzlqj uhvxow ghvfulehv wkh udqjh hqforvxuh surshuw| ri wkh Ehuqvwhlq frh!flhqwv1

Ohppd 514 ^8` = Ohw s eh d sro|qrpldo ri ghjuhh Q> dqg ohw �s +[, ghqrwh wkh udqjh ri s
rq wkh jlyhq grpdlq [1 Wkhq/ wkh iroorzlqj surshuw| krogv iru d sdwfk E +X, ri Ehuqvwhlq
frh!flhqwv =

�s +[, � ^plqE +X, >pd{E +X,`
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Zh fdq �qg dq hqforvxuh ri wkh udqjh ri wkh pxowlyduldwh sro|qrpldo s rq[ e| wudqviruplqj
wkh sro|qrpldo lqwr Ehuqvwhlq irup1 Wkhq/ e| Ohppd 514/ wkh frh!flhqwv ri wkh h{sdqvlrq
lq wkh Ehuqvwhlq irup surylgh orzhu dqg xsshu erxqgv iru wkh udqjh1
Wkh rewdlqhg udqjh hqforvxuh fdq eh ixuwkhu lpsuryhg hlwkhu e| ghjuhh hohydwlrq ri wkh

Ehuqvwhlq sro|qrpldo ru e| vxeglylvlrq1 Wkh vxeglylvlrq vwudwhj| lv jhqhudoo| pruh h!flhqw
wkdq wkh ghjuhh hohydwlrq vwudwhj| ^<` dqg lv wkhuhiruh suhihuuhg1
Ohw G eh dq| vxeer{ ri X jhqhudwhg e| elvhfwlrq/ dqg vxssrvh wkh sdwfk E +G, kdv

ehhq douhdg| frpsxwhg1 Ixuwkhu vxssrvh G lv elvhfwhg dorqj wkh u0wk frpsrqhqw gluhfwlrq
+4 � u � o, wr surgxfh wzr ixuwkhu vxeer{hv G Q dqg G R jlyhq e|

G Q @ �g � > �g � �� = = =� ^g 8 >p +g 8 ,`� = = =� �g � > �g � �
G R @ �g � > �g � �� = = =� �p +g 8 , > �g 8 �� = = =� �g � > �g � �

Wkhq/ wkh sdwfkhv E +G Q , dqg E +G R , fdq eh rewdlqhg iurp E +G, e| h{hfxwlqj wkh iroorzlqj
dojrulwkp1
Dojrulwkp Vxeglylvlrq = ^E +G Q , > E +G R , >G Q >G R ` @ VG+G>E +G, > u,
Lqsxwv= Wkh er{ G �X> lwv sdwfk E +G,/ dqg d frpsrqhqw gluhfwlrq u +4 � u � o, lq zklfk

G lv wr eh elvhfwhg1
Rxwsxwv= Vxeer{hv G Q dqg G R / zlwk uhvshfwlyh sdwfkhv E +G Q , dqg E +G R ,
EHJLQ Dojrulwkp
41 Elvhfw G dorqj wkh u0wk frpsrqhqw gluhfwlrq wr surgxfh wkh wzr vxeer{hv G Q dqg G R 1
51 Frpsxwh sdwfk E +G Q , dv iroorzv1

+d, Vhw = E # S ' +G,# E +G,
+e, IRU n @ 4> = = = > q 8 GR

e
# 7 '; +G, @

;
?

=
e
# 7 4��('; +G, = l 8 ? n�G qe

# 7 4��('; T�U V = +G, . e
# 7 4��('; +G,

r
= l 8 � n

Wr rewdlq wkh qhz frh!flhqwv/ zh dsso| irupxod jlyhq deryh iru lJ @ 3> = = = > qJ > m @
4> = = = > u� 4> u . 4> = = = > o1

+f, Vhw = E +G Q ,# E # < T0' +G,
61 Ilqg sdwfk E +G R , iurp lqwhuphgldwh ydoxhv lq deryh vwhs/ dv iroorzv

+d, IRU n @ 3 wr q 8 GR
e ? = 9 W W W 9 < T/4 7 9 W W W 9 ? @ +G R , @ e

# 7 '? = 9 W W W 9 < T�9 W W W 9 ? @ +G,
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+e, Vhw = E +G R ,# +e ; +G R ,, ;
BED

71 UHWXUQ G Q / G R / E +G Q , dqg E +G R ,

HQG Dojrulwkp
Wkh iroorzlqj uhvxow jlyhv d frqglwlrq fdoohg wkh yhuwh{ frqglwlrq/ zklfk fdq eh xvhg wr

yhuli| li wkh hqforvxuh jlyhq e| wkh Ehuqvwhlq frh!flhqwv lv wkh udqjh1
Ohppd 515 ^8` = Ohw s eh d sro|qrpldo ri ghjuhh Q 1 Ohw E +X, eh d sdwfk rq X1 Wkhq/

�s +X, @ ^plqE +X, >pd{E +X,`
/ plqE +X, uhvs1 pd{E +X, rffxuv dw vrph L 5 V S

zkhuh/ V S lv d vshfldo vxevhw ri wkh lqgh{ vhw V gh�qhg e|

V S @ i3> q � j � = = =� i3> q � j
Wkh deryh yhuwh{ frqglwlrq dovr krogv iru dq| vxeer{ G �X/ vhh ^55`1 Frpelqlqj wkh wrro

ri Ehuqvwhlq vxeglylvlrq dqg wkh yhuwh{ frqglwlrq/ zh fdq uhshdwhgo| lpsuryh wkh erxqgv wloo
wkh| duh h{dfw/ l1h1/ wloo wkh yhuwh{ frqglwlrq lv vdwlv�hg rq hyhu| vxeglylvlrq1 Wklv ohdgv wr
wkh iroorzlqj dojrulwkp iru frpsxwlqj wkh udqjh ri s rq [=
Dojrulwkp Erxqghu = �s +[, @ Erxqghu+[> d ; ,
Lqsxwv= D er{[/ d sro|qrpldo s dv lq +514, ri ghjuhhQ lq o0yduldeohv dqg kdylqj frh!flhqwv

d ; =
Rxwsxwv= Wkh udqjh �s +[,1
EHJLQ Dojrulwkp

41 +Frpsxwh sdwfk E +X, , H{hfxwh Dojrulwkp Sdwfk

E +X, @ Sdwfk +[> d ; ,

51 +Lqlwldol}h olvwv, Vhw O # i+X>E +X,,j > O X(Y � # ij1
61 +Vhohfw lwhp iru surfhvvlqj, Li O lv hpsw|/ jr wr vwhs :1 Rwkhuzlvh/ slfn wkh �uvw lwhp

iurp O> ghqrwh lw dv +G> E +G,,/ dqg ghohwh wkh lwhp hqwu| iurp O1
71 +Fkhfn yhuwh{ frqglwlrq rq sdwfk, Li +G>E +G,, vdwlv�hv wkh yhuwh{ frqglwlrq lq Ohppd

515/ wkdw lv/ li plqE +G, uhvs1 pd{E +G, rffxuv dw vrph L 5 V S > hqwhu wkh lwhp lq olvwO X(Y � dqg uhwxuq wr suhylrxv vwhs1
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81 +Vxeglylgh dqg �qg qhz sdwfkhv, H{hfxwh Dojrulwkp Vxeglylvlrq
^E +G Q , >E +G R , >G Q >G R ` @ VG +G>E +G, > u,

zkhuh/ u lv fkrvhq wr ydu| f|folfdoo| � iurp 4 wr o1
91 +Dgg qhz hqwulhv wr olvw, Hqwhu wkh qhz lwhpv +G Q >E +G Q ,, dqg +G R >E +G R ,, dw hqg

ri olvw O/ dqg uhwxuq wr vwhs 61
:1 +Frpsxwh wkh sro|qrpldo udqjh, Frpsxwh wkh udqjh �s +[, dv wkh plqlpxp wr pd{l0

pxp ryhu doo wkh vhfrqg hqwulhv ri wkh lwhpv suhvhqw lq olvw O X�Y � 1
;1 UHWXUQ �s +[, =

HQG Dojrulwkp

51515 Wkh Wd|oru irup
Lq wklv vxevhfwlrq/ zh �uvw lqwurgxfh vrph ixuwkhu qrwdwlrq dv lq ^63`1 Ohw

� @ i� � > = = = > � � j > m�m @ � � . ===. � � > �$ @ � � $ = = = � � $> G Z i +{, @ C Z = % W W W % Z @ i +{,
C{ Z =� = = = C{ Z @� +515,

Ohw L +[, eh wkh vhw ri doo er{hv frqwdlqhg lq [1 Ohw wkh zlgwk ri dq lqwhuydo [ eh gh�qhg
dv z +[, @ pd{[ � plq[ li [ 5 L +?, > dqg dv z +[, @ pd{ iz +[ � , > = = = > z +[ � ,j > li
[ 5 L �? � �1 Ohw wkh plgsrlqw ri dq lqwhuydo [ eh gh�qhg dv p +[, @ +plq[.pd{[, @5 li
[ 5 L +?, > dqg dv p +[, @ ip +[ � , > = = = >p +[ � ,j > li [ 5 L �? � �1 Ohw �i +[, ghqrwh wkh udqjh
ri i rq [1 D ixqfwlrq I = L +[, $ L +?, lv dq lqfoxvlrq ixqfwlrq iru i / li �i +\, � I +\,
iru doo \ 5 L +[,1 Dq lqfoxvlrq ixqfwlrq I iru i lv vdlg wr kdyh frqyhujhqfh rughu �> li
z+I +\,,�z+i+\,, � Oz+\, � iru doo \ 5 L +[, > zkhuh O dqg � duh srvlwlyh frqvwdqwv1
Ohw i = [ $ ? eh d ixqfwlrq wkdw lv p . 4 wlphv gl�huhqwldeoh rq [1 Wkhq/ wkh Wd|oru

h{sdqvlrq ri i ri rughu p lv jlyhq dv

i +{, @ i +f, .
$
[
[ Z [ \ �

G Z i +f,
�$ +{� f, Z

� ~} �] # ^ '

. [
[ Z [ \ $_% �

i # Z ' +�,
�$ +{� f,

$3% �
� ~} �8 # ^ '

> { 5 [ +516,

zkhuh/ f @ p +[, dqg � 5 [1 Zh fdoo s +{, wkh sro|qrpldo sduw dqg u +{, wkh uhpdlqghu sduw
ri wkh Wd|oru h{sdqvlrq1
�����
���`� ��a 8 10�0.�� 	!�`�"���0.��)� �
2_� .)�0� � ���
.���

20� � 9 �0�
+b�)�
	��c�020�0� �c� .)�0� � ���
.���

20� � 9 �0�
+c�)�_�0�M6Ede	!�)� +
	!�`��fC�� � �!�� aE�0�)�
	�.���).)���)	�20� 	!��� �0.��)
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Dvvxph dq lqfoxvlrq ixqfwlrq ri +p. 4,0wk ghulydwlyh ri i h{lvwv dqg lv erxqghg/ dqg
ixuwkhupruh wkdw lw kdv wkh lvrwrqlflw| surshuw| ^63`1 Wkhq/ wkh fruuhvsrqglqj Wd|oru irup ri
rughu p> ghqrwhg e| I n�o�p � Y 8 / fdq eh h{suhvvhg dv ^4<` =

I n�o�p � Y 8 +[, @ �s +[, .U +[, +517,

zkhuh �s +[, lv wkh udqjh ri wkh sro|qrpldo sduw s +{, rq [/ dqg U +[, lv dq| lqfoxvlrq iru
wkh udqjh ri wkh uhpdlqghu sduw u +{, rq [1 Olq dqg Urnqh ^4<` vkrz wkdw wkh Wd|oru irup
kdv frqyhujhqfh rughu p. 41
Wkhruhp 516 ^4<` Dvvxph wkdw wkh Wd|oru irup ri rughu p lv dv gh�qhg deryh1 Wkhq/

i+[, � I n�o0p � Y 8 +[,
z+I n�o�p � Y 8 +[,,�z+i+[,, @ R+z+[,

$3% � , +518,

51516 Wkh WE irup ri Olq dqg Urnqh
Wkh Wd|oru irup surylghv dq hqforvxuh iru wkh udqjh ri i ryhu [ zlwk frqyhujhqfh rughu
p.41 Krzhyhu/ lw uhtxluhv wkh frpsxwdwlrq ri wkh udqjh ri d pxowlyduldwh sro|qrpldo �s +[,1
Olq dqg Urnqh ^4<` sursrvhg dq dojrulwkp wkdw xvhv Ehuqvwhlq irup wr �qg d +jhqhudoo| qrq0
vkdus, hqforvxuh ri �s +[,/ vr wkdw wkh uhvxowlqj WE irup/ vwloo srvvhvvhv wkh surshuw| ri p.4
frqyhujhqfh rughu jlyhq e| +518,1
Zh jlyh ehorz wkh Olq dqg Urnqh dojrulwkp iru �qglqj dq hqforvxuh ri wkh udqjh ri i rq

[= Qrwh wkdw wklv dojrulwkp xvhv wkh Wd|oru irup ri rughu p dqg Ehuqvwhlq sro|qrpldov ri
vx!flhqwo| kljk ghjuhh Q P jlyhq e| +51:, ehorz/ dqg wkdw d jhqhudoo| qrq0vkdus hqforvxuh ri
wkh udqjh ri wkh sro|qrpldo sduw s ri Wd|oru h{sdqvlrq lv frpsxwhg dqg xvhg1
Dojrulwkp OU ^4<` = I q>r +[, @ OU+[> i>p,
Lqsxwv= Wkh er{ [> dq h{suhvvlrq iru wkh ixqfwlrq i / dqg wkh rughu p ri Wd|oru irup wr eh

xvhg1
Rxwsxw= Dq hqforvxuh I q>r +[, ri wkh udqjh ri i rq [1

41 Iru wkh jlyhq ixqfwlrq i / frpsxwh wkh frh!flhqwv ri s lq +516, dqg dovr wkh uhpdlqghu
lqwhuydo U +[, = Wklv pd| eh grqh dxwrpdwlfdoo| rq d frpsxwhu htxlsshg zlwk lqwhuydo
dulwkphwlf xvlqj Prruh*v uhfxuvlyh whfkqltxh iru Wd|oru frh!flhqwv frpsxwdwlrq/ vhh
^56`/ ^57`1

51 Uhodwh wkh rewdlqhg Wd|oru frh!flhqwv wr wkrvh ri wkh srzhu irup lq +514,/ dqg ghqrwh
wkh frh!flhqwv lq wklv irup dv d ; 1
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61 Frpsxwh wkh o0wxsoh ri lqglfhv G jlyhq e|
G @ +g � > = = = > g � , > zkhuh g � > = = = > g � � ^4@z +[,`

$3% � +519,
dqg wkhq wkh o0wxsoh ri lqglfhv Q P jlyhq e|

Q P @ �q P � > = = = > q P � � > zkhuh q P 7 @ pd{ iq 7 > g 7 j > n @ 4> = = = > o +51:,
dqg frqvwuxfw V P @ iL = L � Q P j1

71 Ilqg d sdwfk E +X, ri Ehuqvwhlq frh!flhqwv ri s rq X e| h{hfxwlqj Dojrulwkp Sdwfk =
E +X, @Sdwfk+[> d ; , zlwk V P xvhg lq sodfh ri V lq wklv Dojrulwkp1 Wkhq/ frpsxwh dq
hqforvxuh iru wkh udqjh ri �s +[, dv

E s @ ^plqE +X, >pd{E +X,` +51;,

81 Frpsxwh dq hqforvxuh iru wkh udqjh ri i ryhu [ dv
I q>r +[, @ E s .U +[, +51<,

91 UHWXUQ I q>r +[, =

HQG Dojrulwkp
Olq dqg Urnqh ^4<` vkrzhg wkdw wkh WE irup frpsxwhg lq wkh deryh dojrulwkp uhwdlqv wkh

surshuw| ri p. 4 frqyhujhqfh rughu vkrzq e| wkh Wd|oru irup=
Wkhruhp 517 ^4<` Ohw I q>r +[, eh dv frpsxwhg lq Dojrulwkp OU1 Wkhq/

i+[, � I q>r +[,
z+I q>r +[,,�z+i+[,, @ R+z+[,

$3% � ,

516 Sursrvhg lpsuryhg WE irup
Dv vhhq iurp +519,/ G ehfrphv odujh txlwh txlfno| dv z +[, ehfrphv vpdoohu/ ohdglqj wr kljk
ghjuhhv Q P  Q ri wkh Ehuqvwhlq sro|qrpldov lq +51:,1 Dv d frqvhtxhqfh/ wkh Ehuqvwhlq vwhs
ri Dojrulwkp OU ehfrphv yhu| frpsxwdwlrqdoo| lqwhqvlyh dv wkh grpdlq lqwhuydov vkulqn lq
zlgwkv1
Zh wkhuhiruh sursrvh dq dojrulwkp wkdw xvhv d gl�huhqw Ehuqvwhlq vwhs edvhg rq Ehuqvwhlq

sro|qrpldov ri ghjuhh Q +qrwh wkdw Q lv wkh plqlpxp ghjuhh ri Ehuqvwhlq sro|qrpldov zh
fdq srvvleo| xvh, dqg lv htxlsshg zlwk wkh wrrov ri vxeglylvlrq dqg yhuwh{ frqglwlrq fkhfnv1



516 Sursrvhg lpsuryhg WE irup 48

Zh ixuwkhu sursrvh wr xvh lq vwhs 4 ri rxu dojrulwkp/ wkh Wd|oru prgho whfkqltxh ri Ehu}
hw do1 ^6`/ ^53` iru frpsxwlqj wkh Wd|oru frh!flhqwv lq sdudooho zlwk wkh uhpdlqghu lqwhuydo1
Ehu} hw do1 kdyh vkrzq wkdw wkh Wd|oru prgho whfkqltxh lv pruh frpsxwdwlrqdoo| h!flhqw dqg
jlyhv wljkwhu uhvxowv wkdq d gluhfw lpsohphqwdwlrq ri Prruh*v uhfxuvlyh whfkqltxhv1
Wkh dojrulwkp sursrvhg ehorz frpsxwhv dq hqforvxuh iru wkh udqjh ri i rq [ xvlqj wkh

Wd|oru irup ri rughu p dqg Ehuqvwhlq sro|qrpldov ri ghjuhh Q 1 Zh hpskdvl}h wkdw wkh
udqjh ri sro|qrpldo sduw ri Wd|oru h{sdqvlrq lv frpsxwhg lq wklv dojrulwkp xvlqj Ehuqvwhlq
vxeglylvlrq/ dqg d yhuwh{ frqglwlrq fkhfn lv grqh rq hyhu| vxeglylvlrq1
Dojrulwkp WE = I n R +[, @ WE +[> i>p,
Lqsxwv= Wkh er{ [> dq h{suhvvlrq iru wkh ixqfwlrq i / dqg wkh rughu p ri Wd|oru irup wr eh

xvhg1
Rxwsxw= Dq hqforvxuh I n R +[, ri wkh udqjh ri i rq [1

41 Iru wkh jlyhq ixqfwlrq i / frpsxwh Wd|oru frh!flhqwv ri s lq +516, lq sdudooho zlwk wkh
uhpdlqghu lqwhuydo U +[, xvlqj wkh Wd|oru prgho whfkqltxh ri Ehu} hw do1 ^6`1

51 Uhodwh wkh rewdlqhg Wd|oru frh!flhqwv wr wkrvh ri wkh srzhu irup lq +514,/ dqg ghqrwh
wkh frh!flhqwv lq wklv irup dv d ; 1

61 Ilqg wkh udqjh �s +[, rq [ xvlqj Dojrulwkp Erxqghu =

�s +[, @ Erxqghu +[> d ; , +5143,

71 Xvlqj U +[, rewdlqhg lq vwhs 4 dqg �s +[, rewdlqhg lq vwhs 6/ frpsxwh dq hqforvxuh iru
wkh udqjh ri i ryhu [ dv

I n R +[, @ �s +[, .U +[, +5144,

81 UHWXUQ I n R +[, =

HQG Dojrulwkp
Lw lv wulyldo wr vkrz wkdw wkh WE irup frpsxwhg lq wkh sursrvhg dojrulwkp dovr kdv wkh

surshuw| ri p. 4 frqyhujhqfh rughu =
Wkhruhp 518 Ohw I n R +[, eh dv frpsxwhg lq Dojrulwkp WE1 Wkhq/

i+[, � I n R +[,
z+I n R +[,,�z+i+[,, @ R+z+[, $3% � ,

Surri1 AIurp +517, dqg +5144,/ I n R lv d Wd|oru irup I n�o�p � Y 8 1 Qrz dsso| Wkhruhp 5161
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517 Qxphulfdo whvwv
Zh qxphulfdoo| lqyhvwljdwh wkh kljkhu rughu frqyhujhqfh surshuw| ri wkh deryh lqfoxvlrq
ixqfwlrq irupv rq vrph ehqfkpdun h{dpsohv1 Wkh vhohfwhg h{dpsohv duh ri orz wr phglxp
glphqvlrqv1 Iru doo rxu frpsxwdwlrqv/ zh xvh d SF2Shqwlxp LLL ;33 PK} 589 PE UDP
pdfklqh zlwk d IRUWUDQ <3 frpslohu/ dqg yhuvlrq ;=4 ri wkh FRV\0LQILQLW\ sdfndjh ri
Ehu} hw do1 ^5`/ ^48`1 Zh dovr lqyhvwljdwh wkh shuirupdqfh ri wkh Wd|oru prgho dv dq lqfoxvlrq
ixqfwlrq irup lq wkhvh h{dpsohv1
Lq hdfk h{dpsoh/ zh frpsxwh wkh lqwhuydov
I nut +[, 0 xvlqj Wd|oru prgho ri Ehu} hw do1 ^53`/ frpsxwhg zlwk wkh FRV\0LQILQLW\

sdfndjh1
I q>r +[, 0 xvlqj WE irup ri Olq dqg Urnqh1
I n R +[, 0 xvlqj wkh sursrvhg WE irup1
I ? <M<wv 8 +[, 0 xvlqj lqqhu hvwlpdwhv ri wkh udqjh frpsxwhg zlwk wkh zhoo0nqrzq Prruh0

Vnhoerh rswlpl}dwlrq dojrulwkp ri lqwhuydo dqdo|vlv +vhh/ iru lqvwdqfh/ ^64`,1
Ohw [ @ ^d> e` >\ @ ^f> g` eh dq| wzr lqwhuydov1 Wkhq/ iroorzlqj ^9`/ dv d phdvxuh ri wkh

ryhuhvwlpdwlrq zh xvh wkh Kdxvgru� phwulf
K +[>\, @ m^d> e` > ^f> g`m @ pd{ imd� fm > me� gmj

Frqvlghu d vhtxhqfh ri qhvwhg lqwhuydov �
[
# ? ' � = Zh zlvk wr �qg dqg frpsduh iru hdfk

irup/ wkh uhgxfwlrq lq ryhuhvwlpdwlrq zlwk ghfuhdvh lq wkh grpdlq lqwhuydo zlgwkv1 Frqvlghu
�uvw wkh irup I nut 1 Ohw

Knut �
[
# ? 4���' � =@ K� �i+[

# ? 4��(' ,> I nut
�
[
# ? 4��(' �� +5145,

Dv d phdvxuh ri wkh uhgxfwlrq lq ryhuhvwlpdwlrq rewdlqhg zlwk irup I nut ryhu vxffhvvlyh
qhvwhg lqwhuydov [ # ? 4��(' dqg [

# ? ' > zh xvh wkh udwlr

U nut �
[
# ? 4��(' >[ # ? ' � =@ K nut �

[
# ? 4��(' �

K nut �
[
# ? ' � @ K � �i+[ # ? 4���' ,> I nut �

[
# ? 45��' ��

K � �i+[ # ? ' ,> I nut �
[
# ? ' ��

Gh�qh
U s �[ # ? 4��(' >[ # ? ' � =@

#z �
[
# ? 4��(' �

z �
[
# ? ' �

$ $_% �

Li I nut lv dq lqfoxvlrq ixqfwlrq irup kdylqj frqyhujhqfh rughu p. 4> wkhq
U nut �

[
# ? 4��(' >[ # ? ' �$U s �[ # ? 4���' >[ # ? ' � +5146,

+zkhuh wkh whqglqj lv iurp deryh, iru �vpdoo� hqrxjk z �
[
# ? 4��(' � > z �

[
# ? ' �1
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Lq sudfwlfh/ wkh h{dfw udqjh �i lv jhqhudoo| gl!fxow wr frpsxwh/ vr wkh ryhuhvwlpdwlrq fdq
eh jhqhudoo| irxqg uhodwlyh rqo| wr vrph lqqhu hvwlpdwh I ? <M<Mv 8 ri wkh udqjh1 Krzhyhu/ zh
fdq hdvlo| vkrz wkdw li wkh +p. 4,0 wk frqyhujhqfh rughu surshuw| krogv uhodwlyh wr I ? <M<wv 8 >
wkhq lw lpsolhv wkdw wkh vdph krogv uhodwlyh wr wkh h{dfw udqjh �i 1 Wkdw lv/ lw lv vx!flhqw li zh
fdq vkrz wkh +p. 4,0 wk frqyhujhqfh rughu surshuw| zlwk I ? <M<wv 8 xvhg lq sodfh ri �i lq deryh
gh�qlwlrqv1 Wr dyrlg lqwurgxflqj pruh qrwdwlrq/ lq wkh vhtxho zh xvh wkh txdqwlwlhv jlyhq lq
+5145, wkurxjk +5146,/ zlwk I ? <M<wv 8 uhsodflqj �i wkurxjkrxw1
Vlploduo|/ zh fdq gh�qh K q>r > K n R >U q>r >U n R iru wkh irupv I q>r dqg I n R 1 Iru euhylw| ri

qrwdwlrq/ zh gurs wkh dujxphqwv [ # ? 45��' >[ # ? ' ri doo K dqg U1
H{dpsoh 514 Julwwrq*v vhfrqg sureohp lq Fkhplfdo Hqjlqhhulqj ^4;`= Wkh 4�glp ixqfwlrq
lv
i+{, @ �6:4=<6958� :<4=5798989 � {. 7377=<77476 � { G . <:;=46:849: � { x

�4987:=;<5; � { y . 55473=:5;5: � { z � <659=87<68< � { { � 684;=869;:5 � { |
.7:;5=8655<9 � { } � 45;4=7:<77 � { ~ � 5;6=7768;:8 � { � S . 535=95:3<48 � { �0�
�49=4:<4678< � { � G � ;=;;636<35 � { � x . 4=8:88;34:6 � { � y . 3=4578<<3;7; � { � z
�3=368;<47;955 � { � { � 3=3334<843<88:9 � { � | . 3=33355:79;555< � { � }

Wkh grpdlq lv [
# ? ' @ ��4 . 5 4 ? ^�4> 4`�1

H{dpsoh 515 Mhqqulfk dqg Vdpsvrq ixqfwlrq ^59/ sureohp 9`1 Wkh 5� glp ixqfwlrq lv

i+{, @
� S[
? \ � i

? +{, G > i ? +{, @ 5 . 5l� +h{s+l{ � , . h{s+l{ G ,,

Wkh grpdlq lv [
# ? ' @ ��4 . 5 4 ? ^�4> 4`� G 1

H{dpsoh 516 Ohy| ixqfwlrq ^65/ Sureohp O;/ ss1 537` Wkh 6�glp ixqfwlrq lv

i+{, @
G

[
? \ � +|

? � 4, G +4 . 43 vlq G +�| ? % � ,, . vlq G +�| � , . +| x � 4, G >

| ? @ 4. +{ ? � 4,
7 l @ 4===6

Wkh grpdlq lv [
# ? ' @ ��45 . 5 4 ? ^�4> 4`� x 1

H{dpsoh 517 Wuljrqrphwulf ixqfwlrq ^59/ sureohp 59`1 Wkh 7� glp ixqfwlrq lv

i+{, @ y[
? \ � i

? +{, G > i ? +{, @ 7� y[
J \ � frv{J . l+4� frv{ ? ,� vlq{ ?

Wkh grpdlq lv [
# ? ' @ �4=:8 . 5 4 ? ^�4> 4`� y 1
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H{dpsoh 518 Julhzdqn ixqfwlrq ^65/ Sureohp Julhz8/ ss1 538` Wkh 8� glp ixqfwlrq lv

i+{, @ z[
? \ �

{ G?
733 � z\

? \ � frv
� { ?sl

�
. 4

Wkh grpdlq lv [
# ? ' @ ��933 . 5 4 ? ^�4> 4`� z 1

H{dpsoh 519 Wuljrqrphwulf ixqfwlrq ^59/ sureohp 59`1 Wkh 9� glp ixqfwlrq lv

i+{, @ {[
? \ � i

? +{, G > i ? +{, @ 9� {[
J \ � frv{J . l+4� frv{ ? ,� vlq{ ?

Wkh grpdlq lv [
# ? ' @ �4=:8 . 5 4 ? ^�4> 4`� { 1

Wkh uhvxowv iru h{dpsohv 514 dqg 519 zlwk wkh ydulrxv irupv duh jlyhq � lq Wdeohv 514 wr 5191
Qrwh wkdw wkh uhvxowv lq doo wkh Wdeohv duh urxqghg sxuho| iru glvsod| sxusrvhv1 Wkh dyhudjh
wlplqjv iru doo h{dpsohv duh uhsruwhg lq Wdeoh 51:1

518 Glvfxvvlrq
AIurp wkh uhvxowv jlyhq lq wkh Wdeohv/ zh revhuyh wkdw

41 Zlwk wkh Wd|oru prgho � dv dq lqfoxvlrq ixqfwlrq irup/ zh rewdlq rqo| txdgudwlf frq0
yhujhqfh lq doo sureohpv/ luuhvshfwlyh ri wkh fkrvhq Wd|oru rughu p1

51 Zlwk wkh Olq dqg Urnqh*v WE irup I q>r dv dq lqfoxvlrq ixqfwlrq irup/ lq doo fdvhv
+h{fhsw iru Wd|oru rughuv p @ 5, zh duh xqdeoh wr surfhhg diwhu mxvw rqh vxeglylvlrq/
l1h1/ zlwk l A 4/ gxh wr wkh h{fhvvlyh phpru| uhtxluhphqwv dulvlqj iurp kljk ghjuhhv
ri wkh dvvrfldwhg Ehuqvwhlq sro|qrpldov1 Iru Wd|oru rughuv p @ 5> zh duh xqdeoh wr
surfhhg diwhu mxvw wzr vxeglylvlrqv/ l1h1/ zlwk l A 5/ iru wkh vdph uhdvrq1 Wkhuhiruh/ dv
dq lqfoxvlrq irup iru rewdlqlqj kljkhu rughu frqyhujhqfh/ wkh sudfwlfdo xwlolw| ri I q>r lv
irxqg wr eh vhyhuho| uhvwulfwhg1

61 Zlwk wkh sursrvhg WE irup I n R dv dq lqfoxvlrq ixqfwlrq irup/ lq sureohpv ri xs wr
7�glp zh txlwh hdvlo| rewdlq � kljkhu rughu frqyhujhqfh ri rughuv xs wr <1 Lq sureohpv
ri 8 dqg 9� glp/ zh gr rewdlq kljkhu rughu frqyhujhqfh ri rughuv xs wr <> krzhyhu/
wkh frpsxwdwlrqdo ghpdqgv duh vrphzkdw odujh iru wkh 8� glp sureohp/ dqg ehfrph
h{fhvvlyh iru wkh 9� glp rqh1
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519 Frqfoxvlrqv 4<

519 Frqfoxvlrqv
Zh sursrvhg d qhz lqfoxvlrq ixqfwlrq irup iru pxowlglphqvlrqdo ixqfwlrqv1 Zlwk wkh sursrvhg
irup/ zh frxog txlwh hdvlo| rewdlq kljkhu rughu frqyhujhqfh +ri rughuv xs wr <, iru orz wr
phglxp glphqvlrqdo sureohpv1 Wr rxu nqrzohgjh/ lw lv shukdsv iru wkh �uvw wlph wkdw kljkhu
rughu frqyhujhqfh ri vxfk kljk rughuv kdv dfwxdoo| ehhq ghprqvwudwhg rq pxowlglphqvlrqdo
sureohpv1 Wkh qhz kljkhu rughu frqyhujhqw irup fdq eh frqvwuxfwhg rq d frpsxwhu zlwk wkh
ixoo| dxwrpdwhg dojrulwkp suhvhqwhg/ zlwkrxw dq| qhhg iru kdqg frpsxwdwlrqv1
Iru d sureohp ri kljkhu glphqvlrqv +o @ 9,/ wkh sursrvhg irup zdv irxqg wr eh frpsxwd0

wlrqdoo| lqh!flhqw1 Wklv vwurqjo| vxjjhvwv wkh qhhg iru ixuwkhu lpsuryhphqwv lq wkh sursrvhg
dojrulwkp iru ghdolqj zlwk kljkhu glphqvlrqdo +o � 9, sureohpv1
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WDEOH 5141 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg zlwk Wd|oru
prgho/ Dojrulwkp OU/ dqg Dojrulwkp WE lq H{dpsoh 514 Julwwrq +4� glp,1

Iru Wd|oru rughu p @ 5=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 4H . 9 4H . 8 5H . 7 7H . 6 <H . 5 5H . 5 9H . 4 4H . 4K q>r 4H . 9 ;H . 7 8H . 6 � � � � �Kn R 4H . 9 ;H . 7 8H . 6 8H . 5 8H . 4 9H . 3 :H � 4 4H � 4

U s � ; ; ; ; ; ; ;U nut 0 47=5 8=; 7=8 7=5 7=4 7=3 7=3U q>r � 4:=< 48=8 � � � � �
U n R � 4<=3 47=9 44=5 <=9 ;=; ;=7 ;=5

Iru Wd|oru rughu p @ 7=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut ;H . 8 ;H . 7 4H . 7 7H . 6 <H . 5 5H . 5 5H . 4 4H . 4K q>r :H . 8 5H . 7 � � � � � �Kn R :H . 8 5H . 7 9H . 5 5H . 4 8H � 4 4H � 5 8H � 7 4H � 8

U s � 65 65 65 65 65 65 65U nut � 43=; 8=3 7=4 7=3 7=3 7=3 7=3U q>r � 6;=3 � � � � � �
U n R � 6;=3 68=< 66=< 65=< 65=7 65=5 65=4
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Wdeoh 514 +frqwg1,= Iru Wd|oru rughu p @ 9=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K n�t :H . 8 :H . 7 4H . 7 7H . 6 <H . 5 5H . 5 9H . 4 4H . 4K q>r 8H . 8 6H . 5 � � � � � �K n R 4H . 8 6H . 5 5H . 3 4H � 5 ;H � 8 9H � : 8H � < 5H � 43

U s � 45; 45; 45; 45; 45; 45; 45;U nut � <=< 8=3 7=4 7=3 7=3 7=3 7=3U q>r � 46:8=3 � � � � � �U n R � 5<4=3 4:<=9 48;=; 478=6 46:=5 45;=8 55=3
Iru Wd|oru rughu p @ ;=

l 3 4 5 6 7 8 9 :
z �

[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut :H . 8 :H . 7 4H . 7 7H . 6 <H . 5 5H . 5 9H . 4 4H . 4

K q>r 5H . 8 6H . 3 � � � � � �Kn R 5H . 7 6H . 3 7H � 6 9H � 9 4H � ; 5H � 43 5H � 43 5H � 43
U s � 845 845 845 845 845 845 845U nut � <=6 7=< 7=4 7=3 7=3 7=3 7=3U q>r � 9H . 7 � � � � � �U n R � 84:3=9 ;38=; 9:4=: 8;:=: 84;=7 45=4 3=<
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WDEOH 5151 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg zlwk Wd|oru
prgho/ Dojrulwkp OU/ dqg Dojrulwkp WE lq H{dpsoh 515 Mhqqulfk dqg Vdpsvrq +5� glp,1

Iru Wd|oru rughu p @ 5=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 6H . 8 4H . 5 7H . 3 8H � 4 4H � 4 6H � 5 :H � 6 5H � 6

K q>r 6H . 8 4H . 5 5H . 3 � � � � �Kn R 6H . 8 4H . 5 5H . 3 ;H � 5 8H � 6 6H � 7 5H � 8 5H � 9
U s � ; ; ; ; ; ; ;U nut � 6H . 6 58=9 9=: 7=8 7=4 7=3 7=3U q>r � 6H . 6 83=5 � � � � �U n R � 6H . 6 7;=6 55=9 4:=4 47=9 45=: 44=4

Iru Wd|oru rughu p @ 7=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K n�t 7H . 9 :H . 4 5H . 3 8H � 4 4H � 4 6H � 5 :H � 6 5H � 6

K q>r 7H . 9 9H . 4 � � � � � �K n R 7H . 9 9H . 4 5H � 4 5H � 6 6H � 8 8H � : <H � < 5H � 43
U s � 65 65 65 65 65 65 65U nut � 9H . 7 5<=< 7=: 7=4 7=3 7=3 7=3U q>r � :H . 7 � � � � � �U n R � :H . 7 584=: 437=7 :7=7 94=< 86=: 7:=9
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Wdeoh 515 +Frqwg1, Iru Wd|oru rughu p @ 9=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut 5H . : 7H . 4 5H . 3 8H � 4 4H � 4 6H � 5 :H � 6 5H � 6K q>r 5H . : 5H . 4 � � � � � �Kn R 5H . : 5H . 4 5H � 5 7H � 8 4H � : 8H � 43 4H � 45 6H � 45

U s � 45; 45; 45; 45; 45; 45; 45;U nut � 8H . 8 49=: 7=7 7=4 7=3 7=3 7=3U q>r � ;H . 8 � � � � � �U n R � ;H . 8 4H . 6 789=; 644=5 589=5 7<8=9 3=6
Iru Wd|oru rughu p @ ;=

l 3 4 5 6 7 8 9 :
z �

[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K n�t 7H . : 5H . 4 5H . 3 8H � 4 4H � 4 6H � 5 :H � 6 5H � 6

K q>r 7H . : :H . 3 � � � � � �K n R 7H . : :H . 3 4H � 6 9H � : 8H � 43 5H � 45 5H � 45 6H � 45
U s � 845 845 845 845 845 845 845U nut � 5H . 9 ;=9 7=6 7=4 7=3 7=3 7=3U q>r � 8H . 9 � � � � � �U n R � 8H . 9 8H . 6 5H . 6 4H . 6 538=9 4=3 3=:



57 51 Dq lpsuryhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

WDEOH 5161 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg zlwk Wd|oru
prgho/ Dojrulwkp OU/ dqg Dojrulwkp WE lq H{dpsoh 516 Ohy| +6� glp,1

Iru Wd|oru rughu p @ 5=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 5H . 5 6H . 4 8H . 3 4H . 3 5H � 4 8H � 5 4H � 5 6H � 6K q>r 5H . 5 5H . 4 5H . 3 � � � � �Kn R 5H . 5 5H . 4 5H . 3 6H � 4 6H � 5 7H � 6 8H � 7 :H � 8

U s � ; ; ; ; ; ; ;U nut � 9=: 8=; 8=3 7=9 7=6 7=4 7=3U q>r � <=6 ;=: � � � � �
U n R � <=6 ;=; ;=7 ;=5 ;=4 ;=4 ;=3

Iru Wd|oru rughu p @ 7=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 45� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut 5H . 5 6H . 4 8H . 3 4H . 3 5H � 4 8H � 5 4H � 5 6H � 6K q>r 5H . 4 4H � 4 � � � � � �K n R :H . 3 4H � 4 5H � 6 7H � 8 4H � 9 6H � ; ;H � 43 5H � 44

U s � 65 65 65 65 65 65 65U nut � 9=8 8=9 8=3 7=9 7=6 7=4 7=4U q>r � 536=3 � � � � � �
U n R � :5=3 86=5 79=4 73=9 69=; 67=< 84=8



519 Frqfoxvlrqv 58

Wdeoh 516 +Frqwg1, Iru Wd|oru rughu p @ 9=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 \ G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 5H . 5 6H . 4 8H . 3 4H . 3 5H � 4 8H � 5 4H � 5 6H � 6K q�r 4H . 3 ;H � 6 � � � � � �K n R 4H . 3 ;H � 6 :9H � 8 8H � : 7H � < 5H � 44 <H � 45 <H � 45

U s � 45; 45; 45; 45; 45; 45; 45;U n�t � 9=7 8=9 8=3 7=9 7=6 7=4 7=3U q>r � 476=7 � � � � � �U n R � 476=7 468=: 465=3 463=6 4;8=7 5=59 3=<9
Iru Wd|oru rughu p @ ;=

l 3 4 5 6 7 8 9 :
z �

[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 5H . 5 6H . 4 8H . 3 4H . 3 5H � 4 8H � 5 4H � 5 6H � 6

K q>r 4H � 5 5H � 8 � � � � � �Kn R 4H � 5 5H � 8 6H � ; 7H � 44 <H � 45 43H � 45 <H � 45 <H � 45
U s � 845 845 845 845 845 845 845U nut � 9=7 8=9 8=3 7=9 7=6 7=4 7=4U q>r � :6;=; � � � � � �U n R � :6;=< :37=5 976=6 7=9 3=< 4=3 3=<



59 51 Dq lpsuryhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

WDEOH 5171 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg zlwk Wd|oru
prgho/ Dojrulwkp OU/ dqg Dojrulwkp WE lq H{dpsoh 517 Wuljrqrphwulf +7� glp,1

Iru Wd|oru rughu p @ 5=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 7H . 5 <H . 4 5H . 4 8H . 3 4H . 3 6H � 4 :H � 5 5H � 5K q>r 6H . 5 6H . 4 6H . 3 � � � � �Kn R 6H . 5 6H . 4 6H . 3 6H � 4 6H � 5 7H � 6 8H � 7 :H � 8

U s � ; ; ; ; ; ; ;U nut � 7=< 7=8 7=5 7=4 7=4 7=3 7=3U q>r � 43=8 <=8 � � � � �
U n R � 43=8 <=8 ;=; ;=7 ;=5 ;=4 ;=4

Iru Wd|oru rughu p @ 7=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K n�t 7H . 5 <H . 4 5H . 4 8H . 3 4H . 3 6H � 4 :H � 5 5H � 5K q>r 4H . 4 5H � 4 � � � � � �K n R 4H . 4 5H � 4 8H � 6 4H � 7 6H � 9 ;H � ; 5H � < :H � 44

U s � 65 65 65 65 65 65 65U nut � 7=< 7=7 7=5 7=4 7=4 7=3 7=3U q>r � 89=6 � � � � � �
U n R � 89=6 83=7 77=8 6<=; 69=8 67=6 63=9



519 Frqfoxvlrqv 5:

Wdeoh 517 +Frqwg1, Iru Wd|oru rughu p @ 9 =
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut 7H . 5 <H . 4 5H . 4 8H . 3 4H . 3 6H � 4 :H � 5 5H � 5K q>r 5H . 3 <H � 6 � � � � � �Kn R 5H . 3 <H � 6 9H � 8 7H � : 6H � < 6H � 44 :H � 45 :H � 45

U s � 45; 45; 45; 45; 45; 45; 45;U nut � 7=< 7=7 7=5 7=4 7=4 7=3 7=3U q>r � 4;<=3 � � � � � �U n R � 4;<=3 49:=9 484=6 473=8 <<=5 6=9 4=3
Iru Wd|oru rughu p @ ;=

l 3 4 5 6 7 8 9 :
z �

[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut 7H . 5 <H . 4 5H . 4 8H . 3 4H . 3 6H � 4 :H � 5 5H � 5

K q>r 8H � 4 9H � 8 � � � � � �K n R 8H � 4 9H � 8 ;H � ; 4H � 43 ;H � 45 :H � 45 :H � 45 :H � 45
U s � 845 845 845 845 845 845 845U nut � 7=< 7=7 7=5 7=4 7=4 7=3 7=3U q>r � ;5;=9 � � � � � �U n R � ;5;=9 :67=9 956=5 4:=5 4=4 4=3 3=<



5; 51 Dq lpsuryhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

WDEOH 5181 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg zlwk Wd|oru
prgho/ Dojrulwkp OU/ dqg Dojrulwkp WE lq H{dpsoh 518 Julhzdqn +8� glp,1

Iru Wd|oru rughu p @ 5=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut <H � 4 4H � 4 5H � 5 8H � 6 4H � 6 6H � 7 :H � 8 5H � 8K q>r <H � 4 9H � 5 8H � 6 � � � � �Kn R <H � 4 9H � 5 8H � 6 9H � 7 9H � 8 :H � 9 <H � : 4H � :

U s � ; ; ; ; ; ; ;U nut � ;=5 8=3 7=7 7=5 7=4 7=3 7=3U q>r � 47=6 44=5 � � � � �
U n R � 47=6 44=5 <=: ;=< ;=8 ;=5 ;=4

Iru Wd|oru rughu p @ 7=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 45� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut <H � 4 4H � 4 5H � 5 8H � 6 4H � 6 6H � 7 :H � 8 5H � 8K q>r 7H � 4 <H � 6 � � � � � �K n R 7H � 4 <H � 6 5H � 7 :H � 9 5H � : 9H � < 5H � 43 6H � 45

U s � 65 65 65 65 65 65 65U nut � ;=6 8=3 7=7 7=5 7=4 7=3 7=3U q>r � 76=3 � � � � � �
U n R � 76=3 6:=; 68=4 66=9 65=< 65=9 9:=6



519 Frqfoxvlrqv 5<

Wdeoh 518 +Frqwg1, Iru Wd|oru rughu p @ 9 =
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut <H � 4 4H � 4 5H � 5 8H � 6 4H � 6 6H � 7 :H � 8 4H � 8K q�r 9H � 5 6H � 7 � � � � � �K n R 9H � 5 6H � 7 5H � 9 4H � ; <H � 44 9H � 45 4H � 44 <H � 45

U s � 45; 45; 45; 45; 45; 45; 45;U n�t � ;=4 8=4 7=7 7=5 7=4 7=3 7=3U q>r � 4<9=4 � � � � � �U n R � 4<9=4 499=5 47;=9 476=7 47=6 3=86 4=6
Iru Wd|oru rughu p @ ;=

l 3 4 5 6 7 8 9 :
z �

[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut <H � 4 4H � 4 5H � 5 8H � 6 4H � 6 6H � 7 :H � 8 4H � 8

K q>r 4H � 5 5H � 8 � � � � � �K n R 4H � 5 5H � 8 7H � ; :H � 44 4H � 44 :H � 45 4H � 44 <H � 45
U s � 845 845 845 845 845 845 845U nut � ;=4 8=4 7=7 7=5 7=4 7=4 7=3U q>r � 8<<=5 � � � � � �U n R � 8<<=5 8;6=7 88:=8 :=5 4=7 3=9 4=6



63 51 Dq lpsuryhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

WDEOH 5191 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg zlwk Wd|oru
prgho/ Dojrulwkp OU/ dqg Dojrulwkp WE lq H{dpsoh 519 Wuljrqrphwulf +9� glp,1

Iru Wd|oru rughu p @ 5=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 4H . 6 6H . 5 9H . 4 5H . 4 6H . 3 4H . 3 5H � 4 8H � 5K q>r <H . 5 <H . 4 <H . 3 � � � � �Kn R <H . 5 <H . 4 <H . 3 4H . 3 4H � 4 5H � 5 5H � 6 5H � 7

U s � ; ; ; ; ; ; ;U nut � 8=3 7=8 7=6 7=4 7=3 7=3 7=3U q>r � 43=4 43=4 � � � � �
U n R � 43=4 <=6 ;=: ;=7 ;=5 ;=4 ;=4

Iru Wd|oru rughu p @ 7=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K n�t 4H . 6 6H . 5 9H . 4 4H . 4 6H . 3 4H . 3 5H � 4 8H � 5K q>r 7H . 4 :H � 4 � � � � � �K n R 7H . 4 :H � 4 4H � 5 5H � 7 8H � 9 5H � : 6H � < 4H � 43

U s 0 65 65 65 65 65 65 65U nut 0 8=3 7=8 7=5 7=4 7=4 7=3 7=3U q>r � 94=6 � � � � � �
U n R � 94=6 89=< 84=9 79=5 74=5 6:=4 5;=8



519 Frqfoxvlrqv 64

Wdeoh 519 +Frqwg1, Iru Wd|oru rughu p @ 9 =
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut 4H . 6 6H . 5 9H . 4 4H . 4 6H . 3 4H . 3 5H � 4 8H � 5K q>r :H . 3 7H � 5 � � � � � �Kn R :H . 3 7H � 5 5H � 7 5H � 9 4H � ; 4H � 43 6H � 44 6H � 44

U s � 45; 45; 45; 45; 45; 45; 45;
U nut � 8=3 7=8 7=6 7=4 7=4 7=3 7=3U q>r � 4:9=7 � � � � � �U n R � 4:9=7 48:=; 477=< 469=; 436=: 7=7 4=3

Iru Wd|oru rughu p @ ;=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut 4H . 6 6H . 5 9H . 4 4H . 3 6H . 3 4H . 3 5H � 4 8H � 5K q>r 4H � 4 5H � 7 � � � � � �K n R 4H � 4 5H � 7 5H � : 6H � 43 5H � 44 6H � 44 6H � 44 6H � 44

U s � 845 845 845 845 845 845 845U nut � 8=3 7=8 7=6 7=4 7=4 7=3 7=3
U q>r � <64=: � � � � � �U n R � <64=: ;85=8 :33=: 43=: 3=< 3=; 4=5

WDEOH 51:1 Dyhudjh h{hfxwlrq wlphv zlwk ydulrxv dojrulwkpv1 Wkh wlph lv lq vhfrqgv/ xqohvv rwkhuzlvh
vwdwhg1 Wkh dyhudjh lv wdnhq ryhu doo l/ dqg doo Wd|oru rughuv p1 Qrwh wkdw zlwk Dojrulwkp OU/ prvwo|
rqo| rqh vxeglylvlrq +l @ 4, lv irxqg srvvleoh lq wkh sureohpv1

Dyhudjh H{hfxwlrq Wlph
H{dpsoh Qdph glp Wd|oru prgho Dojrulwkp OU Dojrulwkp WE

514 Julwwrq 4 3=34 3=3: 3=37
515 Mhqqulfk ) Vdpsvrq 5 3=44 3=34 3=48
516 Ohy| 6 3=45 3=3< 3=53
517 Wuljrqrphwulf 7 3=45 3=68 6=93
518 Julhzdqn 8 3=53 6 4;6
519 Wuljrqrphwulf 9 3=56 9 6 krxuv



65 51 Dq lpsuryhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh



Wklv lv sdjh 66
Sulqwhu= Rsdtxh wk

6
Joredo rswlpl}dwlrq xvlqj wkh lpsuryhg
Wd|oru0Ehuqvwhlq irup

614 Lqwurgxfwlrq
Ohw i = [ � ? � $ ? eh d p . 4 wlphv gl�huhqwldeoh ixqfwlrq iru vrph srvlwlyh lqwhjhu p1
Zh vhhn joredo rswlpl}dwlrq dojrulwkpv wkdw duh deoh wr h!flhqwo| ghwhuplqh duelwudulo| jrrg
orzhu erxqgv iru wkh plqlpxp ri �i +[,1
Pdq| dojrulwkpv edvhg rq lqwhuydo dqdo|vlv +LD, duh dydlodeoh wr vroyh wklv joredo rswlpl}d0

wlrq sureohp/ vhh iru h{dpsoh/ ^46`/ ^4:`/ ^64` dqg wkh uhihuhqfhv flwhg wkhuhlq1 LD phwkrgv duh
xvxdoo| edvhg rq eudqfk dqg erxqg whfkqltxhv/ wkdw lv/ wkh| vwduw iurp wkh lqlwldo er{ [ /
vxeglylgh [ dqg vwruh wkh vxeer{hv lq d olvw/ glvfduglqj vxeer{hv zklfk duh jxdudqwhhg qrw
wr frqwdlq d joredo plqlpl}hu xqwlo wkh ghvluhg dffxudf| lq whupv ri wkh zlgwk ri wkh lqwhuydov
lq wkh olvw lv dfklhyhg1 D edvlf eudqfk dqg erxqg dojrulwkp ri LD lv wkh Prruh0Vnhoerh +PV,
dojrulwkp ^64`1 Dowkrxjk wkh PV dojrulwkp lv uholdeoh/ lw lv vrphzkdw vorz wr frqyhujh lq cgli0
�fxow* sureohpv/ zkhq lqfoxvlrq ixqfwlrqv ri �uvw dqg vrphwlphv hyhq vhfrqg rughuv duh xvhg1
Idvwhu frqyhujhqfh frxog srvvleo| eh rewdlqhg zlwk kljkhu rughu lqfoxvlrq ixqfwlrqv/ dqg lw
lv ri lqwhuhvw lq wklv zrun wr lqyhvwljdwh wkhlu h�hfwlyhqhvv lq vrph vxfk cgl!fxow* sureohpv1
Rxu sursrvhg dojrulwkp iru joredo rswlpl}dwlrq xvhv wkh WE irup sursrvhg lq Fkdswhu 5 dv

dq lqfoxvlrq ixqfwlrq irup iru wkh remhfwlyh ixqfwlrq i lq wkh PV dojrulwkp1 Dv wkh WE irup
lv dq lqfoxvlrq ixqfwlrq irup kdylqj kljk rughu frqyhujhqfh surshuw|/ zh h{shfw wr rewdlq
idvwhu frqyhujhqfh zlwk wklv irup1 Wkh WE irup dovr doorzv xv wr pdnh wkh fxw0r� whvw dqg
whuplqdwlrq frqglwlrq pruh h�hfwlyh/ dqg zh lqfrusrudwh wkhvh prgl�fdwlrqv lq wkh sursrvhg
dojrulwkp1



67 61 Joredo rswlpl}dwlrq xvlqj wkh lpsuryhg Wd|oru0Ehuqvwhlq irup

Zh fdq dovr kdyh wkh Wd|oru prgho ri Ehu} hw do1 dv dq lqfoxvlrq ixqfwlrq irup lq wkh PV
dojrulwkp dv grqh/ iru lqvwdqfh/ lq wkh suholplqdu| zrun lq ^4;`1 Zh fdoo vxfk dq dojrulwkp dv
Dojrulwkp WPV ehorz1 Zh dovr whvw dqg frpsduh wkh shuirupdqfh ri wkh sursrvhg dojrulwkp
zlwk wkdw ri Dojrulwkpv WPV dqg PV rq vl{ cgl!fxow* h{dpsohv1

615 Edfnjurxqg
61514 Dojrulwkp PV
Zh �uvw rxwolqh wkh zhoo0nqrzq PV dojrulwkp ri LD1 Dfwxdoo|/ wkh dojrulwkp ehorz lv wkh PV
dojrulwkp dxjphqwhg zlwk wkh prqrwrqlflw| whvw dqg wkh fxw0r� whvw ri Lfklgd dqg Ixmll ^49`1
Krzhyhu/ iru frqyhqlhqfh zh uhihu wr lw dv mxvw wkh PV dojrulwkp1
PV Dojrulwkp iru Joredo Rswlpl}dwlrq ^64`
Lqsxwv= Wkh er{ [/ qdwxudo lqfoxvlrq ixqfwlrqv ^57` I dqg I P iru wkh ixqfwlrq i dqg lwv

Mdfreldq/ uhvshfwlyho|/ dqg dq dffxudf| sdudphwhu %1
Rxwsxw= D orzhu erxqg/ ri dffxudf| %/ rq wkh joredo plqlpxp ri i ryhu [1 Wklv orzhu

erxqg lv rxwsxw dv wkh ydoxh ri yduldeoh | lq wkh odvw exw rqh vwhs ehorz1
EHJLQ Dojrulwkp

41 Vhw \ @ [1
51 Fdofxodwh I +\, =
61 Vhw | @ plqI +\,1
71 Lqlwldol}h wkh olvw O @ ++\> |,, dqg wkh fxw0r� ydoxh } @ pd{I +\,1
81 Fkrrvh d frruglqdwh gluhfwlrq n sdudooho wr zklfk \ kdv dq hgjh ri pd{lpxp ohqjwk � /

l1h1/ fkrrvh n dv
n @ il = z +\, @ z +\ ? ,j

91 Elvhfw \ lq gluhfwlrq n jhwwlqj er{hv Y � dqg Y
G vxfk wkdw \ @ Y � VY

G 1
:1 Prqrwrqlflw| whvw +vhh Uhpdun 614,= glvfdug dq| er{ Y

? li 3 @5 I �J +Y ? , iru dq| m 5
i4> 5> ===> oj dqg l @ 4> 5=

;1 Fdofxodwh I �
Y � � dqg I �

Y
G � =
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616 Sursrvhg rswlpl}dwlrq Dojrulwkp WEPV 68

<1 Vhw y ? @ plqI �
Y
? � iru l @ 4> 5=

431 Xsgdwh wkh fxw0r� ydoxh } dv
} @ plq�}>pd{I �

Y � � >pd{I �
Y
G ��

441 Uhpryh +\> |, iurp wkh olvw O1
451 Dgg wkh sdluv �Y � > y � � > �Y G > y G � wr wkh olvw O vxfk wkdw wkh vhfrqg phpehuv ri doo sdluv

ri wkh olvw gr qrw ghfuhdvh1
461 Fxw0r� whvw= glvfdug iurp wkh olvw doo sdluv zkrvh vhfrqg phpehuv duh juhdwhu wkdq }1
471 Ghqrwh wkh �uvw sdlu ri wkh olvw e| +\> |,1
481 Li wkh zlgwk ri I +\, lv ohvv wkdq %/ wkhq sulqw | dqg H[LW dojrulwkp1
491 Jr wr vwhs 81

HQG Dojrulwkp
Wkh �uvw sdlu +\> |, ri wkh olvw lq hdfk dojrulwkplf lwhudwlrq lv fdoohg wkh ohdglqj sdlu/ dqg

\ wkh ohdglqj er{1
Uhpdun 614 Lq wkh prqrwrqlflw| whvw li 3 @5 I �J +Y ? , wkhq wkh lqwhulru ri Y ? fdqqrw frqwdlq
d joredo plqlpl}hu1 Wkh hgjh ri Y ? vwloo fdq frqwdlq joredo plqlpl}hu li wkdw sduw ri wkh hgjh
zklfk kdv wkh vpdoohvw ixqfwlrq ydoxhv lv dovr sduw ri wkh hgjh ri [= Rwkhuzlvh/ qr joredo
plqlpl}hu olhv lq Y

? 1 Iru ghwdlov/ vhh ^64`1

61515 Dojrulwkp WPV
Lq wklv dojrulwkp/ zh vlpso| xvh wkh Wd|oru prgho ri Ehu} hw do1 ^6` dv dq lqfoxvlrq ixqfwlrq
irup iru wkh remhfwlyh ixqfwlrq i lq Dojrulwkp PV1 Dv wklv lqyroyhv xvlqj Wd|oru prgho lq
wkh Prruh0Vnhoerh dojrulwkp/ zh fdoo lw dv Dojrulwkp WPV1 Dojrulwkp WPV lv qrw qhz lq
wkh olwhudwxuh/ dqg kdv ehhq sursrvhg dqg lqyhvwljdwhg/ iru lqvwdqfh/ lq ^4;`1

616 Sursrvhg rswlpl}dwlrq Dojrulwkp WEPV
Frqvlghu wkh ohdglqj er{ \ lq d jlyhq lwhudwlrq ri wkh PV dojrulwkp/ dqg dsso| Dojrulwkp
WE iru �qglqj dq hqforvxuh ri i+\, xvlqj I n R +\,1 Iurp +5144, dqg Wkhruhp 518/

i+\, � I n R +\, @ �s +\, .U +\, @ ^plq �s +\, >pd{ �s +\,` . ^plqU +\, >pd{U +\,`



69 61 Joredo rswlpl}dwlrq xvlqj wkh lpsuryhg Wd|oru0Ehuqvwhlq irup

ru
i+\, � ^plq �s +\, .plqU +\, >pd{ �s +\, .pd{U +\,` +614,

Vlqfh zh rewdlq wkh h{dfw udqjh ri �s +\, lq Dojrulwkp WE/ zh fdq dovr frqvwuxfw wkh vr0fdoohg
lqqhu hqforvxuh ri i+\, dv

^plq �s +\, .pd{U +\, >pd{ �s +\, .plqU +\,` � i+\, +615,
AIurp +614, dqg +615,/

^plq �s +\, .pd{U +\, >pd{ �s +\, .plqU +\,`
� i+\, � ^plq �s +\, .plqU +\, >pd{ �s +\, .pd{U +\,`

zklfk lpsolhv
plq �s +\, .plqU +\, � plq i+\, � plq �s +\, .pd{U +\, +616,

Wkhuhiruh/ zlwk I n R dv dq lqfoxvlrq ixqfwlrq/ zh fdq uhgh�qh wkh fxw0r� ohyho lq wkh PV
dojrulwkp dv } @ plq �s +\, .pd{U +\, zklfk lv reylrxvo| vpdoohu dqg khqfh pruh h�hfwlyh
wkdq wkh ruljlqdo fxw0r� ohyho ri pd{I +\, @ pd{ �s +\, .pd{U +\, = Ixuwkhu/ wkh huuru rq
plq i+\, lv vhhq iurp wkh deryh lqhtxdolw| wr eh qr juhdwhu wkdq
iplq �s +\, .pd{U +\,j� iplq �s +\, .plqU +\,j @ pd{U +\,�plqU +\, @ z +U +\,,
Wklv phdqv wkdw xvlqj I n R > zh fdq uhgh�qh wkh whuplqdwlrq frqglwlrq lq PV dojrulwkp edvhg
rq wkh zlgwk ri U +\, > zklfk lv vpdoohu dqg khqfh pruh h�hfwlyh wkdq wkh ruljlqdo rqh edvhg
rq z +I +\,, @ z +�s +\,, .z +U +\,,1
Edvhg rq wkhvh lghdv/ zh pdnh wkh iroorzlqj prgl�fdwlrqv wr wkh PV dojrulwkp=
41 Wkh WE irup I n R lv xvhg dv dq lqfoxvlrq ixqfwlrq irup iru i 1 Xvlqj wklv irup/ dq

hqforvxuh ri wkh udqjh ri i ryhu d jlyhq er{ fdq eh rewdlqhg xvlqj Dojrulwkp WE1
51 Wkh fxw0r� ydoxh lv qrz gh�qhg dv } @ plq �s +\, .pd{U +\,1
61 Wkh whuplqdwlrq fulwhulrq lv prgl�hg/ edvhg rq wkh zlgwk ri wkh uhpdlqghu lqwhuydo

U +\,1
Vlqfh wklv joredo rswlpl}dwlrq dojrulwkp lqyroyhv xvlqj Wd|oru 0 Ehuqvwhlq irup lq Prruh0

Vnhoerh dojrulwkp/ zh fdoo lw dv Dojrulwkp WEPV1
Dojrulwkp WEPV
Lqsxwv= Wkh er{ [/ rughu p ri wkh Wd|oru irup wr eh xvhg/ qdwxudo lqfoxvlrq ixqfwlrq I P

iru wkh Mdfreldq ri wkh ixqfwlrq i / dqg dq dffxudf| sdudphwhu %1



616 Sursrvhg rswlpl}dwlrq Dojrulwkp WEPV 6:

Rxwsxw= D orzhu erxqg/ ri dffxudf| %/ rq wkh joredo plqlpxp ri i ryhu [1 Wklv orzhu
erxqg lv rxwsxw dv wkh ydoxh ri yduldeoh | lq wkh odvw exw rqh vwhs ehorz1
EHJLQ Dojrulwkp

41 Vhw \ @ [1
51 Fdofxodwh I n R +\, xvlqj Dojrulwkp WE = ^I n R +\, > �s +\, > U +\,` @ WE +\> i>p,
61 Vhw | @ plqI n R +\,1
71 Lqlwldol}h wkh olvw O @ ++\> |,, dqg wkh fxw0r� ydoxh } dv

} @ plq �s +\, .pd{U +\,

81 Fkrrvh d frruglqdwh gluhfwlrq n sdudooho wr zklfk \ kdv dq hgjh ri pd{lpxp ohqjwk/
l1h1/ fkrrvh n dv

n @ il = z +\, @ z +\ ? ,j
91 Elvhfw \ lq gluhfwlrq n jhwwlqj er{hv Y � dqg Y

G vxfk wkdw \ @ Y � VY
G 1

:1 Prqrwrqlflw| whvw +vhh Uhpdun 614,= glvfdug dq| er{ Y
? li 3 @5 I �J +Y ? , iru dq| m 5i4> 5> ===> oj dqg l @ 4> 5=

;1 Fdofxodwh I n R �
Y � � dqg I n R �

Y
G � xvlqj Dojrulwkp WE1

<1 Vhw y ? @ plqI �
Y
? � iru l @ 4> 5=

431 Xsgdwh wkh fxw0r� ydoxh } dv

} @ plq�}>plq �s �Y � �.pd{U �
Y � � >plq �s �Y G �.pd{U �

Y
G ��

441 Uhpryh +\> |, iurp wkh olvw O1
451 Dgg wkh sdluv �Y � > y � � > �Y G > y G � wr wkh olvw O vxfk wkdw wkh vhfrqg phpehuv ri doo sdluv

ri wkh olvw gr qrw ghfuhdvh1
461 Fxw0r� whvw= glvfdug iurp wkh olvw doo sdluv zkrvh vhfrqg phpehuv duh juhdwhu wkdq }1
471 Ghqrwh wkh �uvw sdlu ri wkh olvw e| +\> |,1
481 Li wkh zlgwk ri U +\, lv ohvv wkdq %/ wkhq sulqw | dqg H[LW dojrulwkp1
491 Jr wr vwhs 81



6; 61 Joredo rswlpl}dwlrq xvlqj wkh lpsuryhg Wd|oru0Ehuqvwhlq irup

HQG Dojrulwkp
Wkh frqyhujhqfh surshuwlhv ri Dojrulwkp WPV dv zhoo dv wkdw ri Dojrulwkp WEPV iroorz

lpphgldwho| iurp wkh frqyhujhqfh uhvxowv iru lqfoxvlrq ixqfwlrqv ri kljkhu rughu lq wkh PV
dojrulwkp/ dv jlyhq e| Prruh dqg Udwvfkhn lq ^58` dqg Udwvfkhn lq ^5<`1

617 Qxphulfdo whvwv
Zh whvw dqg frpsduh wkh shuirupdqfhv ri Dojrulwkpv WEPV/ WPV/ dqg PV rq vrph h{dp0
sohv1 Zh xvh wzr ydoxhv ri dffxudf|/ % @ 43 4 S x dqg 43 4 S z 1 Zh fkrrvh wkh iroorzlqj phdvxuhv
iru wkh whvwv= qxpehu ri lwhudwlrqv/ frpsxwdwlrqdo wlph/ vsdfh0frpsoh{lw| lq whupv ri pd{l0
pxp olvw ohqjwk/ dqg wkh �qdo olvw ohqjwk1 Iru doo rxu frpsxwdwlrqv/ zh xvh d SF2Shqwlxp
LLL ;33 PK} 589 PE UDP pdfklqh zlwk d IRUWUDQ <3 frpslohu/ dqg yhuvlrq ;=4 ri wkh
FRV\0LQILQLW\ sdfndjh ri Ehu} hw do1 ^5`/ ^48`1

H{dpsoh 614 Julwwrq*v vhfrqg sureohp lq Fkhplfdo Hqjlqhhulqj ^4;`= Wkh ixqfwlrq lv

i+{, @ �6:4=<6958� :<4=5798989 � {. 7377=<77476 � { G . <:;=46:849: � { x
�4987:=;<5; � { y . 55473=:5;5: � { z � <659=87<68< � { { � 684;=869;:5 � { |
.7:;5=8655<9 � { } � 45;4=7:<77 � { ~ � 5;6=7768;:8 � { � S . 535=95:3<48 � { �0�
�49=4:<4678< � { � G � ;=;;636<35 � { � x . 4=8:88;34:6 � { � y . 3=4578<<3;7; � { � z
�3=368;<47;955 � { � { � 3=3334<843<88:9 � { � | . 3=33355:79;555< � { � }

Wklv lv d xqlglphqvlrqdo sureohp/ zlwk o @ 41 Zh wdnh wkh lqlwldo grpdlq dv [ @ +^4> 5`,1

Dojrulwkp PV lv xqdeoh wr surylgh d vroxwlrq/ hyhq diwhu 4 krxu/ dqg lv wkhuhiruh deruwhg1
Wkh shuirupdqfhv ri Dojrulwkpv WPV dqg WEPV duh jlyhq lq wkh ehorz Wdeoh � 1
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617 Qxphulfdo whvwv 6<

WEPV WPV
p % Lw w POO IOO Lw w POO IOO
5 43 4 S x 83 3=74 6: 4 8; 3=65 7: 5

43 4 S z 85 3=76 6: 4 97 3=67 7: 4
7 43 4 S x : 3=3; 9 4 4; 3=47 ; 5

43 4 S z < 3=44 9 4 57 3=4; ; 4
9 43 4 S x 6 3=39 5 4 4: 3=4: : 5

43 4 S z 7 3=39 5 4 56 3=54 : 4
; 43 4 S x 5 3=37 5 4 4: 3=53 : 5

43 4 S z 6 3=39 5 4 56 3=59 : 4
Erwk Dojrulwkpv WPV dqg WEPV duh deoh wr �qg wkh joredo plqlpxp idluo| txlfno|/ dv�3=44;44=====1 Lw pd| eh qrwhg wkdw Nhduirww dqg Dud}|dq uhsruw lq ^4;` wkdw wkh vriwzduh

JOREVRO kdg vrph gl!fxow| lq wdfnolqj wklv sureohp1
H{dpsoh 615 Mhqqulfk dqg Vdpsvrq ixqfwlrq ^59/ sureohp 9`1 Wkh wzr glphqvlrqdo ixqfwlrq
lv

i+{, @
� S[
? \ � i

? +{, G > i ? +{, @ 5 . 5l� +h{s+l{ � , . h{s+l{ G ,,
Zh wdnh wkh lqlwldo grpdlq dv [ @ +^�4> 4`> ^�4> 4`,1
Wkh shuirupdqfhv ri wkh ydulrxv Dojrulwkpv duh dv xqghu1

WEPV WPV
p % Lw w POO IOO Lw w POO IOO
5 43 4 S x 469 4=:8 4; 6 687 4=89 65 56

43 4 S z 474 5=33 4; 5 765 5=33 65 57
7 43 4 S x 95 4=53 47 4 67< 6=44 65 56

43 4 S z 98 4=78 47 4 75: 6=<8 65 57
9 43 4 S x 86 4=99 47 4 67< 9=57 65 56

43 4 S z 88 4=;4 47 4 75: :=;7 65 57
; 43 4 S x 5< 4=99 43 4 67< 44=68 65 56

43 4 S z 64 4=;6 43 4 75: 47=45 65 57
PV

% Lw w POO IOO
43 4 S x 4776 9=:4 ;4 75
43 4 S z 4<94 43=53 ;4 6:



73 61 Joredo rswlpl}dwlrq xvlqj wkh lpsuryhg Wd|oru0Ehuqvwhlq irup

Wkh joredo plqlpd lv irxqg lq hdfk fdvh dv 457=6954;====1
H{dpsoh 616 Edug ixqfwlrq ^59/ sureohp ;`1 Wkh wkuhh glphqvlrqdo ixqfwlrq lv

i+{, @
� z[
? \ � i

? +{, G > i ? +{, @ | ? ��
{ � . x ?

y ? { G .z ? { x
�
> x ? @ l> y ? @ 49� l> z ? @ plq+x ? > y ? ,

zkhuh/ wkh ydoxhv ri | ? iru l @ 4> = = = > 48 duh jlyhq lq wkh flwhg sdshu1 Zh wdnh wkh lqlwldo
grpdlq dv [ @ +^�3=58> 3=58`> ^3=34> 5=8`> ^3=34> 5=8`,1
Wkh shuirupdqfhv ri wkh ydulrxv Dojrulwkpv duh dv xqghu1

WEPV WPV
p % Lw w POO IOO Lw w POO IOO
5 43 4 S x 739 49=97 :7 78 6478 :9=46 ;55 ::5

43 4 S z 853 65=46 :7 : � A 6933 � �
7 43 4 S x 4<4 68=33 6; : 6457 ;9=46 ;4; ::5

43 4 S z 535 93=98 6; 4 � A 6933 � �
9 43 4 S x 495 9:=;3 6; 5 6456 455=;4 ;4; ::5

43 4 S z 498 <3=55 6; 4 � A 6933
; 43 4 S x 48: :<=<3 6; 5 6455 4;4=38 ;4; ::5

43 4 S z 48< <5=36 6; 4 � A 6933 � �
PV

% Lw w POO IOO
43 4 S x 9455 799=89 4976 4955
43 4 S z � A 6933 � �

Wkh joredo plqlpd irxqg xvlqj hdfk ri wkh dojrulwkpv lv ;=547;:====H � 36=
H{dpsoh 617 Pxowlglphqvlrqdo ixqfwlrq ri Pdnlqr dqg Ehu} ^54/ �uvw h{dpsoh`1 Wkh ixqf0
wlrq lv
i+{, @ 7 wdq+6{ G ,

6{ � . { � t {�© =4 | # © = 4 } '
� 453� 5{ � � :{ x +4 . 5{ G ,�

vlqk+3=8 . 9{ G
;{ G . :, .

+6{ G . 46, G
6{ x

� 53{ x +5{ x � 8, . 8{ � wdqk+3=<{ x ,s8{ G � 53{ G vlq+6{ x ,

Wklv lv d wkuhh glphqvlrqdo sureohp zlwk o @ 61 Zh wdnh wkh lqlwldo grpdlq dv jlyhq lq wkh
sdshu flwhg/ l1h1/

[ @ +^4=<8> 5=38`> ^3=<8> 4=38`> ^3=<8> 4=38`,



617 Qxphulfdo whvwv 74

Dojrulwkp PV lv xqdeoh wr surylgh d vroxwlrq hyhq diwhu 4 krxu/ dqg lv deruwhg1 Wkh
shuirupdqfhv ri Dojrulwkpv WPV dqg WEPV duh dv xqghu1

WEPV WPV
p % Lw w POO IOO Lw w POO IOO
5 43 4 S x 8 3=45 5 4 77 3=4: 48 45

43 4 S z 48 3=63 5 4 97 3=63 48 44
7 43 4 S x 3 3=37 4 4 77 3=7: 48 45

43 4 S z 5 3=3: 5 4 97 3=97 48 44
9 43 4 S x 3 3=37 4 4 77 3=<8 48 45

43 4 S z 3 3=38 4 4 97 4=68 48 44
; 43 4 S x 3 3=39 4 4 77 4=:8 48 45

43 4 S z 3 3=3; 4 4 97 5=79 48 44
Wkh joredo plqlpxp lv jlyhq lq wkh flwhg sdshu dv �5=64499===== Dojrulwkpv WPV dqg

WEPV duh deoh wr �qg wklv joredo plqlpxp vxffhvvixoo| dqg txlfno|1
H{dpsoh 618 Eurzq dqg Ghqqlv ixqfwlrq ^59/ sureohp 49`1 Wkh ixqfwlrq lv

i+{, @
G S
[
? \ � i

? +{, G > i ? +{, @ +{ � . w ? { G � h{s +w ? ,, G . +{ x . { y vlq +w ? ,� frv +w ? ,, G > w ? @ l
8

Wklv lv d 7�glphqvlrqdo sureohp1 Iroorzlqj ^45`/ zh wdnh wkh lqlwldo grpdlq dv
[ @ +^�43> 3>�433>�53`> ^433> 48> 3> 3=5`,

Dojrulwkp PV lv xqdeoh wr surylgh d vroxwlrq/ hyhq diwhu 4 krxu/ dqg lv deruwhg1 Wkh
shuirupdqfhv ri Dojrulwkpv WPV dqg WEPV duh dv xqghu1

WEPV WPV
p % Lw w POO IOO Lw w POO IOO
5 43 4 S x 583 68=<8 56 4 74; 5=86 73 4;

43 4 S z 58< ;8=4; 56 4 7:9 6=3< 78 57
7 43 4 S x 99 :=3; 48 4 6<: 7=6; 73 4;

43 4 S z 99 :=79 48 4 788 8=68 78 57
9 43 4 S x 7: 5<=9: 48 4 6<: 8=6: 73 4;

43 4 S z 7: 64=56 48 4 788 9=97 78 57
; 43 4 S x 73 446=69 48 4 6<: 9=9: 73 4;

43 4 S z 73 449=8: 48 4 788 ;=47 78 57



75 61 Joredo rswlpl}dwlrq xvlqj wkh lpsuryhg Wd|oru0Ehuqvwhlq irup

Wkh joredo plqlpxp lv jlyhq lq wkh deryh flwhg sdshu dv ;;;93=7:<:9==== Dojrulwkpv WPV
dqg WEPV duh deoh wr �qg wklv joredo plqlpxp vxffhvvixoo| dqg idluo| txlfno|/ iru p � 71
H{dpsoh 619 Nrzdoln dqg Rveruqh ixqfwlrq ^59/ sureohp 48`1 Wkh ixqfwlrq lv

i+{, @
�0�[
? \ � i

? +{, G > i ? +{, @ | ? � { � +x G? . x ? { G ,
+x G? . x ? { x . { y ,

zkhuh/ wkh ydoxhv ri | ? dqg x ? iru l @ 4> = = = > 44 duh jlyhq lq wkh flwhg sdshu1 Zh wdnh wkh
lqlwldo grpdlq dv

[ @+^3=4> 3=5`> ^3=4> 3=5`> ^3=4> 3=5`> ^3=4> 3=5`,
Wkh shuirupdqfhv ri wkh ydulrxv Dojrulwkpv duh dv xqghu1

WEPV WPV
p % Lw w POO IOO Lw w POO IOO
5 43 4 S x 66 54=8: 8 8 755 5=7: 54< 54<

43 4 S z � A 6933 � � � A 6933 � �
7 43 4 S x 9 49=7< 8 8 8=93 544 544

43 4 S z 56 8:4=93 47 4 � A 6933 � �
9 43 4 S x 3 :=49 4 4 45=5; 544 544

43 4 S z ; ;55=:6 9 5 � A 6933 � �
; 43 4 S x 3 44=93 4 4 57=64 544 544

43 4 S z 9 45<7=49 8 4 � A 6933 � �
PV

% Lw w POO IOO
43 4 S x 537 3=58 4:7 4:6
43 4 S z � A 6933 � �

Wkh joredo plqlpd ri wklv ixqfwlrq ryhu wkh jlyhq grpdlq lv 4=35:67H � 36=

618 Glvfxvvlrq
Edvhg rq wkh uhvxowv ri wkh deryh whvwv/ zh pdnh vrph jhqhudo revhuydwlrqv1
Dojrulwkp PV= wdnhv h{fhvvlyh frpsxwdwlrq wlph lq doo h{dpsohv/ h{fhsw h{dpsoh 615/

dqg iru orzhu dffxudf| lq h{dpsohv 616 dqg 6191 Dojrulwkp PV jhqhudoo| uhtxluhv pruh wlph/
lwhudwlrqv dqg olvw ohqjwkv wkdq Dojrulwkpv WPV dqg WEPV1
Dojrulwkp WPV= jlyhv wkh uhvxowv lq uhdvrqdeoh frpsxwdwlrqdo wlph lq doo h{dpsohv iru

orzhu dffxudf|/ exw qhhgv h{fhvvlyh wlph lq wzr h{dpsohv iru kljkhu dffxudf| +h{dpsohv 616



619 Frqfoxvlrqv 76

dqg 619,1 Wkh frpsxwdwlrqdo wlph lqfuhdvhv dv wkh rughup lqfuhdvhv1 Dq lqwhuhvwlqj ihdwxuh lv
wkdw wkh qxpehu ri lwhudwlrqv uhpdlqv doprvw wkh vdph iru p � 7/ wkrxjk lq d ihz h{dpsohv
wkhuh lv d gurs lq wklv qxpehu zkhq p lv lqfuhdvhg iurp 5 wr 71 Wkh vdph krogv iru wkh
vsdfh0frpsoh{lw| lq whupv ri pd{lpxp olvw ohqjwk dqg �qdo olvw ohqjwk1
Dojrulwkp WEPV= wkh qxpehu ri lwhudwlrqv ghfuhdvhv dv wkh rughu p lv lqfuhdvhg1 D

frqvlghudeoh uhgxfwlrq lv rewdlqhg ehwzhhq p @ 5 dqg 7= Wkh pd{lpxp olvw ohqjwk dovr
ghfuhdvhv frqvlghudeo| ehwzhhqp @ 5 dqg 7> exw ghfuhdvhv olwwoh wkhuhdiwhu1 Lq prvw h{dpsohv
+h{dpsohv 615/ 617/ 618/ dqg 619,/ wkh frpsxwdwlrqdo wlph �uvw ghfuhdvhv/ wkhq lqfuhdvhv zlwk
p/ zlwk wkh ohdvw wlph uhtxluhg iru p @ 71
Dojrulwkp WEPV lv pxfk idvwhu wkdq Dojrulwkp WPV lq doo h{dpsohv/ h{fhsw h{dpsoh

6181 Wkh vshhg0xs lv derxw 6 � 7 wlphv lq H{dpsohv 614/ 615/ dqg 619/ dqg lv dv kljk dv
43 � 73 lq h{dpsohv 616 dqg 6171 Wkh vshhg0xs jhwv ehwwhu zlwk dffxudf|1 Lq doo h{dpsohv/
Dojrulwkp WEPV uhtxluhv pxfk vpdoohu olvw ohqjwkv dqg pxfk ohvvhu qxpehu ri lwhudwlrqv
wkdq Dojrulwkp WPV1

619 Frqfoxvlrqv
Lq vxppdu|/ wkh suholplqdu| whvwv lqglfdwh wkdw Dojrulwkpv WPV dqg WEPV duh txlwh h�hf0
wlyh frpsduhg wr Dojrulwkp PV/ iru orzhu dffxudf| sureohpv1 Iru kljkhu dffxudf| sureohpv/
Dojrulwkp WEPV lv wkh prvw h�hfwlyh rqh1
Wkh ehvw ryhudoo fkrlfh/ lq whupv ri wkh qxpehu ri lwhudwlrqv/ vsdfh0frpsoh{lw|/ dqg vshhg

vhhpv wr eh Dojrulwkp WEPV zlwk d phglxp Wd|oru rughu p @ 71
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Wklv lv sdjh 78
Sulqwhu= Rsdtxh wk

7
D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu
frqyhujhqfh

714 Lqwurgxfwlrq
Lq Fkdswhu 5/ dq lpsuryhg WE irup I n R kdylqj wkh surshuw| ri kljkhu rughu frqyhujhqfh
zdv suhvhqwhg1 Dv wkh grpdlqv vkulqn wr vpdoo zlgwkv/ wkh irup I n R xvxdoo| vxffhvvixoo|
frpsxwhv wkh udqjh hqforvxuh zlwk wkh surshuw| ri kljkhu rughu frqyhujhqfh/ zkloh wkh WE
irup I q>r ri Olq dqg Urnqh ^4<` cidlov* wr frpsxwh wkh udqjh hqforvxuhv/ gxh wr h{fhvvlyho|
kljk ghjuhhv ri wkh lqyroyhg Ehuqvwhlq irup +e| cidlo* zh phdq wkdw wkh frpsxwdwlrqv duh
deruwhg ehfdxvh ri h{fhvvlyh phpru| dqg 2ru wlph uhtxluhphqwv,1
Rq wkh rwkhu kdqg/ iru odujh grpdlq zlgwkv zh �qg wkdw wkh irup I n R xvxdoo| idlov wr

frpsxwh wkh udqjh hqforvxuhv/ gxh wr wkh h{fhvvlyh qxpehu ri Ehuqvwhlq vxeglylvlrqv uhtxluhg1
Qrz/ wkhuh duh pdq| dssolfdwlrq sureohpv/ iru h{dpsoh/ joredo rswlpl}dwlrq sureohpv/ zkhuh
wkh grpdlq zlgwkv duh lqlwldoo| txlwh odujh/ exw vroxwlrq er{hv ri vpdoo zlgwkv duh hyhqwxdoo|
uhtxluhg1 Iru vxfk sureohpv/ qhlwkhu ri wkhvh wzr WE irupv pd| eh uhdoo| h�hfwlyh ryhu
wkh hqwluh udqjh ri grpdlq zlgwkv1 Krzhyhu/ lw pd| eh dgydqwdjhrxv wr lqwurgxfh d qhz
lqfoxvlrq irup wkdw dssursuldwho| vzlwfkhv ehwzhhq wkhvh wzr WE irupv ghshqglqj rq wkh
grpdlq zlgwkv/ l1h1/ ehkdyhv dv I q>r iru codujh* grpdlq zlgwkv/ dqg dv I n R iru cvpdoo* grpdlq
zlgwkv1 Dv wkh grpdlq vkulqnv iurp odujh wr vpdoo zlgwkv/ wkh qhz WE irup lv olnho| wr eh
pruh h�hfwlyh wkdq wkh wzr h{lvwlqj WE irupv I n R dqg I q>r 1
Lq wklv fkdswhu/ vxfk d cfrpelqhg* WE irup lv sursrvhg dqg qxphulfdoo| whvwhg1 Lq vhfwlrq

715/ dq dojrulwkp wr frpsxwh wkh frpelqhg WE irup lv suhvhqwhg1 Lq vhfwlrq 716/ wkh shu0
irupdqfh ri wkh frpelqhg WE irup lv qxphulfdoo| whvwhg dqg frpsduhg zlwk wkrvh ri wkh
h{lvwlqj WE irupv I n R dqg I q>r / wkh Wd|oru prgho/ dqg wkh vlpsoh qdwxudo lqfoxvlrq irup1
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Iru wkh whvwlqj/ vl{ ehqfkpdun h{dpsohv zlwk glphqvlrqv ydu|lqj iurp 4 wr 9 duh frqvlghuhg/
dqg wkh kljkhu rughu frqyhujhqfh surshuw| iru rughuv xs wr < lv h{dplqhg1 Wkh uhvxowv duh
glvfxvvhg lq vhfwlrq 7171 Wkh frqfoxglqj uhpdunv ri wkh fkdswhu duh jlyhq lq vhfwlrq 7181

715 Sursrvhg frpelqhg WE irup
Lq Fkdswhu 5/ zh revhuyhg wkdw w|slfdoo| wkh I n R irup uhtxluhv h{fhvvlyh vxeglylvlrqv iru
codujh* z +[,/ zkhuhdv wkh I q>r irup uhtxluhv h{fhvvlyho| kljk ghjuhhv ri Ehuqvwhlq irup iru
cvpdoo* z +[,1 Lw pd| eh dgydqwdjhrxv wr kdyh d qhz lqfoxvlrq irup wkdw vzlwfkhv ehwzhhq
wkhvh wzr irupv ghshqglqj rq wkh grpdlq zlgwkv/ l1h1/ ehkdyh dv I q>r iru codujh* grpdlq
zlgwkv/ dqg dv I n R iru cvpdoo* grpdlq zlgwkv1
Ohw G eh dv lq +519, dqg uhfdoo wkdw Q lv wkh wxsoh ri pd{lpxp ghjuhhv ri { lq s +{, jlyhq

e| +514,1 Wkh edvlf lghd ri wkh frpelqhg irup lv dv iroorzv1 Iurp +519, dqg +51:,/
� iru codujh* z +[,/ G ?? Q> vr Q P @ Q 1 Wkhuhiruh/ iru vxfk grpdlq zlgwkv/ lw zrxog eh
vlpsohu dqg pruh h!flhqw wr xvh I q>r edvhg rq d Ehuqvwhlq irup ri ghjuhh Q / udwkhu
wkdq I n R wkdw lqyroyhv vxffhvvlyh vxeglylvlrqv wloo wkh yhuwh{ surshuw| lv vdwlv�hg rq
hyhu| vxeglylvlrq1
� iru cvpdoo* z +[,/ G AA Q> vr Q P AA Q 1 Wkhuhiruh/ iru vxfk grpdlq zlgwkv/ lw zrxog
eh pruh h!flhqw wr xvh I n R edvhg rq Ehuqvwhlq irup ri ghjuhh Q / udwkhu wkdq I q>r
wkdw lqyroyhv Ehuqvwhlq irup ri kljk wr yhu| kljk ghjuhh1

Wkhuhiruh/ li Q � G> zh lqyrnh Dojrulwkp OU jlyhq lq vhfwlrq 51516 h{fhsw wkdw V lv xvhg lq
sodfh ri V P 1 Wkdw lv/ zh frpsxwh d qrq0vkdus hqforvxuh ri wkh h{dfw udqjh ri wkh sro|qrpldo
sduw ri Wd|oru h{sdqvlrq xvlqj Ehuqvwhlq sro|qrpldov ri ghjuhh Q 1 Rwkhuzlvh/ zh lqyrnh
Dojrulwkp WE jlyhq lq vhfwlrq 516/ l1h1/ zh frpsxwh wkh h{dfw udqjh ri sro|qrpldo sduw ri
Wd|oru h{sdqvlrq xvlqj vxeglylvlrq dqg d yhuwh{ frqglwlrq fkhfn rq hyhu| vxeglylvlrq1 Wkh
frpelqhg dojrulwkp lv fdoohg dv Dojrulwkp FWE dqg wkh uhvxowlqj irup dv wkh frpelqhg WE
irup/ ghqrwhg I ª n R 1
Dv I ª n R xvhv hlwkhu ri wkh h{lvwlqj WE irupv I q>r ru I n R wr hqforvh wkh ixqfwlrq udqjh

iru dq| jlyhq grpdlq zlgwk/ dqg vlqfh I q>r dqg I n R kdyh wkh +p. 4,0 wk frqyhujhqfh rughu
surshuw| +vhh Fkdswhu 5, / lw iroorzv wkdw I ª n R dovr kdv wkh +p. 4,0 wk frqyhujhqfh rughu
surshuw|1
Zh qh{w suhvhqw Dojrulwkp FWE wr frpsxwh wkh frpelqhg WE irup1
Dojrulwkp FWE = ^I ª n R +[, > �s +[, >E s >U +[, > l « ` @ FWE+[> i>p,
Lqsxwv= Wkh er{ [> dq h{suhvvlrq iru wkh ixqfwlrq i / dqg wkh rughu p ri Wd|oru irup wr eh

xvhg1
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Rxwsxw= Hqforvxuh I ª n R +[, ri wkh udqjh ri i rq[/ wkh udqjh �s +[, ri wkh sro|qrpldo sduw
ri wkh Wd|oru irup ri i> dq hqforvxuh E s ri wkh vdph/ dq hqforvxuh U +[, ri wkh uhpdlqghu
sduw ri wkh Wd|oru irup/ dqg d  dj l « wkdw wdnhv wkh ydoxh }hur uhvs1 xqlw| ghshqglqj rq
zkhwkhu I q>r uhvs1 I n R irup lv xvhg lq wkh dojrulwkp1
Qrwh= Ghshqglqj rq zkhwkhu I q>r uhvs1 I n R lv xvhg/ wkh txdqwlw| �s +[, uhvs1 E s lv vhw wr

wkh hpsw| lqwhuydo1
41 Iru wkh jlyhq ixqfwlrq i / frpsxwh Wd|oru frh!flhqwv ri s lq +516, lq sdudooho zlwk wkh

uhpdlqghu lqwhuydo U +[,/ xvlqj wkh Wd|oru prgho whfkqltxh ri Ehu} hw do1 ^6`1
51 Uhodwh wkh rewdlqhg Wd|oru frh!flhqwv wr wkrvh ri wkh srzhu irup lq +514,/ dqg ghqrwh

wkh frh!flhqwv lq wklv irup dv d ; 1
61 Frpsxwh wkh o�wxsoh ri lqglfhv G jlyhq e|

G @ +g � > = = = > g � , > zkhuh g � > = = = > g � � ^4@z +[,`
$3% �

Li Q � G wkhq jr wr wkh iroorzlqj vwhs/ hovh jr wr vwhs ;1
71 Vhw  dj l « @ 3 dqg �s +[, wr wkh hpsw| lqwhuydo1
81 Ilqg d sdwfk E +X, ri Ehuqvwhlq frh!flhqwv ri s rq X e| h{hfxwlqj Dojrulwkp Sdwfk=

E +X, @ Sdwfk +[> d ; ,
wkhq frpsxwh dq hqforvxuh E s iru wkh udqjh ri �s +[, dv

E s @ ^plqE +X, >pd{E +X,`

91 Frpsxwh dq hqforvxuh iru wkh udqjh ri i ryhu [ dv
I ª n R +[, @ E s .U +[,

:1 Jr wr vwhs 441
;1 Vhw  dj l « @ 4 dqg E s wr wkh hpsw| lqwhuydo1
<1 Frpsxwh wkh udqjh �s +[, xvlqj Dojrulwkp Erxqghu =

�s +[, @ Erxqghu +[> d ; ,
431 Xvlqj U +[, rewdlqhg lq vwhs 4 dqg �s +[, rewdlqhg lq deryh vwhs/ frpsxwh dq hqforvxuh

iru wkh udqjh ri i ryhu [ dv
I ª n R +[, @ �s +[, .U +[,
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441 UHWXUQ I ª n R +[, > �s +[, >E s >U +[, > l « dqg H[LW1
HQG Dojrulwkp

716 Qxphulfdo whvwv
Wkh shuirupdqfh ri wkh sursrvhg lqfoxvlrq ixqfwlrq irup lv whvwhg rq wkh vdph vl{ ehqfkpdun
h{dpsohv fkrvhq lq Fkdswhu 51 Krzhyhu/ wkh fhqwhuv ri wkh grpdlqv duh qrz wdnhq gl�huhqwo|
lq vrph h{dpsohv1 Pruhryhu/ wkh grpdlqv dovr ydu| iurp idluo| odujh wr vpdoo zlgwkv1
D SF2Shqwlxp LLL ;33 PK} 589 PE UDP pdfklqh zlwk d IRUWUDQ <3 frpslohu/ dqg

yhuvlrq ;=4 ri wkh FRV\0LQILQLW\ sdfndjh ri Ehu} hw do1 ^48` duh xvhg iru wkh whvwlqj1
Lq hdfk h{dpsoh/ wkh iroorzlqj duh frpsxwhg=
I : ; � +[, 0 xvlqj wkh vlpsoh qdwxudo lqfoxvlrq ixqfwlrq1
I nut +[, 0 xvlqj Wd|oru prgho ri Ehu} hw do1 ^53`/ frpsxwhg zlwk wkh FRV\0LQILQLW\

sdfndjh1
I q>r +[, 0 xvlqj WE irup ri Olq dqg Urnqh ^4<`1
I n R +[, 0 xvlqj WE irup lq Fkdswhu 51
I ª n R +[, 0 xvlqj sursrvhg frpelqhg WE irup1
I ? <M<wv 8 +[, 0 xvlqj lqqhu hvwlpdwhv ri wkh udqjh frpsxwhg zlwk wkh zhoo0nqrzq Prruh0

Vnhoerh rswlpl}dwlrq dojrulwkp ri lqwhuydo dqdo|vlv1
Wkh h{dpsohv duh

H{dpsoh 714 Julwwrq*v vhfrqg sureohp lq Fkhplfdo Hqjlqhhulqj ^4;`= Wkh 4�glp ixqfwlrq
lv
i+{, @ �6:4=<6958� :<4=5798989 � {. 7377=<77476 � { G . <:;=46:849: � { x

�4987:=;<5; � { y . 55473=:5;5: � { z � <659=87<68< � { { � 684;=869;:5 � { |
.7:;5=8655<9 � { } � 45;4=7:<77 � { ~ � 5;6=7768;:8 � { � S . 535=95:3<48 � { �0�
�49=4:<4678< � { � G � ;=;;636<35 � { � x . 4=8:88;34:6 � { � y . 3=4578<<3;7; � { � z
�3=368;<47;955 � { � { � 3=3334<843<88:9 � { � | . 3=33355:79;555< � { � }

Wkh grpdlq lv [
# ? ' @ ��4 . 5 4 ? ^�4> 4`�1

H{dpsoh 715 Mhqqulfk dqg Vdpsvrq ixqfwlrq ^59/ sureohp 9`1 Wkh 5� glp ixqfwlrq lv

i+{, @
� S[
? \ � i

? +{, G > i ? +{, @ 5 . 5l� +h{s+l{ � , . h{s+l{ G ,,

Wkh grpdlq lv [
# ? ' @ ��4 . 5 4 ? ^�4> 4`� G 1
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H{dpsoh 716 Ohy| ixqfwlrq ^65/ Sureohp O;/ ss1 537` Wkh 6�glp ixqfwlrq lv

i+{, @
G

[
? \ � +|

? � 4, G +4 . 43 vlq G +�| ? % � ,, . vlq G +�| � , . +| x � 4, G >

| ? @ 4. +{ ? � 4,
7 > l @ 4===6

Wkh grpdlq lv [
# ? ' @ �<=8 . 5 4 ? ^�4> 4`� x 1

H{dpsoh 717 Wuljrqrphwulf ixqfwlrq ^59/ sureohp 59`1 Wkh 7� glp ixqfwlrq lv

i+{, @ y[
? \ � i

? +{, G > i ? +{, @ 7� y[
J \ � frv{J . l+4� frv{ ? ,� vlq{ ?

Wkh grpdlq lv [
# ? ' @ �4=:8 . 5 4 ? ^�4> 4`� y 1

H{dpsoh 718 Julhzdqn ixqfwlrq ^65/ Sureohp Julhz8/ ss1 538` Wkh 8� glp ixqfwlrq lv

i+{, @ z[
? \ �

{ G?
733 � z\

? \ � frv
� { ?sl

�
. 4

Wkh grpdlq lv [
# ? ' @ �3=8 . 5 4 ? ^�4> 4`� z 1

H{dpsoh 719 Wuljrqrphwulf ixqfwlrq ^59/ sureohp 59`1 Wkh 9� glp ixqfwlrq lv

i+{, @ {[
? \ � i

? +{, G > i ? +{, @ 9� {[
J \ � frv{J . l+4� frv{ ? ,� vlq{ ?

Wkh grpdlq lv [
# ? ' @ �4=:8 . 5 4 ? ^�4> 4`� { 1

Wkh uhvxowv iru H{dpsohv 714 dqg 719 zlwk wkh ydulrxv irupv duh jlyhq � lq Wdeohv 714 wr 7191
Wdeoh 71: jlyhv grpdlq zlgwk sdudphwhu l dqg wlph wdnhq e| Dojrulwkpv WE dqg FWE wr uhdfk
dq dffxudf| ri 4H�43 iru ydulrxv Wd|oru rughuv lq wkhvh h{dpsohv1 Wkh gdwd iru I q>r / I nut duh
qrw jlyhq lq wkh wdeoh ehfdxvh I q>r idlov wr surgxfh uhvxowv ri wklv dffxudf| gxh wr h{fhvvlyh
phpru| ghpdqgv/ zkhuhdv I nut uhtxluhv wkh grpdlq zlgwk sdudphwhu l AA :/ h{fhhglqj
wkh vfrsh ri wkh suhvhqw lqyhvwljdwlrqv1Wkh uhvxowv xvlqj wkh qdwxudo lqfoxvlrq ixqfwlrq iru
wkh h{dpsohv duh uhsruwhg lq Wdeohv 71; wr 71461 Lq wkh Wdeohv/ wkh txdqwlwlhv K>U duh
gh�qhg dqdorjrxvo| wr vhfwlrq 5171 Wkh qhz txdqwlwlhv POO> w dqg VG ghqrwh wkh pd{lpxp
olvw ohqjwk/ frpsxwdwlrqdo wlph lq vhfrqgv dqg wkh qxpehu ri vxeglylvlrqv uhtxluhg lq wkh
Ehuqvwhlq vwhs1 Wkh vxevfulswv iru wkhvh txdqwlwlhv uhihu wr wkh lqfoxvlrq ixqfwlrq irup xvhg1
Qrwh wkdw wkh uhvxowv lq doo wkh Wdeohv duh urxqghg sxuho| iru glvsod| sxusrvhv1
� � �����
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717 Glvfxvvlrq
AIurp wkh uhvxowv jlyhq lq wkh Wdeohv/ zh revhuyh wkdw

41 Zlwk wkh Wd|oru prgho � dv dq lqfoxvlrq ixqfwlrq irup/ rqo| txdgudwlf frqyhujhqfh lv
rewdlqhg lq doo sureohpv/ luuhvshfwlyh ri wkh fkrvhq Wd|oru rughu p1 Wklv lv lq olqh zlwk
rxu hduolhu revhuydwlrqv jlyhq lq vhfwlrq 5181

51 Iru odujh grpdlqv/ wkh irup I n R uhtxluhv frpsdudwlyho| odujh wlphv dqg phpru| wkdq
I q>r / dqg idlov wr frpsxwh wkh udqjh hqforvxuh iru kljkhu glphqvlrqdo sureohpv> wkh
irup I q>r grhv qrw idlo iru dq| sureohp glphqvlrq1 Iru vpdoo grpdlqv/ wkh vlwxdwlrq lv
wkh uhyhuvh= wkh irup I q>r idlov iru dq| sureohp glphqvlrq/ zkloh wkh irup I n R grhv
qrw idlo iru dq| sureohp glphqvlrq1

61 Lq ylhz ri wkh deryh/ wkh sudfwlfdo xwlolw| ri I q>r lv vhyhuho| uhvwulfwhg dv dq lqfoxvlrq
irup iru rewdlqlqj kljkhu rughu frqyhujhqfh1 Ixuwkhu/ wkh irup I n R lv qrw vdwlvidfwru|
iru odujh grpdlq zlgwkv1 Khqfh/ qhlwkhu ri h{lvwlqj WE irupv lv uhdoo| vdwlvidfwru| lq
dssolfdwlrq sureohpv zkhuh wkh grpdlq ydulhv iurp odujh wr vpdoo zlgwkv/ gxh wr dq|
grpdlq vsolwwlqj ru vxeglylvlrq whfkqltxhv wkdw pd| eh hpsor|hg1

71 Wkh sursrvhg irup I ª n R grhv qrw idlo wr frpsxwh wkh udqjh hqforvxuh iru dq| grpdlq
zlgwk dqg iru dq| sureohp glphqvlrq $

81 Zlwk wkh sursrvhg irup I ª n R dv dq lqfoxvlrq ixqfwlrq irup/ lq sureohpv ri xs wr 7�glp
kljkhu rughu frqyhujhqfh ri rughuv xs wr < lv txlwh hdvlo| rewdlqhg � 1 Lq sureohpv ri 8
dqg 9� glp/ kljkhu rughu frqyhujhqfh ri rughuv xs wr < lv djdlq rewdlqhg> krzhyhu/
wkh frpsxwdwlrqdo ghpdqgv duh vrphzkdw odujh iru wkh 8� glp sureohp/ dqg ehfrph
h{fhvvlyh iru wkh 9� glp rqh1 Wklv ehkdylru lv lghqwlfdo wr wkdw ri I n R dv revhuyhg lq
vhfwlrq 518/ dqg pruhryhu lv h{shfwhg wr eh vr/ ehfdxvh I ª n R uhgxfhv wr I n R iru vpdoo
grpdlqv1

91 Zlwk wkh h{lvwlqj WE irup I n R > iru odujh grpdlqv wkh pd{lpxp olvw ohqjwk lqfuhdvhv
zlwk wkh sureohp glphqvlrq/ dqg ehfrphv h{fhvvlyh iru wkh 9 � glp h{dpsoh1 Dv wkh
grpdlq zlgwk ghfuhdvhv/ wkh pd{lpxp olvw ohqjwk iru I n R ghfuhdvhv dqg whqgv wr }hur1
Rq wkh rwkhu kdqg/ wkh pd{lpxp olvw ohqjwk zlwk wkh frpelqhg irup I ª n R lv qlo/ iru
dq| grpdlq zlgwk dqg iru dq| sureohp glphqvlrq $
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718 Frqfoxvlrqv 84

:1 Wkh frpsxwdwlrq wlph wdnhq iru I ª n R lv vpdoohu wkdq wkdw iru I n R e| dv pxfk dv
45> 333 wlphv iru odujh grpdlq zlgwkv/ e| dv pxfk dv :6 wlphv iru lqwhuphgldwh grpdlq
zlgwkv/ dqg lv wkh vdph iru vpdoo grpdlq zlgwkv1

;1 Wkh ryhuhvwlpdwlrq jlyhq e| I ª n R lv xvxdoo| derxw wkh vdph dv wkdw jlyhq e| I n R 0 lq
wkrvh fdvhv zkhuh I n R vxffhhgv lq frpsxwlqj wkh udqjh hqforvxuhv1 D vlplodu uhpdun
krogv zlwk uhvshfw wr wkh ryhuhvwlpdwlrq jlyhq e| I q>r 1

<1 Dv vhhq iurp wkh Wdeoh 71: wkh ehvw shuirupdqfh lq whupv ri frpsxwdwlrqdo wlph dqg
qxpehu ri lwhudwlrqv lv jlyhq e| wkh irup I ª n R iru Wd|oru rughup @ 7= Wklv revhuydwlrq
lv lq olqh zlwk wkh �qglqjv jlyhq lq vhfwlrq 6191

431 Iru odujh grpdlq zlgwkv/ wkh qdwxudo lqfoxvlrq irup I : ; � xvxdoo| jlyhv pxfk ohvv
ryhuhvwlpdwlrq wkdq dq| ri wkh pruh vrsklvwlfdwhg Wd|oru ru WE irupv1 Wklv ehkdylru
lv shukdsv h{shfwhg1 Krzhyhu/ lw lv txlwh uhpdundeoh wkdw wkh vdph lv revhuyhg lq d ihz
sureohpv/ hyhq iru vpdoo grpdlq zlgwkv1

718 Frqfoxvlrqv
Lq doo wkh h{dpsohv frqvlghuhg/ wkh sursrvhg frpelqhg WE irup lqghhg qxphulfdoo| h{klelwhg
wkh kljkhu rughu frqyhujhqfh surshuw|1 Wkh ryhuhvwlpdwlrq jlyhq e| wkh frpelqhg WE irup
zdv xvxdoo| derxw wkh vdph dv wkdw jlyhq e| h{lvwlqj WE irupv I n R dqg I q>r 0 lq doo wkrvh
fdvhv zkhuh wkh odwwhu irupv vxffhvvixoo| frpsxwhg wkh udqjh hqforvxuhv1
Zkhuhdv wkh h{lvwlqj WE irupv idlohg wr frpsxwh wkh udqjh hqforvxuhv iru vrph grpdlq

zlgwkv/ wkh frpelqhg WE irup glg qrw idlo wr frpsxwh wkh vdph iru dq| grpdlq zlgwk dqg
iru dq| sureohp glphqvlrq +lq wkh frqwh{w ri wkh orz wr phglxp glphqvlrqv frqvlghuhg iru
whvwlqj,1 Wkh pd{lpxp olvw ohqjwk qhhghg e| wkh frpelqhg WE irup zdv qlo/ iru dq| grpdlq
zlgwk dqg iru dq| sureohp glphqvlrq1 Pruhryhu/ iru odujh wr lqwhuphgldwh grpdlq zlgwkv/
wkh frpelqhg WE irup zdv vljql�fdqwo| idvwhu wkdq I n R / e| dv pxfk dv 5 � 7 rughuv ri
pdjqlwxgh1
D udwkhu vxusulvlqj ehkdylru zdv h{klelwhg e| wkh vlpsoh qdwxudo lqfoxvlrq irup1 Iru vpdoo

grpdlq zlgwkv/ wkh qdwxudo lqfoxvlrq irup vrphwlphv jdyh pxfk ohvv ryhuhvwlpdwlrq wkdq dq|
ri wkh pruh vrsklvwlfdwhg Wd|oru ru WE irupv1 Vlqfh frpsxwdwlrq ri wkh qdwxudo lqfoxvlrq
irup lv uhodwlyho| yhu| fkhds/ wkh ehkdylru vxjjhvwv wkdw lw pd| eh zruwkzkloh frpsxwlqj
wkh udqjh hqforvxuh zlwk wklv irup iru dq| grpdlq zlgwk/ dqg wkhq lqwhuvhfwlqj lw zlwk wkdw
irxqg e| d pruh vrsklvwlfdwhg irup1 Zh sxuvxh wklv srlqw lq wkh iroorzlqj fkdswhu1
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WDEOH 7141 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg zlwk Wd|oru
prgho/ Dojrulwkp OU/ Dojrulwkp WE dqg Dojrulwkp FWE lq H{dpsoh 714 Julwwrq +4� glp,1

Iru Wd|oru rughu p @ 5=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K nut 5H . 67 4H . 5< 9H . 56 8H . 4; 5H . 47 6H . 43 ;H . :K q>r 5H . 67 4H . 5< 9H . 56 8H . 4; 5H . 47 6H . 43 ;H . :

K n R 5H . 67 4H . 5< 9H . 56 8H . 4; 5H . 47 6H . 43 ;H . :K ª n R 5H . 67 4H . 5< 9H . 56 8H . 4; 5H . 47 6H . 43 ;H . :
U s � ; ; ; ; ; ;U nut � 5H . 8 5H . 8 4H . 8 6H . 7 8H . 6 759=7U q>r � 5H . 8 5H . 8 4H . 8 6H . 7 8H . 6 759=8U n R � 5H . 8 5H . 8 4H . 8 6H . 7 8H . 6 759=8U ª n R � 5H . 8 5H . 8 4H . 8 6H . 7 8H . 6 759=8
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POOnut � � � � � � �
POO q>r � � � � � � �
POO n R 6 6 6 6 6 6 6
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R 69 68 67 66 65 64 63
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv 86

Wdeoh 714 +Frqwg1, Iru Wd|oru rughu p @ 5=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 4H . 9 4H . 8 5H . 7 7H . 6 <H . 5 5H . 5 9H . 4 4H . 4K q>r 4H . 9 ;H . 7 8H . 6 � � � � �Kn R 4H . 9 ;H . 7 8H . 6 8H . 5 8H . 4 9H . 3 :H � 4 4H � 4K ª n R 4H . 9 ;H . 7 8H . 6 8H . 5 8H . 4 9H . 3 :H � 4 4H � 4

U s ; ; ; ; ; ; ; ;U nut 83=9 47=5 8=; 7=8 7=5 7=4 7=3 7=3U q>r 83=9 4:=< 48=8 � � � � �
U n R 83=9 4<=3 47=9 44=5 <=9 ;=; ;=7 ;=5U ª n R 83=9 4<=3 47=9 44=5 <=9 ;=; ;=7 ;=5
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 4H � 5 � � � � �
w n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 6 6 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 5< 5; 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3
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Wdeoh 714 +Frqwg1, Iru Wd|oru rughu p @ 7=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K nut 5H . 67 4H . 5< 9H . 56 8H . 4; 4H . 47 5H . 43 8H . :K q>r 5H . 67 4H . 5< 9H . 56 8H . 4; 4H . 47 5H . 43 8H . :

K n R 5H . 67 4H . 5< 9H . 56 8H . 4; 4H . 47 5H . 43 8H . :K ª n R 5H . 67 4H . 5< 9H . 56 8H . 4; 4H . 47 5H . 43 8H . :
U s � 65 65 65 65 65 65U nut � 5H . 8 5H . 8 4H . 8 7H . 7 9H . 6 8H . 5U q>r � 5H . 8 5H . 8 4H . 8 7H . 7 9H . 6 8H . 5U n R � 5H . 8 5H . 8 4H . 8 7H . 7 9H . 6 8H . 5U ª n R � 5H . 8 5H . 8 4H . 8 7H . 7 9H . 6 8H . 5
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POOnut � � � � � � �
POO q>r � � � � � � �
POO n R 8 8 8 8 8 8 7
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R 76 6< 6: 68 66 64 5<
VG ª n R 3 3 3 3 3 3 3
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Wdeoh 714 +Frqwg1, Iru Wd|oru rughu p @ 7=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut ;H . 8 ;H . 7 4H . 7 7H . 6 <H . 5 5H . 5 5H . 4 4H . 4K q>r :H . 8 5H . 7 � � � � � �K n R :H . 8 5H . 7 9H . 5 5H . 4 8H � 4 4H � 5 8H � 7 4H � 8K ª n R :H . 8 5H . 7 9H . 5 5H . 4 8H � 4 4H � 5 8H � 7 4H � 8

U s 65 65 65 65 65 65 65 65U n�t 8:=: 43=; 8=3 7=4 7=3 7=3 7=3 7=3U q>r :4=5 6;=3 � � � � � �
U n R ::=5 6;=3 68=< 66=< 65=< 65=7 65=5 65=4U ª n R :4=5 6;=3 68=< 66=< 65=< 65=7 65=5 65=4
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 � � � � � �
w n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 6 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 5: 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3
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Wdeoh 714 +Frqwg1, Iru Wd|oru rughu p @ 9=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K nut 5H . 67 4H . 5< 9H . 56 8H . 4; 4H . 47 5H . 43 6H . :K q>r 5H . 67 4H . 5< 9H . 56 8H . 4; 4H . 47 5H . 43 6H . :

K n R 5H . 67 4H . 5< 9H . 56 8H . 4; 4H . 47 5H . 43 6H . :K ª n R 5H . 67 4H . 5< 9H . 56 8H . 4; 4H . 47 5H . 43 6H . :
U s � 45; 45; 45; 45; 45; 45;U nut � 5H . 8 5H . 8 4H . 8 7H . 7 9H . 6 8:7=3U q>r � 5H . 8 5H . 8 4H . 8 7H . 7 9H . 6 85;=<U n R � 5H . 8 5H . 8 4H . 8 7H . 7 9H . 6 94<=6U ª n R � 5H . 8 5H . 8 4H . 8 7H . 7 9H . 6 94<=6
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POOnut � � � � � � �
POO q>r � � � � � � �
POO n R 8 8 8 8 8 8 7
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R 74 6< 69 69 67 65 63
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv 8:

Wdeoh 714 +Frqwg1, Iru Wd|oru rughu p @ 9=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K n�t :H . 8 :H . 7 4H . 7 7H . 6 <H . 5 5H . 5 9H . 4 4H . 4K q>r 8H . 8 6H . 5 � � � � � �K n R 4H . 8 6H . 5 5H . 3 4H � 5 ;H � 8 9H � : 8H � < 5H � 43K ª n R 8H . 8 6H . 5 5H . 3 4H � 5 ;H � 8 9H � : 8H � < 5H � 43

U s 45; 45; 45; 45; 45; 45; 45; 45;U nut 74=; <=< 8=3 7=4 7=3 7=3 7=3 7=3U q>r :4=4 46:8=3 � � � � � �
U n R 5;9=; 5<4=3 4:<=9 48;=; 478=6 46:=5 45;=8 55=3U ª n R :4=4 46:8=3 4:<=9 48;=; 478=6 46:=5 45;=8 55=3
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 � � � � � �
w n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 6 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 5; 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3
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Wdeoh 714 +Frqwg1, Iru Wd|oru rughu p @ ;=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K nut 5H . 67 4H . 5< 8H . 56 7H . 4; 4H . 47 4H . 43 5H . :K q>r 5H . 67 4H . 5< 8H . 56 7H . 4; 4H . 47 4H . 43 4H . :

Kn R 5H . 67 4H . 5< 8H . 56 7H . 4; 4H . 47 4H . 43 4H . :K ª n R 5H . 67 4H . 5< 8H . 56 7H . 4; 4H . 47 4H . 43 4H . :
U s � 589 589 589 589 589 589U nut � 5H . 8 5H . 8 4H . 8 7H . 7 :H . 6 9H . 5U q>r � 5H . 8 5H . 8 4H . 8 7H . 7 :H . 6 4H . 6U n R � 5H . 8 5H . 8 4H . 8 7H . 8 :H . 6 4H . 6U ª n R � 5H . 8 5H . 8 4H . 8 7H . 8 :H . 6 4H . 6
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R 8 8 8 8 7 8 6
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R 73 6; 69 66 64 5< 5
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv 8<

Wdeoh 714 +Frqwg1, Iru Wd|oru rughu p @ ;=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut :H . 8 :H . 7 4H . 7 7H . 6 <H . 5 5H . 5 9H . 4 4H . 4K q>r 5H . 8 6H . 3 � � � � � �

Kn R 5H . 7 6H . 3 7H � 6 9H � 9 4H � ; 5H � 43 5H � 43 5H � 43K ª n R 5H . 8 6H . 3 7H � 6 9H � 9 4H � ; 5H � 43 5H � 43 5H � 43
U s 845 845 845 845 845 845 845 845U nut 68=; <=6 7=< 7=4 7=3 7=3 7=3 7=3U q>r 9<=3 9H . 7 � � � � � �U n R 94<=6 84:3=9 ;38=; 9:4=: 8;:=: 84;=7 45=4 3=<U ª n R 9<=3 9H . 7 ;38=; 9:4=: 8;:=: 84;=7 45=4 3=<
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 � � � � � �
w n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 6 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 5: 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3
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WDEOH 7151 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg zlwk Wd|oru
prgho/ Dojrulwkp OU/ Dojrulwkp WE dqg Dojrulwkp FWE lq H{dpsoh 715 Mhqqulfk dqg Vdpsvrq
+5� glp,1

Iru Wd|oru rughu p @ 5=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �

K n�t � � 5H . 5;6 7H . 475 5H . :4 8H . 67 7H . 48K q>r � � 5H . 5;6 7H . 475 5H . :4 8H . 67 7H . 48K n R � � 5H . 5;6 7H . 475 5H . :4 8H . 67 7H . 48K ª n R � � 5H . 5;6 7H . 475 5H . :4 8H . 67 7H . 48
U s � � � ; ; ; ;U nut � � � 9H . 473 5H . :4 7H . 69 4H . 4<U q>r � � � 9H . 473 5H . :4 7H . 69 4H . 4<U n R � � � 9H . 473 5H . :4 7H . 69 4H . 4<U ª n R � � � 9H . 473 5H . :4 7H . 69 4H . 4<
w n�t � � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r � � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w n R � � 6H � 5 6H � 5 5H � 5 5H � 5 4H � 5
w ª n R � � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R � � 43 43 43 43 43
POO ª n R � � 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R � � 56: 564 558 54< 546
VG ª n R � � 3 3 3 3 3
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Wdeoh 715 +Frqwg1, Iru Wd|oru rughu p @ 51
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut 6H . 8 4H . 5 7H . 3 8H � 4 4H � 4 6H � 5 :H � 6 5H � 6K q>r 6H . 8 4H . 5 5H . 3 � � � � �K n R 6H . 8 4H . 5 5H . 3 ;H � 5 8H � 6 6H � 7 5H � 8 5H � 9K ª n R 6H . 8 4H . 5 5H . 3 ;H � 5 8H � 6 6H � 7 5H � 8 5H � 9

U s ; ; ; ; ; ; ; ;U nut 4H . 43 6H . 6 58=9 9=: 7=8 7=4 7=3 7=3U q>r 4H . 43 6H . 6 83=5 � � � � �
U n R 4H . 43 6H . 6 7;=6 55=9 4:=4 47=9 45=: 44=4U ª n R 4H . 43 6H . 6 7;=6 55=9 4:=4 47=9 45=: 44=4
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 4H � 5 � � � � �
w n R 5H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POOn R 43 43 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 537 4<4 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3



95 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

Wdeoh 715 +Frqwg1, Iru Wd|oru rughu p @ 7=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t � � 9H . 5<3 9H . 47; 5H . :9 6H . 6; 4H . 4;K q>r � � 9H . 5<3 9H . 47; 5H . :9 6H . 6; 4H . 4;

K n R � � 9H . 5<3 9H . 47; 5H . :9 6H . 6; 4H . 4;K ª n R � � 9H . 5<3 9H . 47; 5H . :9 6H . 6; 4H . 4;
U s � � � 65 65 65 65U nut � � � 4H . 475 6H . :5 9H . 6: 6H . 53U q>r � � � 4H . 475 6H . :5 9H . 6: 6H . 53U n R � � � 4H . 475 6H . :5 9H . 6: 6H . 53U ª n R � � � 4H . 475 6H . :5 9H . 6: 6H . 53
w n�t � � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r � � 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5
w n R � � 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5
w ª n R � � 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R � � 45 45 44 45 44
POO ª n R � � 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R � � 534 4<3 4;7 4:; 4:5
VG ª n R � � 3 3 3 3 3



718 Frqfoxvlrqv 96

Wdeoh 715 +Frqwg1, Iru Wd|oru rughu p @ 7=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut 7H . 9 :H . 4 5H . 3 8H � 4 4H � 4 6H � 5 :H � 6 5H � 6K q>r 7H . 9 9H . 4 � � � � � �K n R 7H . 9 9H . 4 5H � 4 5H � 6 6H � 8 8H � : <H � < 5H � 43K ª n R 7H . 9 9H . 4 5H � 4 5H � 6 6H � 8 8H � : <H � < 5H � 43

U s 65 65 65 65 65 65 65 65U nut 6H . 44 9H . 7 5<=< 7=: 7=4 7=3 7=3 7=3U q>r 6H . 44 :H . 7 � � � � � �
U n R 6H . 44 :H . 7 584=: 437=7 :7=7 94=< 86=: 7:=9U ª n R 6H . 44 :H . 7 586=< 437=7 :7=4 94=< 86=: 7:=9
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 5H � 5 5H � 5 � � � � � �
w n R 6H � 5 5H � 5 5H � 5 5H � 5 5H � 5 4H � 5 4H � 5 4H � 5
w ª n R 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 4H � 5 4H � 5 4H � 5

POO n�t � � � � � � � �
POO q>r � � � � � � � �
POO n R 43 43 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 498 489 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3



97 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

Wdeoh 715 +Frqwg1, Iru Wd|oru rughu p @ 9=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t � � 6H . 5<: 5H . 487 7H . ;3 8H . 74 4H . 53K q>r � � 6H . 5<: 5H . 487 7H . ;3 8H . 74 4H . 53

K n R � � 6H . 5<: 5H . 487 7H . ;3 8H . 74 4H . 53K ª n R � � 6H . 5<: 5H . 487 7H . ;3 8H . 74 4H . 53
U s � � � 45; 45; 45; 45;U nut � � � 5H . 476 8H . :6 <H . 6; 7H . 54U q>r � � � 5H . 476 8H . :6 <H . 6; 7H . 54U n R � � � 5H . 476 8H . :6 <H . 6; 7H . 54U ª n R � � � 5H . 476 8H . :6 <H . 6; 7H . 54
w n�t � � 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5
w q>r � � 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5
w n R � � 9H � 5 7H � 5 8H � 5 8H � 5 7H � 5
w ª n R � � 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R � � 56 4: 45 45 45
POO ª n R � � 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R � � 556 539 4<5 4:: 4:3
VG ª n R � � 3 3 3 3 3



718 Frqfoxvlrqv 98

Wdeoh 715 +Frqwg1, Iru Wd|oru rughu p @ 9=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 5H . : 7H . 4 5H . 3 8H � 4 4H � 4 6H � 5 :H � 6 5H � 6K q>r 5H . : 5H . 4 � � � � � �K n R 5H . : 5H . 4 5H � 5 7H � 8 4H � : 8H � 43 4H � 45 6H � 45K ª n R 5H . : 5H . 4 5H � 5 7H � 8 4H � : 8H � 43 4H � 45 6H � 45

U s 45; 45; 45; 45; 45; 45; 45; 45;U n�t 9H . 45 8H . 8 49=: 7=7 7=4 7=3 7=3 7=3U q>r 9H . 45 ;H . 8 � � � � � �U n R 9H . 45 ;H . 8 4H . 6 789=; 644=5 589=5 7<8=9 3=6
U ª n R 9H . 45 ;H . 8 4H . 6 789=; 644=5 589=5 7<8=9 3=6
w nut 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5
w q>r 6H � 5 6H � 5 � � � � � �
w n R 8H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5
w ª n R 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 45 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 495 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3



99 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

Wdeoh 715 +Frqwg1, Iru Wd|oru rughu p @ ;=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t � � :H . 636 6H . 48< 6H . ;7 5H . 77 7H . 54K q>r � � :H . 636 6H . 48< 6H . ;7 5H . 77 7H . 54

K n R � � :H . 636 6H . 48< 6H . ;7 5H . 77 7H . 54K ª n R � � :H . 636 6H . 48< 6H . ;7 5H . 77 7H . 54
U s � � � 845 845 845 845U nut � � � 5H . 477 ;H . :7 4H . 73 9H . 55U q>r � � � 5H . 477 ;H . :7 4H . 73 9H . 55U n R � � � 5H . 477 ;H . :7 4H . 73 9H . 55U ª n R � � � 5H . 477 ;H . :7 4H . 73 9H . 55
w n�t � � 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5
w q>r � � 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5
w n R � � ;H � 5 ;H � 5 :H � 5 ;H � 5 :H � 5
w ª n R � � 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R � � 56 4: 45 45 44
POO ª n R � � 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R � � 555 4<6 4<6 4;8 4:9
VG ª n R � � 3 3 3 3 3



718 Frqfoxvlrqv 9:

Wdeoh 715 +Frqwg1, Iru Wd|oru rughu p @ ;=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 7H . : 5H . 4 5H . 3 8H � 4 4H � 4 6H � 5 :H � 6 5H � 6K q>r 7H . : :H . 3 � � � � � �K n R 7H . : :H . 3 4H � 6 9H � : 8H � 43 5H � 45 5H � 45 6H � 45

K ª n R 7H . : :H . 3 4H � 6 9H � : 8H � 43 5H � 45 5H � 45 6H � 45
U s 845 845 845 845 845 845 845 845
U n�t 4H . 47 5H . 9 ;=9 7=6 7=4 7=3 7=3 7=3U q>r 4H . 47 8H . 9 � � � � � �U n R 4H . 47 8H . 9 8H . 6 5H . 6 4H . 6 538=9 4=3 3=:U ª n R 4H . 47 8H . 9 8H . 6 5H . 6 4H . 6 538=9 4=3 3=:
w nut 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5
w q>r 7H � 5 7H � 5 � � � � � �
w n R ;H � 5 8H � 5 8H � 5 8H � 5 7H � 5 7H � 5 7H � 5 7H � 5
w ª n R 7H � 5 7H � 5 8H � 5 8H � 5 7H � 5 7H � 5 7H � 5 7H � 5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 44 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 49; 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3



9; 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

WDEOH 7161 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg zlwk Wd|oru
prgho/ Dojrulwkp OU/ Dojrulwkp WE dqg Dojrulwkp FWE lq H{dpsoh 716 Ohy| +6� glp,1

Iru Wd|oru rughu p @ 5=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �Knut :H . 47 7H . 45 5H . 43 4H . ; 4H . 9 5H . 7 4H . 6K q>r :H . 47 6H . 45 5H . 43 4H . ; 4H . 9 5H . 7 <H . 5

Kn R :H . 47 6H . 45 5H . 43 4H . ; 4H . 9 5H . 7 <H . 5K ª n R :H . 47 6H . 45 5H . 43 4H . ; 4H . 9 5H . 7 <H . 5
U s � ; ; ; ; ; ;U nut � 554=4 4<6=: 486=6 436=3 86=< 53=<U q>r � 554=4 4<6=: 486=6 436=3 86=< 53=<U n R � 554=4 4<6=: 486=6 436=3 86=< 53=<U ª n R � 554=4 4<6=: 486=6 436=3 86=< 53=<
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w n R ;H � 4 ;H � 4 ;H � 4 ;H � 4 ;H � 4 ;H � 4 :H � 4
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R << << << << << << <<
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R 69;9 694< 6883 6798 6676 6546 5<38
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv 9<

Wdeoh 716 +Frqwg1, Iru Wd|oru rughu p @ 5=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 4H . 5 5H . 4 8H . 3 4H . 3 6H � 4 9H � 5 5H � 5 7H � 6K q>r ;H . 4 :H . 3 ;H � 4 � � � � �

K n R :H . 4 :H . 3 ;H � 4 <H � 5 4H � 5 4H � 6 5H � 7 5H � 8K ª n R ;H . 4 :H . 3 ;H � 4 <H � 5 4H � 5 4H � 6 5H � 7 5H � 8
U s ; ; ; ; ; ; ; ;U n�t ;=9 7=; 7=9 7=6 7=5 7=4 7=3 7=3U q>r 44=: 43=8 <=6 � � � � �U n R 44=< 43=6 <=6 ;=: ;=7 ;=5 ;=4 ;=3U ª n R 44=: 43=8 <=6 ;=: ;=7 ;=5 ;=4 ;=3
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 4H � 5 � � � � �
w n R 5H � 4 4H � 4 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 57 6 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 6<6 9< 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3



:3 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

Wdeoh 716 +Frqwg1, Iru Wd|oru rughu p @ 7=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �Knut 5H . 53 8H . 49 5H . 46 ;H . < ;H . 9 6H . 7 <H . 5K q>r 5H . 53 8H . 49 5H . 46 ;H . < ;H . 9 6H . 7 8H . 5

Kn R 5H . 53 8H . 49 5H . 46 ;H . < ;H . 9 6H . 7 6H . 5K ª n R 5H . 53 8H . 49 5H . 46 ;H . < ;H . 9 6H . 7 8H . 5
U s � 65 65 65 65 65 65U nut � 6H . 6 6H . 6 5H . 6 4H . 6 5:6=; 65=8U q>r � 6H . 7 6H . 6 5H . 6 4H . 6 5;7=7 88=<U n R � 6H . 6 6H . 6 5H . 6 4H . 6 646 ::=:U ª n R � 6H . 7 6H . 6 5H . 6 4H . 6 5;7=7 88=<
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w n R 6H � 4 6H � 4 6H � 4 6H � 4 6H � 4 5H � 4 5H � 4
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R :8 :8 88 56 69 69 4;
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R 757 758 755 6:< 793 43: 438
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv :4

Wdeoh 716 +Frqwg1, Iru Wd|oru rughu p @ 7=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K n�t 4H . 5 5H . 4 8H . 3 4H . 3 6H � 4 9H � 5 5H � 5 6H � 6K q>r 5H . 4 5H � 4 � � � � � �K n R 9H . 3 5H � 4 8H � 6 4H � 7 7H � 9 4H � : 7H � < 4H � 43K ª n R 5H . 4 5H � 4 8H � 6 4H � 7 7H � 9 4H � : 7H � < 4H � 43

U s 65 65 65 65 65 65 65 65U nut ;=8 7=< 7=9 7=6 7=5 7=4 7=3 7=3U q>r 59=3 43;=: � � � � � �
U n R 84=3 69=5 69=3 67=4 66=4 65=8 65=6 64=9U ª n R 59=3 43;=: 69=3 67=4 66=4 65=8 65=6 64=9
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 � � � � � �
w n R 5H � 4 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 47 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 5;< 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3



:5 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

Wdeoh 716 +Frqwg1, Iru Wd|oru rughu p @ 9=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t 4H . 58 5H . 53 7H . 48 5H . 44 5H . : 6H . 7 <H . 5K q>r 4H . 58 5H . 53 7H . 48 5H . 44 5H . : 5H . 7 5H . 5

K n R 4H . 58 5H . 53 7H . 48 5H . 44 5H . : 5H . 7 ;H . 4K ª n R 4H . 58 5H . 53 7H . 48 5H . 44 5H . : 5H . 7 5H . 5
U s � 45; 45; 45; 45; 45; 45;U nut � 8H . 7 7H . 7 6H . 7 ;H . 6 9H . 5 7H . 4U q>r � 8H . 7 7H . 7 6H . 7 ;H . 6 ;H . 5 5H . 5U n R � 8H . 7 7H . 7 6H . 7 ;H . 6 <H . 5 6H . 5U ª n R � 8H . 7 7H . 7 6H . 7 ;H . 6 ;H . 5 5H . 5
w n�t 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w n R 8H � 4 8H � 4 8H � 4 8H � 4 8H � 4 8H � 4 <H � 4
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R 87 87 67 67 66 47 78
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R 53: 4;3 447 447 43; 497 957
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv :6

Wdeoh 716 +Frqwg1, Iru Wd|oru rughu p @ 9=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 \ G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut 4H . 5 5H . 4 7H . 3 4H . 3 6H � 4 9H � 5 5H � 5 7H � 6K q>r <H . 3 6H � 6 � � � � � �Kn R ;H � 4 6H � 6 5H � 8 5H � : 4H � < 4H � 44 6H � 45 5H � 45K ª n R <H . 3 6H � 6 5H � 8 5H � : 4H � < 4H � 44 6H � 45 5H � 45

U s 45; 45; 45; 45; 45; 45; 45; 45;U nut ;=7 7=; 7=9 7=6 7=5 7=4 7=3 7=3U q>r 4;=; 6H . 6 � � � � � �
U n R <7=; 5:6=9 475=9 468=5 464=: 433=6 7=8 4=4U ª n R 4;=; 6H . 6 475=9 468=5 464=: 433=6 7=8 4=4
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 � � � � � �
w n R 8H � 4 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 48 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 633 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3
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Wdeoh 716 +Frqwg1, Iru Wd|oru rughu p @ ;=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t 5H . 5< 6H . 56 7H . 4: 4H . 45 6H . : 6H . 7 <H . 5K q>r 5H . 5< 6H . 56 7H . 4: 4H . 45 6H . : 4H . 7 9H . 4

K n R 5H . 5< 6H . 56 7H . 4: 4H . 45 6H . : 4H . 7 4H . 4K ª n R 5H . 5< 6H . 56 7H . 4: 4H . 45 6H . : 4H . 7 9H . 4
U s � 845 845 845 845 845 845U nut � ;H . 8 9H . 8 6H . 8 7H . 7 <H . 6 6:=4U q>r � ;H . 8 9H . 8 6H . 8 7H . 7 5H . 6 544=8U n R � ;H . 8 9H . 8 6H . 8 8H . 7 6H . 6 4H . 6U ª n R � ;H . 8 9H . 8 6H . 8 7H . 7 5H . 6 544=8
w n�t 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5
w n R 5H � 4 5H � 4 5H � 4 6H � 4 6H � 4 6H � 4 5H . 3
w ª n R 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R 8 8 8 9 7 4; 78
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R 7 7 7 ;5 :4 <: 95:
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv :8

Wdeoh 716 +Frqwg1, Iru Wd|oru rughu p @ ;=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 4H . 5 5H . 4 8H . 3 4H . 3 6H � 4 9H � 5 5H � 5 7H � 6K q>r 8H . 3 7H � 8 � � � � � �K n R 7H � 4 7H � 8 :H � ; 4H � 43 6H � 46 6H � 45 6H � 45 5H � 45

K ª n R 8H . 3 7H � 8 :H � ; 4H � 43 6H � 46 6H � 45 6H � 45 5H � 45
U s 845 845 845 845 845 845 845 845
U n�t ;=7 7=; 7=9 7=6 7=5 7=4 7=3 7=3U q>r 44=8 4H . 8 � � � � � �U n R 5;=9 <H . 6 86<=7 84;=: 7:=6 4=4 4=4 4=3U ª n R 44=8 4H . 8 86<=7 84;=: 7:=6 4=4 4=4 4=3
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 8H � 5 6H � 5 � � � � � �
w n R 8H � 4 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5
w ª n R 8H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 47 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 5;4 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3



:9 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

WDEOH 7171 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg zlwk Wd|oru
prgho/ Dojrulwkp OU/ Dojrulwkp WE dqg Dojrulwkp FWE lq H{dpsoh 717 Wuljrqrphwulf +7� glp,1

Iru Wd|oru rughu p @ 5=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K nut 6H . 46 7H . 44 :H . < 4H . ; 5H . 9 8H . 7 6H . 6K q>r 6H . 46 7H . 44 :H . < 4H . ; 5H . 9 8H . 7 6H . 6

K n R 6H . 46 7H . 44 :H . < 4H . ; 5H . 9 8H . 7 6H . 6K ª n R 6H . 46 7H . 44 :H . < 4H . ; 5H . 9 8H . 7 6H . 6
U s � ; ; ; ; ; ;U nut � 96=: 96=3 94=6 88=8 6;=3 4:=8U q>r � 96=: 96=3 94=6 88=8 6;=3 4:=8U n R � 96=: 96=3 94=6 88=8 88=8 4:=8U ª n R � 96=: 96=3 94=6 88=8 6;=3 4:=8
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w n R 458 457 456 455 453 447 43<
w ª n R 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

POO n�t � � � � � � �
POO q>r � � � � � � �
POO n R 568 568 568 568 568 568 568
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R 45:78 4583: 45599 44<<9 449:4 44543 43979
VG ª n R 3 3 3 3 3 3 3
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Wdeoh 717 +Frqwg1, Iru Wd|oru rughu p @ 5=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 7H . 5 <H . 4 5H . 4 8H . 3 4H . 3 6H � 4 :H � 5 5H � 5K q>r 6H . 5 6H . 4 6H . 3 � � � � �K n R 6H . 5 6H . 4 6H . 3 6H � 4 6H � 5 7H � 6 8H � 7 :H � 8K ª n R 6H . 5 6H . 4 6H . 3 6H � 4 6H � 5 7H � 6 8H � 7 :H � 8

U s ; ; ; ; ; ; ; ;U n�t :=3 7=< 7=8 7=5 7=4 7=4 7=3 7=3U q>r 44=8 43=8 <=8 � � � � �
U n R 44=8 43=8 <=8 ;=; ;=7 ;=5 ;=4 ;=4U ª n R 44=8 43=8 <=8 ;=; ;=7 ;=5 ;=4 ;=4
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 4H � 5 4H � 5 4=< � � � � �
w n R 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5
w ª n R 4H � 5 4H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 3 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 3 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3
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Wdeoh 717 +Frqwg1, Iru Wd|oru rughu p @ 7=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t 5H . 4< 5H . 49 5H . 46 5H . 43 6H . : 4H . 8 6H . 6K q>r 5H . 4< 5H . 49 5H . 46 5H . 43 6H . : 4H . 8 5H . 6

K n R 5H . 4< 5H . 49 5H . 46 5H . 43 6H . : 4H . 8 <H . 5K ª n R 5H . 4< 5H . 49 5H . 46 5H . 43 6H . : 4H . 8 5H . 6
U s � 65 65 65 65 65 65U nut � 4H . 6 <;:=4 <39=4 9:3=7 594=6 6<=3U q>r � 4H . 6 <;:=4 <39=4 9:4=8 5:9=6 9;=9U n R � 4H . 6 <;:=4 <39=4 9:7=8 635=7 448=3U ª n R � 4H . 6 <;:=4 <39=4 9:4=8 5:9=6 9;=9
w n�t 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5
w n R 49=3 47=9 47=5 46=< 49=9 47=8 95=8
w ª n R 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R ;: ;7 ;5 ;7 44: 445 453
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R 4788 4655 4645 4633 458; 4583 5<39
VG ª n R 3 3 3 3 3 3 3
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Wdeoh 717 +Frqwg1, Iru Wd|oru rughu p @ 7=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K n�t 7H . 5 <H . 4 5H . 4 8H . 3 4H . 3 6H � 4 :H � 5 5H � 5K q>r 4H . 4 5H � 4 � � � � � �K n R 4H . 4 5H � 4 8H � 6 4H � 7 6H � 9 ;H � ; 5H � < :H � 44K ª n R 4H . 4 5H � 4 8H � 6 4H � 7 6H � 9 ;H � ; 5H � < :H � 44

U s 65 65 65 65 65 65 65 65U nut :=5 7=< 7=7 7=5 7=4 7=4 7=3 7=3U q>r 447=7 89=6 � � � � � �
U n R 95=4 89=6 83=7 77=8 6<=; 69=8 67=6 63=9U ª n R 447=7 89=6 83=7 77=8 6<=; 69=8 67=6 63=9
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 6H � 5 6H � 5 � � � � � �
w n R 9H � 5 9H � 5 9H � 5 9H � 5 9H � 5 9H � 5 9H � 5 9H � 5
w ª n R 6H � 5 6H � 5 9H � 5 9H � 5 9H � 5 9H � 5 9H � 5 9H � 5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 3 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 3 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3
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Wdeoh 717 +Frqwg1, Iru Wd|oru rughu p @ 9=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t 6H . 57 5H . 53 5H . 49 <H . 44 4H . ; 4H . 8 6H . 6K q>r 6H . 57 5H . 53 5H . 49 <H . 44 4H . ; 4H . 8 7H . 5

K n R 6H . 57 5H . 53 5H . 49 <H . 44 4H . ; 4H . 8 7H . 5K ª n R 6H . 57 5H . 53 5H . 49 <H . 44 4H . ; 4H . 8 7H . 5
U s � 45; 45; 45; 45; 45; 45;U nut � 5H . 7 5H . 7 4H . 7 :H . 6 <H . 5 7:=3U q>r � 5H . 7 5H . 7 4H . 7 :H . 6 4H . 6 5:3=6U n R � 5H . 7 5H . 7 4H . 7 :H . 6 4H . 6 694=8U ª n R � 5H . 7 5H . 7 4H . 7 :H . 6 4H . 6 5:3=6
w n�t 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5
w q>r 5H � 4 5H � 4 5H � 4 5H � 4 5H � 4 5H � 4 5H � 4
w n R 559=9 557=8 577=: 6<:=< 4;9=4 534=3 55<=6
w ª n R 5H � 4 5H � 4 5H � 4 5H � 4 5H � 4 5H � 4 5H � 4

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R 547 549 5;8 64< 557 5:7 43<
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R 54;6 5497 5388 5586 4:6: 4;6< 64:5
VG ª n R 3 3 3 3 3 3 3
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Wdeoh 717 +Frqwg1, Iru Wd|oru rughu p @ 9=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut 7H . 5 <H . 4 5H . 4 8H . 3 4H . 3 6H � 4 :H � 5 5H � 5K q>r 5H . 3 <H � 6 � � � � � �Kn R 5H . 3 <H � 6 9H � 8 7H � : 6H � < 6H � 44 :H � 45 :H � 45K ª n R 5H . 3 <H � 6 9H � 8 7H � : 6H � < 6H � 44 :H � 45 :H � 45

U s 45; 45; 45; 45; 45; 45; 45; 45;U nut :=6 7=< 7=7 7=5 7=4 7=4 7=3 7=3U q>r 567=4 4;<=3 � � � � � �
U n R 4:8=3 4;<=3 49:=9 484=6 473=8 <<=5 6=9 4=3U ª n R 567=4 4;<=3 49:=9 484=6 473=8 <<=5 6=9 4=3
w nut 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5
w q>r 5H � 4 5H � 4 � � � � � �
w n R 6H � 4 6H � 4 6H � 4 6H � 4 6H � 4 6H � 4 6H � 4 6H � 4
w ª n R 5H � 4 5H � 4 6H � 4 6H � 4 6H � 4 6H � 4 6H � 4 6H � 4

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 3 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 3 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3
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Wdeoh 717 +Frqwg1, Iru Wd|oru rughu p @ ;=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t 5H . 5< 9H . 56 6H . 4; 4H . 46 6H . ; 4H . 8 6H . 6K q>r 5H . 5< 9H . 56 6H . 4; 4H . 46 6H . ; :H . 7 4H . 5

K n R 5H . 5< 9H . 56 6H . 4; 4H . 46 6H . ; :H . 7 4H . 5K ª n R 5H . 5< 9H . 56 6H . 4; 4H . 46 6H . ; :H . 7 4H . 5
U s � 845 845 845 845 845 845U nut � 6H . 8 5H . 8 5H . 8 8H . 7 5H . 6 76=:U q>r � 6H . 8 5H . 8 5H . 8 8H . 7 7H . 6 847=8U n R � 6H . 8 5H . 8 5H . 7 8H . 7 8H . 6 4H . 6U ª n R � 6H . 8 5H . 8 5H . 8 8H . 7 7H . 6 847=8
w n�t 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5
w q>r 4=7 4=7 4=7 4=7 4=7 4=7 4=7
w n R 6<93 747; 6:54 6775 436< :93 78:
w ª n R 4=7 4=7 4=7 4=7 4=7 4=7 4=7

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R 743 744 744 744 6:; 589 :9
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R <779 <7;6 ;:67 ;35< 5547 6376 5866
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv ;6

Wdeoh 717 +Frqwg1, Iru Wd|oru rughu p @ ;=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 7H . 5 <H . 4 5H . 4 8H . 3 4H . 3 6H � 4 :H � 5 5H � 5K q>r 8H � 4 9H � 8 � � � � � �K n R 8H � 4 9H � 8 ;H � ; 4H � 43 ;H � 45 :H � 45 :H � 45 :H � 45

K ª n R 8H � 4 9H � 8 ;H � ; 4H � 43 ;H � 45 :H � 45 :H � 45 :H � 45
U s 845 845 845 845 845 845 845 845
U n�t :=6 7=< 7=7 7=5 7=4 7=4 7=3 7=3U q>r 6H . 6 ;5;=9 � � � � � �U n R <3<=< ;5;=9 :67=9 956=5 4:=5 4=4 4=3 3=<U ª n R 6H . 6 ;5;=9 :67=9 956=5 4:=5 4=4 4=3 3=<
w nut 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5
w q>r 4=7 4=7 � � � � � �
w n R 4=8 4=8 4=8 4=8 4=8 4=8 4=8 4=8
w ª n R 4=7 4=7 4=8 4=8 4=8 4=8 4=8 4=8

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 3 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 3 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3



;7 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

WDEOH 7181 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg zlwk Wd|oru
prgho/ Dojrulwkp OU/ Dojrulwkp WE dqg Dojrulwkp FWE lq H{dpsoh 718 Julhzdqn +8� glp,1

Iru Wd|oru rughu p @ 5=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t 8H . 57 5H . 53 9H . 48 6H . 44 6H . : :H . 6 6H . 4K q>r 7H . 57 4H . 53 9H . 48 6H . 44 6H . : :H . 6 6H . 4

K n R � � � � � � �K ª n R 7H . 57 4H . 53 9H . 48 6H . 44 6H . : :H . 6 6H . 4
U s � ; ; ; ; ; ;U nut � 6H . 7 6H . 7 5H . 7 4H . 7 6H . 6 6H . 5U q>r � 6H . 7 5H . 7 5H . 7 4H . 7 6H . 6 6H . 5U n R � � � � � � �U ª n R � 6H . 7 6H . 7 5H . 7 4H . 7 6H . 6 6H . 5
w n�t 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5
w n R � � � � � � �
w ª n R 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R � � � � � � �
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R � � � � � � �
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv ;8

Wdeoh 718 +Frqwg1, Iru Wd|oru rughu p @ 5=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 4H . 3 4H � 4 6H � 5 :H � 6 5H � 6 7H � 7 4H � 7 6H � 8K q>r 4H . 3 9H � 5 8H � 6 � � � � �Kn R � 9H � 5 8H � 6 9H � 7 9H � 8 :H � 9 <H � : 4H � :K ª n R 4H . 3 9H � 5 8H � 6 9H � 7 9H � 8 :H � 9 <H � : 4H � :

U s ; ; ; ; ; ; ; ;U nut 59=6 :=3 7=: 7=6 7=4 7=4 7=3 7=3U q>r 63=7 47=5 44=5 � � � � �
U n R � � 44=5 <=: ;=< ;=8 ;=5 ;=4U ª n R 63=7 47=5 44=5 <=: ;=< ;=8 ;=5 ;=4
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 5H � 5 5H � 5 ;4=3 � � � � �
w n R � 8H � 4 8H � 4 8H � 4 8H � 4 8H � 4 8H � 4 8H � 4
w ª n R 5H � 5 5H � 5 8H � 4 8H � 4 8H � 4 8H � 4 8H � 4 8H � 4

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R � 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R � 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3



;9 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

Wdeoh 718 +Frqwg1, Iru Wd|oru rughu p @ 7=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t 4H . 6: 8H . 5< 5H . 55 5H . 48 <H . ; 4H . 7 6H . 4K q>r 4H . 6: 8H . 5< 5H . 55 5H . 48 <H . ; 4H . 7 5H . 4

K n R � � � � � � �K ª n R 4H . 6: 8H . 5< 5H . 55 5H . 48 <H . ; 4H . 7 5H . 4
U s � 65 65 65 65 65 65U nut � 6H . : 5H . : 4H . : 5H . 9 9H . 7 8H . 5U q>r � 6H . : 5H . : 4H . : 5H . 9 9H . 7 9H . 5U n R � � � � � � �U ª n R � 6H . : 5H . : 4H . : 5H . 9 9H . 7 9H . 5
w n�t 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 6H � 4 6H � 4 6H � 4 6H � 4 6H � 4 6H � 4 6H � 4
w n R � � � � � � �
w ª n R 6H � 4 6H � 4 6H � 4 6H � 4 6H � 4 6H � 4 6H � 4

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R � � � � � � �
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R � � � � � � �
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv ;:

Wdeoh 718 +Frqwg1, Iru Wd|oru rughu p @ 7=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut 4H . 3 4H � 4 6H � 5 :H � 6 5H � 6 7H � 7 4H � 7 6H � 8K q>r 7H � 4 <H � 6 � � � � � �

K n R � � 5H � 7 :H � 9 5H � : 9H � < 5H � 43 6H � 45K ª n R 7H � 4 <H � 6 5H � 7 :H � 9 5H � : 9H � < 5H � 43 6H � 45
U s 65 65 65 65 65 65 65 65U nut 58=< :=5 7=; 7=6 7=4 7=4 7=3 7=3U q>r 95=; 75=< � � � � � �U n R � � � 68=4 66=9 65=< 65=9 9:=6U ª n R 95=; 75=< 6:=; 68=4 66=9 65=< 65=9 9:=6
w nut 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
w q>r 6H � 4 6H � 4 � � � � � �
w n R � � <H � 4 <H � 4 <H � 4 <H � 4 <H � 4 <H � 4
w ª n R 6H � 4 6H � 4 <H � 4 <H � 4 <H � 4 <H � 4 <H � 4 <H � 4

POOnut � � � � � � � �
POO q>r � � � � � � � �
POO n R � � 3 3 3 3 3 3
POO ª n R � � 3 3 3 3 3 3
VG n�t � � � � � � � �
VG q>r � � � � � � � �
VG n R � 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3



;; 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

Wdeoh 718 +Frqwg1, Iru Wd|oru rughu p @ 9=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t 4H . 7; 8H . 6: 6H . 5: 8H . 4: 6H . < 5H . 7 6H . 4K q>r 4H . 7; 8H . 6: 6H . 5: 8H . 4: 6H . < 5H . 7 5H . 4K n R � � � � � � �K ª n R 4H . 7; 8H . 6: 6H . 5: 8H . 4: 6H . < 5H . 7 5H . 4

U s � 45; 45; 45; 45; 45; 45;U nut � 6H . 43 5H . 43 8H . < 5H . ; 5H . 8 8H . 5U q>r � 5H . 43 5H . 43 :H . < 7H . ; 5H . 8 7H . 5U n R � � � � � � �
U ª n R � 5H . 43 5H . 43 :H . < 7H . ; 5H . 8 7H . 5
w n�t 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5
w q>r :=8 :=8 :=8 :=8 :=8 :=8 :=8
w n R � � � � � � �
w ª n R :=8 :=8 :=8 :=8 :=8 :=8 :=8

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R � � � � � � �
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R � � � � � � �
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv ;<

Wdeoh 718 +Frqwg1, Iru Wd|oru rughu p @ 9=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 4H . 3 4H � 4 6H � 5 :H � 6 5H � 6 7H � 7 4H � 7 6H � 8K q>r 9H � 5 6H � 7 � � � � � �K n R � 6H � 7 5H � 9 4H � ; <H � 44 9H � 45 4H � 44 <H � 45K ª n R 9H � 5 6H � 7 5H � 9 4H � ; <H � 44 9H � 45 4H � 44 <H � 45

U s 45; 45; 45; 45; 45; 45; 45; 45;U n�t 5<=: :=7 7=; 7=6 7=4 7=4 7=3 7=3U q>r 588=5 4<9=4 � � � � � �U n R � � 499=5 47;=9 476=7 47=6 318 4=6
U ª n R 588=5 4<9=4 499=5 47;=9 476=7 47=6 3=8 4=6
w nut 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5
w q>r :=8 :=8 � � � � � �
w n R � ;=3 ;=3 ;=3 ;=3 ;=3 ;=3 ;=3
w ª n R :=8 :=8 ;=3 ;=3 ;=3 ;=3 ;=3 ;=3

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R � 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R � 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3



<3 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

Wdeoh 718 +Frqwg1, Iru Wd|oru rughu p @ ;=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t :H . 8: 6H . 77 5H . 64 4H . 4< 8H . < 5H . 7 6H . 4K q>r :H . 8: 6H . 77 5H . 64 4H . 4< 8H . < 5H . 7 4H . 4

K n R � � � � � � �K ª n R :H . 8: 6H . 77 5H . 64 4H . 4< 8H . < 5H . 7 4H . 4
U s � 589 589 589 589 589 589U nut � 5H . 46 4H . 46 5H . 45 6H . < 6H . 8 8H . 5U q>r � 5H . 46 4H . 46 5H . 45 6H . < 6H . 8 5H . 6U n R � � � � � � �U ª n R � 5H . 46 4H . 46 5H . 45 6H . < 6H . 8 5H . 6
w n�t 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5
w q>r ;5=7 ;5=7 ;5=7 ;5=7 ;5=7 ;5=7 ;5=7
w n R � � � � � � �
w ª n R ;5=7 ;5=7 ;5=7 ;5=7 ;5=7 ;5=7 ;5=7

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R � � � � � � �
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R � � � � � � �
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv <4

Wdeoh 718 +Frqwg1, Iru Wd|oru rughu p @ ;=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 4H . 3 4H � 4 6H � 5 :H � 6 5H � 6 7H � 7 4H � 7 6H � 8K q>r 4H � 5 5H � 8 � � � � � �K n R � 5H � 8 7H � ; :H � 44 4H � 44 :H � 45 4H � 44 <H � 45

K ª n R 4H � 5 5H � 8 7H � ; :H � 44 4H � 44 :H � 45 4H � 44 <H � 45
U s 845 845 845 845 845 845 845 845
U n�t 64=9 :=7 7=; 7=6 7=4 7=4 7=4 7=3U q>r :33 8<<=5 � � � � � �U n R � � 88:=8 8;6=7 :=4 4=6 3=: 4=6U ª n R :33 8<<=5 88:=8 8;6=7 :=4 4=6 3=: 4=6
w nut 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5 6H � 5
w q>r ;5=7 ;5=7 � � � � � �
w n R � ;6=9 ;6=9 ;6=9 ;6=9 ;6=9 ;6=9 ;6=9
w ª n R ;5=7 ;5=7 ;6=9 ;6=9 ;6=9 ;6=9 ;6=9 ;6=9

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R � 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R � 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3



<5 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

WDEOH 7191 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv iru ydulrxv Wd|oru rughuv rewdlqhg zlwk Wd|oru
prgho/ Dojrulwkp OU/ Dojrulwkp WE dqg Dojrulwkp FWE lq H{dpsoh 719 Wuljrqrphwulf +9� glp,1

Iru Wd|oru rughu p @ 5=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �Knut ;H . 46 4H . 45 5H . 43 6H . ; 9H . 9 5H . 8 4H . 7K q>r ;H . 46 4H . 45 5H . 43 6H . ; 9H . 9 5H . 8 4H . 7

Kn R � � � � � � �K ª n R ;H . 46 4H . 45 5H . 43 6H . ; 9H . 9 5H . 8 4H . 7
U s � ; ; ; ; ; ;U nut � 96=9 96=3 94=5 88=; 6:=: 49=:U q>r � 96=9 96=3 94=5 88=; 6:=: 49=:U n R � � � � � � �U ª n R � 96=9 96=3 94=5 88=; 6:=: 49=:
w nut 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5
w q>r 4H � 4 4H � 4 4H � 4 4H � 4 4H � 4 4H � 4 4H � 4
w n R � � � � � � �
w ª n R 4H � 4 4H � 4 4H � 4 4H � 4 4H � 4 4H � 4 4H � 4

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R � � � � � � �
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R � � � � � � �
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv <6

Wdeoh 719 +Frqwg1, Iru Wd|oru rughu p @ 5=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 4H . 6 6H . 5 9H . 4 5H . 4 6H . 3 4H . 3 5H � 4 9H � 5K q>r <H . 5 <H . 4 <H . 3 � � � � �Kn R <H . 5 <H . 4 <H . 3 4H . 3 4H � 4 5H � 5 5H � 6 5H � 7K ª n R <H . 5 <H . 4 <H . 3 4H . 3 4H � 4 5H � 5 5H � 6 5H � 7

U s ; ; ; ; ; ; ; ;U nut 9=: 8=3 7=8 7=6 7=4 7=4 7=3 7=3U q>r 43=< 43=4 <=6 � � � � �
U n R � 43=4 <=6 ;=: ;=7 ;=5 ;=4 ;=4U ª n R 43=< 43=4 <=6 ;=: ;=7 ;=4 ;=4 ;=4
w nut 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5 5H � 5
w q>r 4H � 4 4H � 4 <=7 � � � � �
w n R 4=5 4=5 4=5 4=5 4=5 4=5 4=5 4=5
w ª n R 4H � 4 4H � 4 4=4 4=4 4=4 4=4 4=4 4=4

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 3 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 3 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3



<7 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh

Wdeoh 719 +Frqwg1, Iru Wd|oru rughu p @ 7=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t 9H . 4< 9H . 49 9H . 46 9H . 43 4H . ; 7H . 8 4H . 7K q>r 9H . 4< 9H . 49 9H . 46 9H . 43 4H . ; 7H . 8 8H . 6

K n R � � � � � � �K ª n R 9H . 4< 9H . 49 9H . 46 9H . 43 4H . ; 7H . 8 8H . 6
U s � 65 65 65 65 65 65U nut � 4H . 6 <;6=< ;<<=6 98<=4 584=3 6:=4U q>r � 4H . 6 <;6=< ;<<=6 994=4 5:4=7 99=8U n R � � � � � � �U ª n R � 4H . 6 <;6=< ;<<=6 994=4 5:4=7 99=8
w n�t 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5
w q>r 9=3 9=3 9=3 9=3 9=3 9=3 9=3
w n R � � � � � � �
w ª n R 9=3 9=3 9=3 9=3 9=3 9=3 9=3

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R � � � � � � �
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R � � � � � � �
VG ª n R 3 3 3 3 3 3 3



718 Frqfoxvlrqv <8

Wdeoh 719 +Frqwg1, Iru Wd|oru rughu p @ 7=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K n�t 4H . 6 6H . 5 9H . 4 4H . 4 6H . 3 4H . 3 5H � 4 8H � 5K q>r 7H . 4 :H � 4 � � � � � �K n R 7H . 4 :H � 4 4H � 5 5H � 7 8H � 9 5H � : 6H � < 4H � 43K ª n R 7H . 4 :H � 4 4H � 5 5H � 7 8H � 9 5H � : 6H � < 4H � 43

U s 65 65 65 65 65 65 65 65U nut :=4 8=3 7=8 7=6 7=4 7=4 7=3 7=3U q>r 45;=5 94=6 � � � � � �
U n R � 94=6 89=< 84=9 79=5 74=5 6:=4 5;=8U ª n R 45;=5 94=6 89=< 84=9 79=5 74=5 6:=4 5;=8
w nut 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5
w q>r 9=3 9=3 � � � � � �
w n R :=4 :=4 :=4 :=4 :=4 :=4 :=4 :=4
w ª n R 9=3 9=3 :=3 :=3 :=3 :=3 :=3 :=3

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 3 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 3 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3
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Wdeoh 719 +Frqwg1, Iru Wd|oru rughu p @ 9=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t <H . 57 8H . 53 7H . 49 6H . 45 7H . ; 8H . 8 4H . 7K q>r <H . 57 8H . 53 7H . 49 6H . 45 7H . ; 7H . 8 4H . 6

K n R � � � � � � �K ª n R <H . 57 8H . 53 7H . 49 6H . 45 7H . ; 7H . 8 4H . 6
U s � 45; 45; 45; 45; 45; 45;U nut � 5H . 7 5H . 7 4H . 7 :H . 6 <H . 5 7H . 4U q>r � 5H . 7 5H . 7 4H . 7 :H . 6 4H . 6 6H . 5U n R � � � � � � �U ª n R � 5H . 7 5H . 7 4H . 7 :H . 6 4H . 6 6H . 5
w n�t 9H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5
w q>r 5;6 5;6 5;6 5;6 5;6 5;6 5;6
w n R � � � � � � �
w ª n R 5;6 5;6 5;6 5;6 5;6 5;6 5;6

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R � � � � � � �
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R � � � � � � �
VG ª n R 3 3 3 3 3 3 3
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Wdeoh 719 +Frqwg1, Iru Wd|oru rughu p @ 9=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K nut 4H . 6 6H . 5 9H . 4 4H . 4 6H . 3 4H . 3 5H � 4 8H � 5K q>r :H . 3 7H � 5 � � � � � �Kn R :H . 3 7H � 5 5H � 7 5H � 9 4H � ; 4H � 43 6H � 44 6H � 44K ª n R :H . 3 7H � 5 5H � 7 5H � 9 4H � ; 4H � 43 6H � 44 6H � 44

U s 45; 45; 45; 45; 45; 45; 45; 45;U nut :=8 8=3 7=8 7=6 7=4 7=4 7=3 7=3U q>r 539=4 4:9=7 � � � � � �
U n R � 4:9=7 48:=; 477=< 469=; 436=: 7=7 4=3U ª n R 539=4 4:9=7 48:=; 477=< 469=; 436=: 7=7 4=3
w nut 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5 7H � 5
w q>r 5;6 5;6 � � � � � �
w n R 5;7=5 5;7=5 5;7=5 5;7=5 5;7=5 5;7=5 5;7=5 5;7=5
w ª n R 5;6 5;6 5;7=5 5;7=5 5;7=5 5;7=5 5;7=5 5;7=5

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 3 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 3 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3
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Wdeoh 719 +Frqwg1, Iru Wd|oru rughu p @ ;=
l �: �9 �8 �7 �6 �5 �4

z �
[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K n�t 7H . 5< 5H . 57 ;H . 4; 7H . 46 <H . ; 8H . 8 4H . 7K q>r 7H . 5< 5H . 57 ; . 4; 7H . 46 <H . ; 5H . 8 6H . 6

K n R � � � � � � �K ª n R 7H . 5< 5H . 57 ;H . 4; 7H . 46 <H . ; 5H . 8 6H . 6
U s � 589 589 589 589 589 589U nut � 5H . 8 5H . 8 5H . 8 8H . 7 5H . 6 7H . 4U q>r � 5H . 8 5H . 8 5H . 8 8H . 7 7H . 6 ;H . 4U n R � � � � � � �U ª n R � 5H . 8 5H . 8 5H . 8 8H . 7 7H . 6 ;H . 4
w n�t ;H � 5 ;H � 5 ;H � 5 ;H � 5 ;H � 5 ;H � 5 ;H � 5
w q>r 86<:=: 86<:=: 86<:=: 86<:=: 86<:=: 86<:=: 86<:=:
w n R � � � � � � �
w ª n R 86<:=: 86<:=: 86<:=: 86<:=: 86<:=: 86<:=: 86<:=:

POO nut � � � � � � �
POO q>r � � � � � � �
POO n R � � � � � � �
POO ª n R 3 3 3 3 3 3 3
VG nut � � � � � � �
VG q>r � � � � � � �
VG n R � � � � � � �
VG ª n R 3 3 3 3 3 3 3
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Wdeoh 719 +Frqwg1, Iru Wd|oru rughu p @ ;=
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |Knut 4H . 6 6H . 5 9H . 4 4H . 3 6H . 3 4H . 3 5H � 4 8H � 5K q>r 4H � 4 5H � 7 � � � � � �

K n R 4H � 4 5H � 7 5H � : 6H � 43 5H � 44 6H � 44 6H � 44 6H � 44K ª n R 4H � 4 5H � 7 5H � : 6H � 43 5H � 44 6H � 44 6H � 44 6H � 44
U s 845 845 845 845 845 845 845 845U n�t :=7 8=3 7=8 7=6 7=4 7=4 7=3 7=3U q>r 5H . 7 <64=: � � � � � �U n R � <64=: ;85=8 :33=: 43=: 3=< 3=; 4=5U ª n R 5H . 7 <64=: ;85=8 :33=: 43=: 3=< 3=; 4=5
w nut ;H � 5 ;H � 5 ;H � 5 ;H � 5 ;H � 5 ;H � 5 ;H � 5 ;H � 5
w q>r 86<:=: 86<:=: � � � � � �
w n R 8733 8733 8733 8733 8733 8733 8733 8733
w ª n R 86<:=: 86<:=: 8733 8733 8733 8733 8733 8733

POO nut � � � � � � � �
POO q>r � � � � � � � �
POO n R 3 3 3 3 3 3 3 3
POO ª n R 3 3 3 3 3 3 3 3
VG nut � � � � � � � �
VG q>r � � � � � � � �
VG n R 3 3 3 3 3 3 3 3
VG ª n R 3 3 3 3 3 3 3 3
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WDEOH 71:1 Grpdlq zlgwk sdudphwhu l dqg wlph wdnhq e| Dojrulwkpv WE dqg FWE wr uhdfk dq
dffxudf| ri 4H � 43 iru ydulrxv Wd|oru rughuv lq H{dpsohv 714 wr 7191

I n R I ª n R
H{dpsoh Qdph Rughu/ p l wlph l wlph

714 Julwwrq 5 A : � A : �
7 A : � A : �
9 : 3=48 : 3=48
; 8 3=46 8 3=46

715 Mhqqulfk ) Vdpsvrq 5 A : � A : �
7 : 3=5: : 3=56
9 8 3=77 8 3=66
; 7 3=98 7 3=75

716 Ohy| 5 A : � A : �
7 : 5=4: : 3=48
9 8 7=78 8 3=46
; 6 7=3< 6 3=68

717 Wuljrqrphwulf 5 A : � A : �
7 : 486 : 3=6<
9 8 4:45 8 6=3
; 6 7=;: ku 6 48=9

718 Julhzdqn 5 A : 4 A : �
7 9 4 9 :=5
9 7 4 7 <4=8
; 6 4 6 <3<

719 Wuljrqrphwulf 5 A : 4 A : �
7 : 4 : <9
9 8 4 8 69:<
; 6 4 6 49=8 ku
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WDEOH 71;1 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv rewdlqhg zlwk wkh qdwxudo lqfoxvlrq ixqfwlrq
irup lq H{dpsoh 714 Julwwrq +4� glp,1

l �: �9 �8 �7 �6 �5 �4
z �

[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K : ; � 5H . 67 4H . 5< 9H . 56 8H . 4; 4H . 47 6H . 43 :H . :U : ; � � 5H . 8 5H . 8 4H . 8 6H . 7 8H . 6 758=4

w : ; � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K : ; � 4H . 9 5H . 8 6H . 7 ;H . 6 6H . 6 4H . 6 8H . 5 6H . 5U : ; � 7:=5 ;=8 8=; 6=: 5=; 5=7 5=5 5=4

w : ; � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

WDEOH 71<1 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv rewdlqhg zlwk wkh qdwxudo lqfoxvlrq ixqfwlrq
irup lq H{dpsoh 715 Mhqqulfk dqg Vdpsvrq +5� glp,1

l �: �9 �8 �7 �6 �5 �4
z �

[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K : ; � 0 0 4H . 58; :H . 44; 4H . 7< 4H . 4< 465=4

U : ; � 0 0 � 5H . 46< :H . 9< ;H . 5< <H . 49
w : ; � 0 0 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

l 3 4 5 6 7 8 9 :
z �

[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K : ; � 5H � 46 5H � 46 5H � 46 7H � 46 7H � 46 5H � 46 5H � 46 7H � 46U : ; � 9H . 47 4H . 3 4H . 3 8H � 4 4H . 3 5H . 3 4H . 3 8H � 4

w : ; � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
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WDEOH 71431 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv rewdlqhg zlwk wkh qdwxudo lqfoxvlrq ixqfwlrq
irup lq H{dpsoh 716 Ohy| +6� glp,1

l �: �9 �8 �7 �6 �5 �4
z �

[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K : ; � 4H . 6 9H . 5 7H . 5 4H . 5 <H . 4 :H . 4 5H . 4U : ; � � 4=< 4=: 6=3 4=7 4=5 6=6

w : ; � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K : ; � 5H � 6 3=3 3=3 7H � 47 6H � 47 9H � 47 :H � 47 9H � 47U : ; � <H . 6 � � � � � � �

w : ; � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

WDEOH 71441 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv rewdlqhg zlwk wkh qdwxudo lqfoxvlrq ixqfwlrq
irup lq H{dpsoh 717 Wuljrqrphwulf +7� glp,1

l �: �9 �8 �7 �6 �5 �4
z �

[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K : ; � 4H . 5 4H . 5 4H . 5 4H . 5 4H . 5 4H . 5 8H . 4

U : ; � � 4=3 4=3 4=3 4=3 4=3 4=<
w : ; � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

l 3 4 5 6 7 8 9 :
z �

[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K : ; � 5H . 3 4H . 3 4H � 4 4H � 44 4H � 44 4H � 44 4H � 44 4H � 44U : ; � 56=3 4=9 47=3 :H . < 4=3 4=3 4=3 4=3

w : ; � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
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WDEOH 71451 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv rewdlqhg zlwk wkh qdwxudo lqfoxvlrq ixqfwlrq
irup lq H{dpsoh 718 Julhzdqn +8� glp,1

l �: �9 �8 �7 �6 �5 �4
z �

[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K : ; � 4H . 3 4H . 3 4H . 3 4H . 3 4H . 3 4H . 3 <H � 4U : ; � � 4=6 3=;: 3=<9 4=5 4=4 4=4

w : ; � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5
l 3 4 5 6 7 8 9 :

z �
[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K : ; � 6H � 4 <H � 5 5H � 5 7H � 6 8H � 7 5H � 8 ;H � 9 6H � 9U : ; � 6=3 6=7 7=5 8=3 ;=; 56=9 5=9 5=6

w : ; � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

WDEOH 71461 Ryhuhvwlpdwlrqv dqg wkhlu uhgxfwlrq udwlrv rewdlqhg zlwk wkh qdwxudo lqfoxvlrq ixqfwlrq
irup lq H{dpsoh 719 Wuljrqrphwulf +9� glp,1

l �: �9 �8 �7 �6 �5 �4
z �

[
# ? ' � 5 � 5 | 5 � 5 { 5 � 5 z 5 � 5 y 5 � 5 x 5 � 5 G 5 � 5 �K : ; � 5H . 6 5H . 6 5H . 6 5H . 6 5H . 6 5H . 6 5H . 6

U : ; � � 4=3 4=3 4=3 4=3 4=3 4=3
w : ; � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5

l 3 4 5 6 7 8 9 :
z �

[
# ? ' � 5 � 5 4 S 5 � 5 4�� 5 � 5 4 G 5 � 5 4 x 5 � 5 4 y 5 � 5 4 z 5 � 5 4 { 5 � 5 4 |K : ; � :H . 3 6H . 3 5H � 4 8H � 44 8H � 44 8H � 44 8H � 44 8H � 44U : ; � 588=4 4=< 47=7 8H . < 4=3 4=3 4=3 4=3

w : ; � 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5 4H � 5



437 71 D frpelqhg Wd|oru0Ehuqvwhlq irup iru kljkhu rughu frqyhujhqfh



Wklv lv sdjh 438
Sulqwhu= Rsdtxh wk

8
Joredo rswlpl}dwlrq xvlqj wkh qdwxudo lqfoxvlrq/
Wd|oru prgho/ dqg frpelqhg Wd|oru0Ehuqvwhlq
irupv

814 Lqwurgxfwlrq
Lq wkh suhylrxv fkdswhu/ zh suhvhqwhg d frpelqhg WE irup I ª n R wkdw lv pruh h�hfwlyh wkdq
hlwkhu ri lwv wzr frqvwlwxhqw WE irupv I n R > I q>r zkhq wkh grpdlq vkulqnv iurp odujh wr
vpdoo zlgwkv1 Wkh frpelqhg irup I ª n R > ri frxuvh/ lqkhulwv wkh xvhixo surshuw| ri kljkhu
rughu frqyhujhqfh iurp lwv frqvwlwxhqw irupv1 Pruhryhu/ zh dovr vdz lq wkh suhylrxv fkdswhu
wkdw wkh vlpsoh qdwxudo lqfoxvlrq irup vrphwlphv |lhogv wljkwhu hqforvxuhv ri wkh udqjh wkdq
wkh pruh vrsklvwlfdwhg Wd|oru dqg WE irupv1
Lq wklv fkdswhu/ zh sursrvh dq lpsuryhg dojrulwkp iru xqfrqvwudlqhg joredo rswlpl}dwlrq lq

wkh iudphzrun ri wkh PV dojrulwkp1 D qryho dqg srzhuixo ihdwxuh ri wkh sursrvhg dojrulwkp
lv wkdw d ydulhw| ri lqfoxvlrq ixqfwlrq irupv iru wkh remhfwlyh ixqfwlrq duh lqfrusrudwhg lqwr
lw 0 wkh frpelqhg WE irup/ wkh Wd|oru prgho/ dqg wkh vlpsoh qdwxudo lqfoxvlrq irup1 Vhyhudo
lpsuryhphqwv duh dovr pdgh lq wkh Ehuqvwhlq vwhs ri wkh frpelqhg WE irup/ vxfk dv vhohfwlrq
ri d pruh h!flhqw gluhfwlrq iru vxeglylvlrq/ dqg wkh xvh ri fxw0r� dqg prqrwrqlflw| whvwv wr
glvfdug wkrvh er{hv zkhuh wkh joredo plqlpl}hu fdqqrw olh1 Ixuwkhu/ wkh lqfrusrudwlrq ri
vhyhudo lqfoxvlrq ixqfwlrq irupv doorzv wkh fxw0r� whvw dqg whuplqdwlrq frqglwlrq lq wkh PV
dojrulwkp wr eh pdgh hyhq pruh h�hfwlyh wkdq lq rxu hduolhu sursrvhg rswlpl}dwlrq dojrulwkp
lq Fkdswhu 61 Wkh shuirupdqfh ri wkh sursrvhg Dojrulwkp lv wkhq qxphulfdoo| whvwhg dqg
frpsduhg zlwk wkrvh ri Dojrulwkpv PV/ WPV/ dqg WEPV rq vhyhudo ehqfkpdun h{dpsohv1
Wkh uhvw ri wklv fkdswhu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 815/ vrph lqlwldo ghyhorsphqwv

dqg lpsuryhphqwv duh jlyhq1 Lq vhfwlrq 816/ wkh sursrvhg dojrulwkp iru joredo rswlpl}dwlrq
lv suhvhqwhg1 Lq vhfwlrq 817/ wkh shuirupdqfh ri wkh sursrvhg dojrulwkp lv qxphulfdoo| whvwhg
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dqg frpsduhg zlwk wkrvh ri wkh PV dojrulwkp/ wkh PV dojrulwkp zlwk wkh Wd|oru prgho dv dq
lqfoxvlrq ixqfwlrq irup/ dqg rxu hduolhu sursrvhg rswlpl}dwlrq dojrulwkp1 Wkh rewdlqhg whvw
uhvxowv duh glvfxvvhg lq vhfwlrq 818/ zkloh wkh frqfoxvlrqv ri wkh fkdswhu duh jlyhq lq vhfwlrq
8191

815 Lqlwldo ghyhorsphqwv
Lq vhfwlrq 51514/ zh suhvhqwhg Dojrulwkp Erxqghu wr frpsxwh wkh udqjh �s +[, ri wkh sro|qr0
pldo sduw s rq [1 Iru joredo rswlpl}dwlrq sureohpv/ zkhuh wkh frpsxwdwlrq ri plq i +[, lv
ri lqwhuhvw/ wklv dojrulwkp fdq eh wdloruhg dqg lpsuryhg dv jlyhq ehorz1 Zh fdoo wkh uhvxowlqj
lpsuryhg dojrulwkp dv Dojrulwkp QhzErxqghu1
D vwxg| ri wkh rswlpl}dwlrq Dojrulwkp WEPV suhvhqwhg lq vhfwlrq 616 uhyhdov wkdw wkh

txdqwlw| pd{ �s +\,/ zkhuh \ lv wkh fxuuhqw ohdglqj er{/ lv qhyhu xvhg lq wkh dojrulwkp dqg
lv wkhuhiruh qrw ri lqwhuhvw1 Qrwh wkdw wkh txdqwlw| pd{ �s +\, uhtxluhg lq vwhs ; ri Dojrulwkp
WEPV lv dfwxdoo| irxqg lq vwhs 7 ri Dojrulwkp Erxqghu/ wkurxjk wkh dssolfdwlrq ri wkh yhuwh{
frqglwlrq wr pd{E +G,1
Vlqfh pd{ �s +\, lv qrw ri lqwhuhvw lq Dojrulwkp WEPV/ lq vwhs 7 ri Dojrulwkp Erxqghu zh

pd| dyrlg dsso|lqj wkh yhuwh{ frqglwlrq wrpd{E +G, dqg lqvwhdg dsso| lw rqo| wrplqE +G,1
Zlwk wklv prgl�fdwlrq/ d qhz Dojrulwkp QhzErxqghu dulvhv iurp Dojrulwkp Erxqghu1 Lw
frpsxwhv dq hqforvxuh S +[, ri wkh udqjh �s +[,/ zlwk S +[, vxfk wkdw

plqS +[, @ plq �s +[, > pd{S +[, � plq �s +[, +814,

Zh fdq dovr lqfrusrudwh vrph pruh lpsuryhphqwv lqwr Dojrulwkp QhzErxqghu=

� D prqrwrqlflw| whvw vlplodu wr wkdw xvhg lq wkh PV dojrulwkp/ iru glvfduglqj er{hv
zkhuh vxuho| qr joredo plqlpl}hu ri s olhv1

� D fxw0r� whvw/ vlplodu wr wkdw xvhg lq wkh PV dojrulwkp/ iru glvfduglqj er{hv zkhuh
vxuho| qr joredo plqlpl}hu ri s olhv1

� Dq lpsuryhg vwudwhj| iru vhohfwlrq ri vxeglylvlrq gluhfwlrq ri er{hv1

Zh glvfxvv ehorz hdfk ri wkhvh lpsuryhphqwv1
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81514 Prqrwrqlflw| whvw iru Ehuqvwhlq sdwfkhv
Rq d er{ G �X/ wkh sduwldo ghulydwlyh zlwk uhvshfw wr { 8 ri d sro|qrpldo s +{, lq Ehuqvwhlq
irup lv ^44`

Cs
C{ 8 +{, @ q 8 [; O : T!U V =

�e ; T�U = +G,� e ; +G,�E : T�U V = U ¬ +{, > 4 � u � o> { 5 G +815,

Uhpdun 814 Ohw S P8 +G, ghqrwh dq hqforvxuh ri wkh udqjh ri wkh deryh sduwldo ghulydwlyh rq
G1 Lq wkh prqrwrqlflw| whvw li 3 @5 S P8 +G, wkhq wkh lqwhulru ri G fdqqrw frqwdlq d joredo
plqlpl}hu ri s rq X1 Wkh hgjh ri G fdq vwloo frqwdlq joredo plqlpl}hu li wkdw sduw ri wkh hgjh
zklfk kdv wkh vpdoohvw sro|qrpldo ydoxh lv dovr sduw ri X1 Rwkhuzlvh/ qr joredo plqlpl}hu ri
s olhv lq G> dqg G fdq eh glvfdughg1
Wkh hqforvxuh S P8 +G, fdq eh irxqg e| hydoxdwlqj wkh qdwxudo lqwhuydo lqfoxvlrq ri wkh UKV

h{suhvvlrq lq +815,1 Krzhyhu/ lq vrph fdvhv/ wkh hydoxdwlrq fdq eh dyrlghg=
Uhpdun 815 Iurp wkh idfw wkdw wkh Ehuqvwhlq sro|qrpldov E : T�U V = U ¬ duh dozd|v qrq0qhjdwlyh/
lw lv hdv| wr vhh iurp +815, wkdw li doo �e ; T�U = +G,� e ; +G,� duh srvlwlyh uhvs1 qhjdwlyh/ wkhq
S P8 +G, A 3 uhvs1 S P8 +G, ? 3 , s lv prqrwrqlf zlwk uhvshfw wr gluhfwlrq u rq er{ G , wkh
lqwhulru ri G fdqqrw frqwdlq joredo plqlpl}hu ri s1

81515 Gluhfwlrq vhohfwlrq iru Ehuqvwhlq sdwfkhv
Lq vwhs 8 ri Dojrulwkp Erxqghu lq vhfwlrq 51514/ wkh gluhfwlrq lq zklfk wkh er{hv duh vxegl0
ylghg lv ydulhg f|folfdoo| iurp 4 wr o1 D pruh h!flhqw vwudwhj| iru vhohfwlrq ri wkh vxeglylvlrq
gluhfwlrq frxog uhvxow lq frqvlghudeo| ihzhu er{hv ehlqj fuhdwhg dqg vljql�fdqw ryhudoo vshhg
xs ri wklv dojrulwkp1
]hwwohu dqg Jduor� ^66` vxjjhvw vhohfwlrq ri wkh vxeglylvlrq gluhfwlrq dv wkh rqh dorqj

zklfk wkh pd{lpxp devroxwh ydoxh ri wkh sduwldo ghulydwlyhv ri s rffxuv1 Dsso|lqj wkh wul0
dqjoh lqhtxdolw| dqg surshuwlhv ri Ehuqvwhlq sro|qrpldov wr +815,/ wkh dxwkruv vkrz wkdw wkh
txdqwlw|

pd{
© X�­

����
Cs
C{ 8 +{,

����

fdq eh hvwlpdwhg dv
�L 8 @ pd{; O : T!U V =

��e ; T�U = +G,� e ; +G,��
Wkh gluhfwlrq vhohfwhg iru vxeglylvlrq u S lv vxfk wkdw

�L 8�® @ pd{� O 8 O � �L 8 +816,
D vlplodu vwudwhj| fdq eh jlyhq edvhg rq wkh vhfrqg sduwldo ghulydwlyhv1 Lq Dojrulwkp Qhz0
Erxqghu/ zh xvh wkh deryh gluhfwlrq vhohfwlrq vwudwhj| edvhg rq wkh �uvw sduwldo ghulydwlyhv1
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81516 Fxw0r� whvw iru Ehuqvwhlq sdwfkhv
Wkh olvw O lq Dojrulwkp Erxqghu frqvlvwv ri sdluv +G>E +G,,1 Vxssrvh zh duudqjh wklv olvw dw
hyhu| lwhudwlrq vxfk wkdw wkh plqlpxpv ri wkh vhfrqg phpehuv/ l1h1/ plqE +G,/ ri doo sdluv
ri wkh olvw gr qrw ghfuhdvh1
Qrz/ frqvlghu wkh ohdglqj er{ G ri wkh olvw O dw dq| jlyhq lwhudwlrq ri wkh dojrulwkp1 Li

plqE +G, vdwlv�hv wkh yhuwh{ frqglwlrq/ wkhq e| wkh udqjh hqforvxuh surshuw| ri Ehuqvwhlq
frh!flhqwv/ plq �s +G, @ plqE +G, = Dv plq �s +G, � plq �s +[, > zh pd| glvfdug doo er{hv G P
lq wkh olvw O iru zklfk plqE +G P , A plqE +G,1
Vxssrvh lqvwhdg wkdw plqE +G, grhv qrw vdwlvi| wkh yhuwh{ frqglwlrq1 Wkhq/ G lv vxegl0

ylghg lqwr wzr vxeer{hv G Q >G R dqg wkh sdwfkhv E +G Q , > E +G R , frpsxwhg1 E| wkh udqjh
hqforvxuh surshuw| ri Ehuqvwhlq frh!flhqwv jlyhq lq vhfwlrq 51514/

�s +G Q , � ^plqE +G Q , >pd{E +G Q ,` > �s +G R , � ^plqE +G R , >pd{E +G R ,`
Vr/ li plqE +G R , A pd{E +G Q , wkhq wkh er{ G R fdq eh glvfdughg lq wkh vhdufk iru wkh
joredo plqlpxp1 Lq idfw/ zh pd| dovr glvfdug doo rwkhu er{hv G P lq wkh olvw O iru zklfk
plqE +G P , A pd{E +G Q ,1

81517 Dojrulwkp iru erxqglqj sro|qrpldo udqjh
Zh duh qrz uhdg| wr suhvhqw wkh lpsuryhg DojrulwkpQhzErxqghu1 Wklv dojrulwkp lv vshfldoo|
phdqw iru joredo rswlpl}dwlrq sureohpv zkhuh wkh sulpdu| lqwhuhvw lv lq rewdlqlqj vkdus ydoxhv
iru plq �s +[, zkhuhdv wkh txdqwlw| pd{ �s +[, fdq eh ryhuhvwlpdwhg1
Dojrulwkp QhzErxqghu = S +[, @ QhzErxqghu+[> d ; ,
Lqsxwv= D er{[/ d sro|qrpldo s dv lq +514, ri ghjuhhQ lq o0yduldeohv dqg kdylqj frh!flhqwv

d ; =
Rxwsxw= Dq hqforvxuh S +[, ri wkh udqjh �s +[,/ zkhuh S +[, lv dv lq +814,1
EHJLQ Dojrulwkp
41 +Frpsxwh sdwfk E +X, , H{hfxwh Dojrulwkp Sdwfk

E +X, @ Sdwfk +[> d ; ,
51 +Lqlwldol}h olvwv, Vhw O # i+X>E +X,,j > O X(Y � # ij1 Vhw fxw0r� ydoxh } P @ pd{E +X,1
61 +Vhohfw lwhp iru surfhvvlqj, Li O lv hpsw|/ jr wr vwhs 441 Rwkhuzlvh/ slfn wkh �uvw lwhp

iurp O> ghqrwh lw dv +G> E +G,,/ dqg ghohwh wkh lwhp hqwu| iurp O1
71 +Fkhfn yhuwh{ frqglwlrq iru wkh plq rq sdwfk, Li +G>E +G,, lv vxfk wkdw plqE +G,

vdwlv�hv wkh yhuwh{ frqglwlrq lq Ohppd 515/ wkdw lv/ plqE +G, rffxuv dw vrph L 5 V S >
wkhq
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+d, Xsgdwh wkh fxw0r� ydoxh dv } P @ plq i} P >plqE +G,j1
+e, Hqwhu wkh lwhp lq olvw O X(Y � dqg uhwxuq wr suhylrxv vwhs1

81 +Vxeglylgh dqg �qg qhz sdwfkhv, H{hfxwh Dojrulwkp Vxeglylvlrq
^E +G Q , >E +G R , >G Q >G R ` @ VG +G> E +G, > u S ,

zkhuh/ u S lv fkrvhq dv lq +816,1
91 +Prqrwrqlflw| whvw/ vhh Uhpdunv 814 dqg 815,= glvfdug er{ G Q li 3 @5 S P8 +G Q , iru dq|

u 5 i4> 5> = = = > oj1 Gr olnhzlvh iru er{ G R 1
:1 Xsgdwh wkh fxw0r� ydoxh dv } P @ plq i} P >pd{E +G Q , >pd{E +G R ,j1
;1 +Dgg qhz hqwulhv wr olvw, Hqwhu wkh qhz lwhpv +G Q > E +G Q ,, dqg +G R >E +G R ,, wr wkh

olvw O vxfk wkdw plqlpxpv ri wkh vhfrqg phpehuv/ l1h1/ plqE +G,/ ri doo sdluv ri wkh
olvw gr qrw ghfuhdvh1

<1 Fxw0r� whvw= glvfdug iurp wkh olvw doo sdluv zkrvh plqlpxpv ri wkh vhfrqg phpehuv duh
juhdwhu wkdq } P 1

431 Uhwxuq wr vwhs 61
441 Frpsxwh dq hqforvxuh S +[, ri wkh udqjh �s +[, dv wkh plqlpxp wr pd{lpxp ryhu doo

wkh vhfrqg hqwulhv ri wkh lwhpv suhvhqw lq olvw O X(Y � 1
451 UHWXUQ S +[, =

HQG Dojrulwkp

81518 D wljkwhu hqforvxuh ri wkh ixqfwlrq plqlpxp
Lq wkh sursrvhg dojrulwkp iru rswlpl}dwlrq jlyhq ehorz/ zh duh lqwhuhvwhg lq frpsxwlqj dq
hqforvxuh wkdw lv dv wljkw dv srvvleoh iru wkh joredo plqlpxp ri wkh remhfwlyh ixqfwlrq i 1
Wklv txdqwlw| lv jlyhq e| plq �i +\,/ zkhuh \ lv wkh ohdglqj er{ dw dq| jlyhq lwhudwlrq ri wkh
dojrulwkp1 Vxssrvh zh frpsxwh wkh frpelqhg WE irup xvlqj Dojrulwkp FWE dqg rewdlq
dq hqforvxuh ri �i +\, = Li z +\, kdsshqv wr eh vpdoo hqrxjk/ wkhq wkh lpsuryhg WE irup
I n R +\, lv lq wxuq lqyrnhg lq Dojrulwkp FWE1 Lq wklv fdvh/ zh fdq xvh wkh lqwhuydo

^plq �s +\, .plqU +\, >plq �s +\, .pd{U +\,`
lqvwhdg ri wkh lqwhuydo I ª n R +\, wr jhw d wljkwhu hqforvxuh ri plq �i +\,1
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Dojrulwkp PLQbFWE ehorz hqfdsvxodwhv wklv lghd1
Dojrulwkp PLQbFWE = I ¯`° ± 9 ª n R +[, @ PLQbFWE+[> i>p,
Lqsxwv= Wkh er{ [> dq h{suhvvlrq iru wkh ixqfwlrq i / dqg wkh rughu p ri Wd|oru irup wr eh

xvhg1
Rxwsxw= Dq hqforvxuh I ¯*° ± 9 ª n R +[, iru plq �i +[,1
EHJLQ Dojrulwkp

41 Fdoo Dojrulwkp FWE=

^I ª n R +[, > �s +[, >E s >U +[, > l « ` @ FWE +[> i>p,

51 Li l « @ 3 vhw
I ¯*° ± 9 ª n R +[, @ I ª n R +[,

hovh vhw

I ¯*° ± 9 ª n R +[, @ ^plq �s +[, .plqU +[, >plq �s +[, .pd{U +[,`

61 UHWXUQ I ¯`° ± 9 ª n R +[, dqg H[LW1

HQG Dojrulwkp

816 Sursrvhg rswlpl}dwlrq Dojrulwkp FWEPV
Wkh sursrvhg dojrulwkp lv edvhg rq wkh iroorzlqj lghdv1 Dv ehiruh/ ohw \ eh wkh ohdglqj er{
dw dq| jlyhq lwhudwlrq ri wkh PV dojrulwkp1 Wkhq/

41 Vlqfh wkh frpsxwdwlrq ri I : ; � +\, lv uhodwlyho| lqh{shqvlyh/ dqg vlqfh vrphwlphv
I : ; � +\, jlyhv vkdushu hqforvxuhv wkdq wkh vrsklvwlfdwhg WE irupv hyhq iru vpdoo
grpdlqv +vhh suhylrxv fkdswhu,/ zh dozd|v frpsxwh I : ; � +\,1

51 Li z +U +\,, A z +I : ; � +\,, > wkhq I : ; � +\, jlyhv d vkdushu hqforvxuh ri wkh udqjh
wkdq wkh WE irupv1 Vlqfh wkh h�ruw wr erxqg wkh sro|qrpldo udqjh �s +\, pd| qrw eh
zruwkzkloh lq wkhvh fdvhv/ zh gr qrw xvh wkh WE irupv dqg lqvwhdg xvh I : ; � +\,1

61 Li wkh Wd|oru prgho whfkqltxh ri Ehu} hw do1 ^6`/ ^53` lv xvhg iru frpsxwlqj U +\, qhhghg
lq wkh deryh vwhs/ wkhq zh frqfxuuhqwo| dovr rewdlq wkh Wd|oru prgho I nut +\,1 Wkhq/
dv dq|zd| wkh frvw ri frpsxwlqj I nut +\, lv lqfxuuhg lq wkh Wd|oru prgho whfkqltxh/
lqvwhdg ri xvlqj rqo| I : ; � +\, zh fdq xvh I : ; � +\,WI nut +\,1
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71 Li z +U +\,, � z +I : ; � +\,, > zh dovr xvh wkh frpelqhg WE irup dqg jhw dq hqforvxuh ri
wkh joredo plqlpxp plq �i +\, xvlqj I ¯*° ± 9 ª n R +\, = Zh wkhq lqwhuvhfw wkh uhvxow zlwk
I : ; � +\,WI nut +\, wr rewdlq d +krshixoo|, vkdushu hqforvxuh I +\, ri wkh joredo
plqlpxp plq �i +\,1

81 D orzhu erxqg rq wkh joredo plqlpxp plq �i +\, lv rewdlqhg dv | @ plqI +\, =
91 Wkh joredo plqlpxp plq �i +\, fdqqrw h{fhhg pd{I +\,1 Khqfh/ wkh fxw0r� ydoxh } lq

wkh PV dojrulwkp fdq eh xsgdwhg dffruglqjo|1
:1 Wkxv/ wkh joredo plqlpxp plq �i +\, lv erxqghg e| ^plqI +\, >pd{I +\,`1 Wkh pd{0

lpxp srvvleoh huuru lq frpsxwlqj wkh joredo plqlpxp lv wkhuhiruh jlyhq e| z +I +\,, =
;1 Wklv ohdgv wr wkh whuplqdwlrq frqglwlrq iru wkh dojrulwkp dv z +I +\,, ? % 1
Zh fdq qrz suhvhqw rxu dojrulwkp iru joredo rswlpl}dwlrq1 Vlqfh rxu joredo rswlpl}dwlrq

dojrulwkp lqyroyhv wkh Frpelqhg Wd|oru 0 Ehuqvwhlq irup lq Prruh0Vnhoerh w|sh dojrulwkp/
zh fdoo lw dv Dojrulwkp FWEPV1
Dojrulwkp FWEPV
Lqsxwv= Wkh er{ [/ rughup ri wkh Wd|oru irup wr eh xvhg/ qdwxudo lqfoxvlrq ixqfwlrq I : ; �

iru wkh ixqfwlrq i = [$ ?> dq lqfoxvlrq ixqfwlrq I � iru wkh Mdfreldq ri i / dqg dq dffxudf|
sdudphwhu %1
Rxwsxw= D orzhu erxqg/ ri dffxudf| %/ rq wkh joredo plqlpxp ri i ryhu [1 Wklv orzhu

erxqg lv rxwsxw dv wkh ydoxh ri yduldeoh | lq wkh odvw exw rqh vwhs ehorz1
EHJLQ Dojrulwkp
41 Vhw \ @ [1
51 Fdofxodwh I : ; � +\, dqg I nut +\, @ s +\, .U +\,1

+d, Li z +U +\,, A z +I : ; � +\,,/ vhw
I +\, @ I : ; � +\,_I nut +\,

dqg jr wr wkh iroorzlqj vwhs/ hovh frpsxwh I ¯`° ± 9 ª n R +\, xvlqj DojrulwkpPLQbFWE
I ¯`° ± 9 ª n R +\, @PLQbFWE +\> i>p,

dqg vhw
I +\, @ I : ; � +\,_I nut +\,_I ¯`° ± 9 ª n R +\,

61 Vhw | @ plqI +\,1
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71 Lqlwldol}h wkh olvw O @ ++\> |,, dqg wkh fxw0r� ydoxh } @ pd{I +\,1
81 Fkrrvh d frruglqdwh gluhfwlrq n sdudooho wr zklfk \ kdv dq hgjh ri pd{lpxp ohqjwk/

l1h1/ fkrrvh n dv
n @ il = z +\, @ z +\ ? ,j

91 Elvhfw \ lq gluhfwlrq n jhwwlqj er{hv Y � dqg Y
G vxfk wkdw \ @ Y � VY

G 1
:1 Prqrwrqlflw| whvw +vhh Uhpdun 614,= glvfdug dq| er{ Y

? li 3 @5 I �J +Y ? , iru dq| m 5i4> 5> ===> oj dqg l @ 4> 5=
;1 Iru l @ 4> 5 gr wkh iroorzlqj= Fdofxodwh I : ; � �

Y
? � dqg I nut �

Y
? � @ s �Y ? �.U �

Y
? �1

+d, Li z �U �
Y
? �� A z �I : ; � �

Y
? ��/ vhw

I �
Y
? � @ I : ; � �

Y
? �_I nut �

Y
? �

hovh frpsxwh I ¯`° ± 9 ª n R �
Y
? � xvlqj Dojrulwkp PLQbFWE =

I ¯*° ± 9 ª n R �
Y
? � @PLQbFWE �

Y
? > i>p�

dqg vhw
I �

Y
? � @ I : ; � �

Y
? �_I nut �

Y
? �_I ¯*° ± 9 ª n R �

Y
? �

<1 Vhw y ? @ plqI �
Y
? � iru l @ 4> 51

431 Xsgdwh wkh fxw0r� ydoxh } dv

} @ plq�}>pd{I �
Y � � >pd{I �

Y
G ��

441 Uhpryh +\> |, iurp wkh olvw O1
451 Dgg wkh sdluv �Y � > y � � > �Y G > y G � wr wkh olvw O vxfk wkdw wkh vhfrqg phpehuv ri doo sdluv

ri wkh olvw gr qrw ghfuhdvh1
461 Fxw0r� whvw= glvfdug iurp wkh olvw doo sdluv zkrvh vhfrqg phpehuv duh juhdwhu wkdq }1
471 Ghqrwh wkh �uvw sdlu ri wkh olvw e| +\> |,1
481 Li z +I +\,, ? % wkhq sulqw | dqg H[LW dojrulwkp1
491 Jr wr vwhs 81
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HQG Dojrulwkp
Iurp vhfwlrq 616/ hvshfldoo| +616,/ lw lv vwudljkwiruzdug wr suryh wkdw | lv d orzhu erxqg rq

wkh joredo plqlpxp ri i ryhu [1 Wkh frqyhujhqfh surshuwlhv ri Dojrulwkp FWEPV iroorzv
lpphgldwho| iurp wkh frqyhujhqfh uhvxowv iru lqfoxvlrq ixqfwlrqv ri kljkhu rughu lq wkh PV
dojrulwkp/ dv jlyhq e| Prruh dqg Udwvfkhn lq ^58` dqg Udwvfkhn lq ^5<`1

817 Qxphulfdo whvwv
Zh whvw dqg frpsduh wkh shuirupdqfhv ri Dojrulwkpv FWEPV/ WEPV/ WPV/ dqg PV rq
hohyhq ehqfkpdun h{dpsohv1 Zh vhw wkh dffxudf| % @ 4h � 38 dqg wkh Wd|oru rughu p @ 71
Iru doo frpsxwdwlrqv/ zh xvh d SF2Shqwlxp LLL ;33 PK} 589 PE UDP pdfklqh zlwk d
IRUWUDQ <3 frpslohu/ dqg yhuvlrq ;=4 ri wkh FRV\0LQILQLW\ sdfndjh ri Ehu} hw do1 ^5`/
^48`1
Wr frpsduh wkh shuirupdqfhv ri wkh ydulrxv Dojrulwkpv/ zh xvh wkh iroorzlqj shuirupdqfh

phwulfv=

� Qxpehu ri dojrulwkplf lwhudwlrqv
� Frpsxwdwlrqdo wlph/ vhfrqgv
� Pd{lpxp olvw ohqjwk
� Ilqdo olvw ohqjwk

Wkh h{dpsohv duh dv xqghu=
H{dpsoh 814 Mhqqulfk dqg Vdpsvrq ixqfwlrq ^59/ sureohp 9`1 Wkh 5� glp ixqfwlrq lv

i+{, @
� S[
? \ � i

? +{, G > i ? +{, @ 5 . 5l� +h{s+l{ � , . h{s+l{ G ,,

Zh wdnh wkh lqlwldo grpdlq dv [ @
�
^�4> 4` G � =

H{dpsoh 815 Edug ixqfwlrq ^59/ sureohp ;`1 Wkh 6� glp ixqfwlrq lv

i+{, @
� z[
? \ � i

? +{, G > i ? +{, @ | ? ��
{ � . x ?

y ? { G .z ? { x
�
> x ? @ l> y ? @ 49� l> z ? @ plq+x ? > y ? ,

zkhuh/ wkh ydoxhv ri | ? iru l @ 4> = = = > 48 duh jlyhq lq wkh flwhg sdshu1 Zh wdnh wkh lqlwldo
grpdlq dv [ @ �^�3=58> 3=58`> ^3=34> 5=8` G � =
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H{dpsoh 816 Er{ 6� glp ixqfwlrq ^59/ sureohp 45`1 Wkh ixqfwlrq lv

i+{, @
� S[
? \ � i

? +{, G > i ? +{, @ h{s+�w ? { � ,� h{s+�w ? { G ,� { x ^h{s+�w ? ,� h{s+�43w ? ,`> w ? @ l
43

Zh wdnh wkh lqlwldo grpdlq dv [ @ �^�53> 53`> ^4> 53` G � =
H{dpsoh 817 Eurzq dqg Ghqqlv ixqfwlrq ^59/ sureohp 49`1 Wkh 7� glp ixqfwlrq lv

i+{, @
G S
[
? \ � i

? +{, G > i ? +{, @ +{ � . w ? { G � h{s +w ? ,, G . +{ x . { y vlq +w ? ,� frv +w ? ,, G > w ? @ l
8

Zh wdnh wkh lqlwldo grpdlq dv [ @ +^�43> 3>�433>�53`> ^433> 48> 3> 3=5`, =
H{dpsoh 818 Yduldeo| glphqvlrqhg ixqfwlrq ^59/ sureohp 58`1 Wkh 5� glp ixqfwlrq lv

i+{, @ y[
? \ � i

? +{, G > i � +{, @ { � �4> i G +{, @ { G �4> i x +{, @
G

[

J \ � m+{J �4,> i y +{, @
3

C
G

[

J \ � m+{J � 4,
4

D

G

Zh wdnh wkh lqlwldo grpdlq dv [ @ �^�4=8> 4=8` G � =
H{dpsoh 819 Olqhdu 0 udqn 4 zlwk }hur froxpqv dqg urzv/ ^59/ sureohp 67`1 Wkh 5 � glp
ixqfwlrq lv

i+{, @ y[
? \ � i

? +{, G > i � +{, @ �4> i G +{, @ +5{ � .6{ G ,�4> i x +{, @ 5+5{ � .6{ G ,�4> i y +{, @ �4
Zh wdnh wkh lqlwldo grpdlq dv [ @ �^�43> 43` G � =

H{dpsoh 81: Olqhdu ixqfwlrq 0 ixoo udqn ^59/ sureohp 65`1 Wkh 7� glp ixqfwlrq lv

i+{, @ y[
? \ � i

? +{, G > i ? +{, @ { ? � 4
5

3

C y[
J \ � {J

4

D� 4

Zh wdnh wkh lqlwldo grpdlq dv [ @ �^�4> 4` y � =
H{dpsoh 81; H{whqghg Urvhqeurfn ixqfwlrq ^59/ sureohp 54`1 Wkh 5 � glp ixqfwlrq lv

i+{, @
G

[
? \ � i

? +{, G > i � +{, @ 43+{ G � { G � ,> i G +{, @ 4� { �

Zh wdnh wkh lqlwldo grpdlq dv [ @ �^�45> 45` G � =
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H{dpsoh 81< Glvfuhwh erxqgdu| ydoxh ixqfwlrq ^59/ sureohp 5;`1 Wkh 5 � glp ixqfwlrq lv

i+{, @
G

[
? \ � i

? +{, G > i ? +{, @ 5{ ? �{ ? 4�� �{ ? % � . k G +{ ? . w ? . 4, x
5 > k @ 4

6 > w ? @ lk> { S @ { x @ 3

Zh wdnh wkh lqlwldo grpdlq dv [ @ �^�8> 8` G � =
H{dpsoh 8143 Eurzq doprvw 0 olqhdu ixqfwlrq ^59/ sureohp 5:`1 Wkh 7 � glp ixqfwlrq lv

i+{, @ y[
? \ � i

? +{, G > i ? +{, @ { ? . y[
J \ � {J � 8> l @ 4==6>dqg i y +{, @

3

C y\
J \ � {J

4

D� 4

Zh wdnh wkh lqlwldo grpdlq dv [ @ �^�5=8> 5=8` y � =
H{dpsoh 8144 Fkhe|txdg ixqfwlrq ^59/ sureohp 68`1 Wkh 7 � glp ixqfwlrq lv

i+{, @ y[
? \ � i

? +{, G > i ? +{, @ 4
7

y[
J \ � W

? +{J ,� ] �
S W ? +{,g{

zkhuh W ? lv wkh l H)I Fkhe|vkhy sro|qrpldo vkliwhg wr wkh lqwhuydo ^3> 4`1 Khqfh/
] �
S W ? +{,g{ @ 3 iru l rgg

] �
S W ? +{,g{ @ �4

+l G � 4, iru l hyhq

Zh wdnh wkh lqlwldo grpdlq dv [ @ �^�5> 5` y �1

818 Glvfxvvlrq
Wdeoh 817 olvwv wkh joredo plqlpxp rewdlqhg xvlqj Dojrulwkp FWEPV lq hdfk h{dpsoh1 Wdeohv
818 wr 81; jlyh wkh rewdlqhg uhvxowv lq whupv ri wkhvh shuirupdqfh phwulfv iru wkh ydulrxv whvw
h{dpsohv � 1 Iru hdfk phwulf/ zh jlyh wkh ydoxhv ri udwlr dqg wkh shufhqw uhgxfwlrq frpsxwhg
dv

Udwlr @ Shui1 phwulf zlwk edvlf dojrulwkp
Shui1 phwulf zlwk sursrvhg dojrulwkp

( uhgxfwlrq @ Shui1 phwulf zlwk edvlf dojrulwkp 0 Shui1 phwulf zlwk sursrvhg dojrulwkp
Shui1 phwulf zlwk edvlf dojrulwkp � 433
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WDEOH 8141 Udqnlqjv rewdlqhg e| sursrvhg Dojrulwkp FWEPV1
Qxpehu ri sureohpv

Shuirupdqfh phwulf 4 X�H Udqn 5 <M³ Udqn 6 8 ³ Udqn 7 H�I Udqn
Lwhudwlrqv < 5 3 3
Frpsxwdwlrqdo wlph ; 6 3 3
Pd{lpxp olvw ohqjwk 43 4 3 3
Ilqdo olvw ohqjwk ; 6 3 3

Edvhg rq wkh gdwd lq wkhvh Wdeohv/ zh frpsduh wkh shuirupdqfh ri wkh irxu dojrulwkpv
xvlqj gl�huhqw hydoxdwlrq phwkrgv= udqnlqj/ vwdwlvwlfdo phdvxuhv/ dyhudjh dqg rwkhu phdvxuhv/
dqg shuirupdqfh sur�ohv1 Wkhvh ydulrxv phwkrgv duh lqfrusrudwhg lq wkh dqdo|vlv wr dyrlg
grplqdqfh ri dq| rqh whvw ixqfwlrq rq wkh �qdo frqfoxvlrqv derxw wkh uhodwlyh shuirupdqfh
ri wkh dojrulwkpv1
Dw wkh rxwvhw/ zh qrwh wkdw iru wkh frqvlghuhg grpdlqv dqg dffxudf|/ wkh sursrvhg Do0

jrulwkp FWEPV lv deoh wr vroyh doo wkh whvw h{dpsohv/ zkhuhdv Dojrulwkpv PV/ WPV/ dqg
WEPV duh deoh wr vroyh rqo| 87=78(> 78=78(/ dqg <3=<3( ri wkh whvw h{dpsohv/ uhvshfwlyho|1

81814 Udqnlqj
Udqnlqj ri dojrulwkpv kdv ehhq xvhg iru shuirupdqfh frpsdulvrq/ vhh/ iru lqvwdqfh/ ^7`/ ^5:`1
Udqnlqj lv edvhg rq wkh qxpehu ri wlphv dq dojrulwkp frphv lq wkh n H�I sodfh/ khuh n @
4> = = = > 7= D kljkhu udqn lv dvvljqhg wr wkh dojrulwkp zlwk ohvvhu shuirupdqfh phwulf ydoxh1
Wdeoh 814 jlyhv wkh udqnlqj ri wkh FWEPV dojrulwkp iru wkh ydulrxv shuirupdqfh phwulfv1

Wdeoh 814 vkrzv wkdw lq d pdmrulw| ri wkh vroyhg whvw h{dpsohv/ sursrvhg Dojrulwkp FWEPV
lv vxshulru wr wkh uhvw lq whupv ri qxpehu ri lwhudwlrqv/ frpsxwdwlrqdo wlph/ pd{lpxp olvw
ohqjwk dqg �qdo olvw ohqjwk phwulfv1 Hvshfldoo|/ wkh sursrvhg dojrulwkp lv deoh wr dfklhyh
wkh 4 X�H udqn lq ;4=;4( ri wkh whvw h{dpsohv iru wkh lwhudwlrqv phwulf/ lq :5=:5( ri wkh whvw
h{dpsohv iru wkh frpsxwdwlrqdo wlph phwulf/ lq <3=<3( ri wkh whvw h{dpsohv iru wkh pd{lpxp
olvw ohqjwk phwulf/ dqg lq :5=:5( ri wkh whvw h{dpsohv iru wkh �qdo olvw ohqjwk phwulf1

81815 Vwdwlvwlfdo phdvxuhv
Qh{w/ zh frpsduh wkh shuirupdqfh ri wkh dojrulwkpv edvhg rq wkh glvwulexwlrq ri wkh gl�huhqfh
ehwzhhq wkh shuirupdqfh phwulfv1 Vxfk d frpsdulvrq kdv ehhq grqh/ iru lqvwdqfh/ lq ^7`1 Wkh
plqlpxp/ �uvw txduwloh/ phgldq/ wklug txduwloh dqg pd{lpxp ri wklv glvwulexwlrq duh uhsruwhg
lq Wdeoh 8151
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WDEOH 8151 Frpsdulvrq ri shuirupdqfh ri ydulrxv dojrulwkpv xvlqj vwdwlvwlfdo phdvxuhv1
Shui1 phwulf Doj1 Plqlpxp 4 ��� Txduwloh Phgldq 5 �
+ Txduwloh Pd{lpxp
Lwhudwlrqv WPV �5;53 �547: �<9 4467=83 4867

WEPV 7 49 736 589<=:8 78<4
FWEPV 4; 75 8;5=83 58;7=83 7968

Frpsxwdwlrqdo WPV �43=:7 �;=43 �3=39 7=99 9=5
wlph WEPV �4:=; �8=4< �3=46 96=83 55;=43

FWEPV �3=68 �3=46 6=87 9: 574=6
Pd{lpxp WPV �653 �57:=:8 �48 6: 7<
olvw ohqjwk WEPV �56 �5 69=8 84: 4798

FWEPV 5 8=:8 6; 893=:8 47;7
Ilqdo WPV �4;8 �46< 4 43=83 46
olvw ohqjwk WEPV 7 ;=8 58 7:8=8 4476

FWEPV 7 ;=8 58 798 4476

� Qxpehu ri lwhudwlrqv= Odujhvw srvlwlyh plqlpxp ydoxh lv rewdlqhg iru Dojrulwkp FWEPV/
lqglfdwlqj wkdw wkh qxpehu ri lwhudwlrqv duh ohdvw zlwk Dojrulwkp FWEPV lq d pdmrulw|
ri wkh whvw h{dpsohv1
� Frpsxwdwlrqdo wlph= Wkh rqo| srvlwlyh phgldq ydoxh lv rewdlqhg iru Dojrulwkp FWEPV
lqglfdwlqj wkdw wkh ohdvw frpsxwdwlrqdo wlph lv wdnhq e| Dojrulwkp FWEPV lq pruh
wkdq kdoi wkh whvw h{dpsohv1
� Pd{lpxp olvw ohqjwk= Wkh rqo| srvlwlyh plqlpxp ydoxh lv rewdlqhg iru Dojrulwkp
FWEPV/ lqglfdwlqj wkdw lw uhtxluhv wkh ohdvw pd{lpxp olvw ohqjwk lq d pdmrulw| ri
wkh whvw h{dpsohv1
� Ilqdo olvw ohqjwk= Htxdo srvlwlyh plqlpxp ydoxhv duh rewdlqhg iru Dojrulwkpv FWEPV
dqg WEPV/ lqglfdwlqj wkdw wkhvh dojrulwkpv uhtxluh wkh ohdvw �qdo olvw ohqjwk lq d
pdmrulw| ri wkh whvw h{dpsohv1

81816 Plqlpxp/ phdq/ dqg pd{lpxp phdvxuhv
Lq Wdeoh 816/ zh jlyh wkh dyhudjhv ri wkh udwlr dqg shufhqw uhgxfwlrq ryhu doo wkh whvw h{dpsohv1
Wkh Wdeoh vkrzv wkdw iru d pdmrulw| ri wkh whvw sureohpv/ Dojrulwkp FWEPV jlyhv odujh
uhgxfwlrq lq pd{lpxp olvw ohqjwk/ qxpehu ri lwhudwlrqv/ dqg �qdo olvw ohqjwk/ zkloh lw jlyhv
lpsuryhphqw lq frpsxwdwlrq wlph iru pruh wkdq kdoi wkh whvw sureohpv1
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WDEOH 8161 Plqlpxp/ phdq/ dqg pd{lpxp ri udwlrv dqg uhgxfwlrqv/ zlwk uhvshfw wr Dojrulwkp PV1

Udwlr ( Uhgxfwlrq
Shui1 phwulf Doj1 Plq1 Phdq Pd{1 Plq1 Phdq Pd{1
Lwhudwlrqv WPV 3=36 4=65 7=8< �889=85 �557=:7 :;=56

WEPV 4=38 45=5; 63=4: 7=98 9<=:9 <9=9<
FWEPV 6=8; 48=;6 6;=<< :5=3< ;7=:8 <:=77

Frpsxwdwlrqdo WPV 3=335 4=94 6=9; �8H7 �4H7 :5=;9
wlph WEPV 3=35 5=5: 9=;: �7<33 �<94=4; ;8=78

FWEPV 3=38 6=88 9=58 �4:83 �59;=65 ;;=45
Pd{lpxp WPV 3=39 3=<: 5=86 �4933 �7<6=84 93=7<
olvw ohqjwk WEPV 3=7: 9=49 4;=;: �448 75=<< <7=:3

FWEPV 4=7 :=54 57=89 5;=8: 98=76 <8=<6
Ilqdo WPV 3=3; 3=<9 4=87 �53 :=85 68=46
olvw ohqjwk WEPV 8 577=67 4477 ;3 <6=84 <<=<4

FWEPV 8 537=;5 4477 ;3 <5=8< <<=<4

81817 Shuirupdqfh sur�ohv
Shuirupdqfh sur�oh lv sursrvhg dv d wrro iru hydoxdwlqj dqg frpsdulqj shuirupdqfh ri dojr0
ulwkpv lq ^;`1 Wkh shuirupdqfh sur�oh iru dq dojrulwkp lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq
iru d jlyhq shuirupdqfh phwulf1 Shuirupdqfh sur�ohv holplqdwh wkh lq xhqfh ri d vpdoo qxpehu
ri sureohpv rq wkh �qdo hydoxdwlrq frqfoxvlrqv1
Iru frpsxwdwlrqdo wlph dv wkh shuirupdqfh phwulf/ shuirupdqfh sur�ohv fdq eh jhqhudwhg

dv iroorzv1 Ohw S eh wkh whvw vhw ri h{dpsohv/ q X eh wkh qxpehu ri dojrulwkpv dqg q] eh wkh
qxpehu ri h{dpsohv1 Iru hdfk whvw ixqfwlrq s dqg dojrulwkp v/ gh�qh

w] 9 X @ frpsxwlqj wlph uhtxluhg wr vroyh d whvw ixqfwlrq s e| dojrulwkp v
Wkh shuirupdqfh udwlr iru frpsxwdwlrq wlph lv fdofxodwhg dv

u] 9 X @
w] 9 Xplq iw] 9 X = 4 � v � q X j

Zh fkrrvh d sdudphwhu u t � u] 9 X iru doo s> v> vxfk wkdw u] 9 X @ u t li dqg rqo| li dojrulwkp
grhv qrw vroyh wkh whvw ixqfwlrq s= Qrz/ wkh shuirupdqfh sur�oh iru frpsxwlqj wlph fdq eh
gh�qhg dv

� X +� , @
4
q] vl}h is 5 S = u] 9 X � �j



818 Glvfxvvlrq 44<

Vlploduo|/ shuirupdqfh sur�ohv iru rwkhu shuirupdqfh phwulfv fdq eh gh�qhg1
Wkh iroorzlqj revhuydwlrqv duh pdgh iurp wkh shuirupdqfh sur�oh sorwv frpsxwhg iru

ydulrxv shuirupdqfh phwulfv1
Qxpehu ri lwhudwlrqv= Shuirupdqfh sur�oh sorwv iru wkh qxpehu ri lwhudwlrqv duh jlyhq

lq Iljxuhv 814 dqg 8151 Wkhvh vkrz wkdw

� Zlwklq d idfwru � @ 4 ri wkh ehvw dojrulwkp/ Dojrulwkp PV/ WPV/ WEPV/ dqg FWEPV
duh deoh wr vroyh 3(> 3(> 4;(> ;5( ri wkh whvw h{dpsohv1
� DojrulwkpPV/ WPV/ WEPV/ dqg FWEPV duh deoh wr vroyh 87=87(> 78=78(> <3=<3(> 433(
ri wkh whvw h{dpsohv/ zlwklq d idfwru ri � @ 6<> 485> 56> 5 ri wkh ehvw dojrulwkp1
� Wkh sursrvhg Dojrulwkp FWEPV lv deoh wr vroyh doo wkh whvw h{dpsohv iru � ? 5/ dqg
wkdw lw uhtxluhv ohvv qxpehu ri lwhudwlrqv iru ;4=;4( ri wkh whvw h{dpsohv frpsduhg wr
Dojrulwkpv PV/ WPV dqg WEPV1

Frpsxwdwlrqdo wlph= Shuirupdqfh sur�oh sorwv iru wkh frpsxwdwlrqdo wlph duh vkrzq lq
Iljxuhv 816 dqg 8171 Wkhvh vkrz wkdw

� Zlwklq d idfwru � @ 4 ri wkh ehvw dojrulwkp/ Dojrulwkp PV/ WPV/ WEPV/ dqg FWEPV
duh deoh wr vroyh 4;=4;(> <=3<(> 3(> :5=:5( ri wkh whvw h{dpsohv1
� DojrulwkpPV/ WPV/ WEPV/ dqg FWEPV duh deoh wr vroyh 87=87(> 78=78(> <3=<3(> 433(
ri wkh whvw h{dpsohv/ zlwklq d idfwru ri � @ <> 873> 84> 4< ri wkh ehvw dojrulwkp1
� Wkh sursrvhg dojrulwkp FWEPV lv deoh wr vroyh doo wkh whvw h{dpsohv iru � ? 4</ dqg
wkdw lw uhtxluhv ohvv frpsxwdwlrqdo wlph iru :5=:5( ri wkh whvw h{dpsohv frpsduhg wr
Dojrulwkpv PV/ WPV/ dqg WEPV1

Pd{lpxp olvw ohqjwk= Shuirupdqfh sur�oh sorwv iru wkh pd{lpxp olvw ohqjwk duh jlyhq
lq Iljxuhv 818 dqg 8191 Wkhvh vkrz wkdw

� Zlwklq d idfwru � @ 4 ri wkh ehvw dojrulwkp/ Dojrulwkp PV/ WPV/ WEPV/ dqg FWEPV
duh deoh wr vroyh 3(> 3(> 4;=4;(> <3=<3( ri wkh whvw h{dpsohv1
� DojrulwkpPV/ WPV/ WEPV/ dqg FWEPV duh deoh wr vroyh 87=87(> 78=78(> <3=<3(> 433(
ri wkh whvw h{dpsohv/ zlwklq d idfwru ri � @ 58> 6<> ;> 9 ri wkh ehvw dojrulwkp1
� Wkh sursrvhg dojrulwkp FWEPV lv deoh wr vroyh doo wkh whvw h{dpsohv iru � ? 9/ dqg
wkdw lw uhtxluhv ohvv frpsxwdwlrqdo wlph iru <3=<3( ri wkh whvw h{dpsohv frpsduhg wr
Dojrulwkpv PV/ WPV/ dqg WEPV1
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Ilqdo olvw ohqjwk= Shuirupdqfh sur�oh sorwv iru wkh �qdo olvw ohqjwk duh vkrzq lq Iljxuhv
81: dqg 81;1 Wkhvh vkrz wkdw

� Zlwklq d idfwru � @ 4 ri wkh ehvw dojrulwkp/ Dojrulwkp PV/ WPV/ WEPV/ dqg FWEPV
duh deoh wr vroyh 3(> 3(> <3=<3(> :5=:5( ri wkh whvw h{dpsohv1

� DojrulwkpPV/ WPV/ WEPV/ dqg FWEPV duh deoh wr vroyh 87=87(> 78=78(> <3=<3(> 433(
ri wkh whvw h{dpsohv/ zlwklq d idfwru ri � @ 4478> 543> 49 ri wkh ehvw dojrulwkp1

� Wkh sursrvhg dojrulwkp FWEPV lv deoh wr vroyh doo wkh whvw h{dpsohv iru � ? 49/ dqg
wkdw lw uhtxluhv ohvv frpsxwdwlrqdo wlph iru :5=:5( ri wkh whvw h{dpsohv frpsduhg wr
Dojrulwkpv PV/ WPV/ dqg WEPV1

Vxppdu| ri wkh shuirupdqfh sur�oh vwxglhv=

� Li zh duh lqwhuhvwhg lq dq dojrulwkp wkdw fdq vroyh d jlyhq sureohp vxffhvvixoo|/ wkhq wkh
sursrvhg Dojrulwkp FWEPV vwdqgv rxw/ dv glvsod|hg e| wkh khljkw ri lwv shuirupdqfh
sur�oh sorw iru hyhu| shuirupdqfh phwulf1

� Li zh duh lqwhuhvwhg lq dq dojrulwkp wkdw fdq vroyh <3( ri wkh sureohpv zlwk juhdwhvw
h!flhqf|/ wkhq wkh sursrvhg Dojrulwkp FWEPV vwdqgv rxw/ iru hyhu| shuirupdqfh
phwulf h{fhsw wkh �qdo olvw ohqjwk phwulf iru zklfk Dojrulwkp WEPV lv ehwwhu1

� Li zh duh lqwhuhvwhg lq dq dojrulwkp wkdw fdq vroyh doo wkh sureohpv zlwk juhdwhvw h!0
flhqf|/ wkhq wkh sursrvhg Dojrulwkp FWEPV djdlq vwdqgv rxw iru hyhu| shuirupdqfh
phwulf1

� Wkh suredelolw| wkdw wkh sursrvhg Dojrulwkp FWEPV lv d zlqqhu lq d jlyhq sureohp
lv derxw 3=<4 iru wkh qxpehu ri lwhudwlrqv/ 3=;5 iru wkh frpsxwdwlrqdo wlph/ 3=<3 iru wkh
pd{lpxp olvw ohqjwk/ dqg 3=:5 iru wkh �qdo olvw ohqjwk phwulfv1

� Wkh suredelolw| wkdw wkh sursrvhg Dojrulwkp FWEPV fdq vroyh d jlyhq sureohp zlwklq
d idfwru ri 5 ri wkh ehvw dojrulwkp +dprqj wkh irxu frqvlghuhg, lv derxw 433( iru wkh
qxpehu ri lwhudwlrqv/ <3( iru wkh frpsxwdwlrqdo wlph/ <5( iru wkh pd{lpxp olvw ohqjwk/
dqg :8( iru wkh �qdo olvw ohqjwk phwulfv1

� Dojrulwkp FWEPV jlyhv lpsuryhphqwv lq qxpehu ri lwhudwlrqv/ frpsxwdwlrq wlph/
pd{lpxp olvw ohqjwk dqg �qdo olvw ohqjwk lq ;4=;4(> :5=:5(> <3=<3( dqg :5=:5( ri whvw
h{dpsohv/ uhvshfwlyho|1
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WDEOH 8171 Grpdlqv xvhg/ glphqvlrqv dqg wkh joredo plqlpxp ryhu wkh jlyhq grpdlq1
H{1 Whvw Ixqfwlrq glp Grpdlq Joredo plqlpxp
814 Mhqqulfk ) Vdpsvrq 5 ^�4> 4` G 457=6954: = = =
815 Edug 6 ^�3=58> 3=58`^3=34> 5=8` G ;=546 = = =H � 6
816 Er{ 6� glp 6 ^�53> 53`^4> 53` G 3=33333 = = =
817 Eurzq ) Ghqqlv 7 ^�43> 433`^3> 48`^�433> 3`^�53> 3=5` ;;;93=7:<:9 = = =
818 Yduldeo| glp1 5 ^�4=8> 4=8` G 3=33333 = = =
819 Olqhdu 0 udqn4 5 ^�43> 43` G 5=4<<<< = = =
81: Olqhdu0 ixoo udqn 7 ^�4> 4` y 3=33333 = = =
81; H{whqghg Urvhqeurfn 5 ^�45> 45` G 3=33333 = = =
81< Glvfuhwh erxqgdu| 5 ^�8> 8` G 3=33333 = = =
8143 Eurzq doprvw 0olqhdu 7 ^�5=8> 5=8` y 3=33333 = = =
8144 Fkhe|txdg 7 ^�5> 5` y 3=33333 = = =

819 Frqfoxvlrqv
Zh suhvhqwhg d qryho dojrulwkp iru joredo rswlpl}dwlrq wkdw frpelqhv wkh vrsklvwlfdwhg WE
irupv/ Wd|oru prgho/ dqg wkh vlpsoh qdwxudo lqfoxvlrq ixqfwlrq1 Wkh shuirupdqfh ri wkh sur0
srvhg dojrulwkp zdv whvwhg dqg frpsduhg zlwk wkrvh ri h{lvwlqj PV dojrulwkpv rq d froohf0
wlrq ri hohyhq ehqfkpdun sureohpv1 Wkh sursrvhg dojrulwkp vwdqgv rxw iru hyhu| shuirupdqfh
phwulf/ dv wkh rqh wkdw fdq vroyh doo frqvlghuhg sureohpv zlwk wkh juhdwhvw h!flhqf|1
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WDEOH 8181 Frpsdulvrq ri qxpehu ri lwhudwlrqv uhtxluhg e| ydulrxv dojrulwkpv1
H{1 Whvw Ixqfwlrq glp Lwhudwlrqv PV WPV WEPV FWEPV
814 Mhqqulfk 5 Qxpehu= 4<94 75: 98 93

dqg Udwlr= � 7=8< 63=4: 65=9;
Vdpsvrq ( Uhgxfwlrq= � :;=56 <9=9< <9=<7

815 Edug 6 Qxpehu= � � 535 79
Udwlr= � � � �
( Uhgxfwlrq= � � � �

816 Er{ 6� glp 6 Qxpehu= 453; � 784 438
Udwlr= � � 5=9; 44=8
( Uhgxfwlrq= � � 95=9: <4=64

817 Eurzq 7 Qxpehu= � 788 99 6
dqg Udwlr= � � � �
Ghqqlv ( Uhgxfwlrq= � � � �

818 Yduldeo| 5 Qxpehu= 56 484 6 8
glphqvlrqhg Udwlr= � 3=48 :=9: 7=9

( Uhgxfwlrq= � �889=85 ;9=<9 :;=59
819 Olqhdu 5 Qxpehu= � � 466 467

0 udqn4 Udwlr= � � � �
( Uhgxfwlrq= � � � �

81: Olqhdu 7 Qxpehu= 7:8: � 499 455
0 ixoo udqn Udwlr= � � 5;=99 6;=<<

( Uhgxfwlrq= � � <9=84 <:=77
81; H{whqghg 5 Qxpehu= ;9 5<39 ;5 57

Urvhqeurfn Udwlr= � 3=36 4=38 6=8;
( Uhgxfwlrq= � �65:=<4 7=98 :5=3<

81< Glvfuhwh 5 Qxpehu= 9< 466 53 4<
erxqgdu| Udwlr= � 3=85 6=78 6=96
ydoxh ( Uhgxfwlrq= � �<5=:8 :4=34 :5=79

8143 Eurzq 7 Qxpehu= � � 99< 664
0doprvw olqhdu Udwlr= � � � �

( Uhgxfwlrq= � � � �
8144 Fkhe|txdg 7 Qxpehu= � � � 477;

Udwlr= � � � �
( Uhgxfwlrq= � � � �
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WDEOH 8191 Frpsdulvrq ri frpsxwdwlrq wlph uhtxluhg e| ydulrxv dojrulwkpv1
H{1 Whvw Ixqfwlrq glp Wlph PV WPV WEPV FWEPV
814 Mhqqulfk 5 Qxpehu= 43=4 6=< 4=7: 4=5

dqg Udwlr= � 5=8< 9=;: ;=75
Vdpsvrq ( Uhgxfwlrq= � 94=6< ;8=78 ;;=45

815 Edug 6 Qxpehu= A 4 ku A 4 ku 93=4 7;=5
Udwlr= � � � �
( Uhgxfwlrq= � � � �

816 Er{ 6� glp 6 Qxpehu= 44=4 � 5;=< 7=3;
Udwlr= � � 3=6; 5=:5
( Uhgxfwlrq= � � �493=69 96=57

817 Eurzq 7 Qxpehu= A 4 ku 8=64 :=68 5=;;
dqg Udwlr= � � � �
Ghqqlv ( Uhgxfwlrq= � � � �

818 Yduldeo| 5 Qxpehu= :H � 5 4=<H � 5 8H � 5 5H � 5
glphqvlrqhg Udwlr= 0 6=9; 4=7 6=8

( Uhgxfwlrq= 0 :5=;9 5;=8: :4=76
819 Olqhdu 5 Qxpehu= A 43 ku A 43 ku 688<=< 6344=<

0 udqn4 Udwlr= � � � �
( Uhgxfwlrq= � � � �

81: Olqhdu 7 Qxpehu= 5;:=6 � 8<=5 79=3
0 ixoo udqn Udwlr= � � 7=;8 9=58

( Uhgxfwlrq= � :<=6< ;6=<<
81; H{whqghg 5 Qxpehu= 5H � 5 43=:9 4=3 3=6:

Urvhqeurfn Udwlr= � 3=335 3=35 3=38
( Uhgxfwlrq= � �8H7 �7<33 �4:83

81< Glvfuhwh 5 Qxpehu= 6H � 5 5H � 4 6H � 4 ;H � 5
erxqgdu| Udwlr= � 3=48 3=4 3=6;
ydoxh ( Uhgxfwlrq= � �899=9: �<33=4 �499=9:

8143 Eurzq 7 Qxpehu A 43 ku A 43 ku 7<47=3 6445=:5
doprvw Udwlr= � � � �
olqhdu ( Uhgxfwlrq= � � � �

8144 Fkhe|txdg 7 Qxpehu A 43 ku A 43 ku A 43 ku 5<96=9
Udwlr= � � � �
( Uhgxfwlrq= � � � �



457 81 Joredo rswlpl}dwlrq xvlqj wkh qdwxudo lqfoxvlrq/ Wd|oru prgho/ dqg frpelqhg Wd|oru0Ehuqvwhlq irupv

WDEOH 81:1 Frpsdulvrq ri pd{lpxp olvw ohqjwk uhtxluhg e| ydulrxv dojrulwkpv1
H{1 Whvw Ixqfwlrq glp Pd{1 olvw ohqjwk PV WPV WEPV FWEPV
814 Mhqqulfk 5 Qxpehu= ;4 65 47 46

dqg Udwlr= � 5=86 8=:< 9=56
Vdpsvrq ( Uhgxfwlrq= � 93=7< ;5=:5 ;6=<8

815 Edug 6 Qxpehu= � � 6; 48
Udwlr= � � � �
( Uhgxfwlrq= � � � �

816 Er{ 6� glp 6 Qxpehu= 5<8 � <7 75
Udwlr= � � 6=47 :=35
( Uhgxfwlrq= � � 9;=47 ;8=:9

817 Eurzq 7 Qxpehu= � 77 48 5
dqg Udwlr= � � � �
Ghqqlv ( Uhgxfwlrq= � � � �

818 Yduldeo| 5 Qxpehu= : 6; 4 8
glphqvlrqhg Udwlr= � 3=4; :=3 4=7

( Uhgxfwlrq= � �775=;9 ;8=:4 5;=8:
819 Olqhdu 5 Qxpehu= � � 86 86

0 udqn4 Udwlr= � � � �
( Uhgxfwlrq= � � � �

81: Olqhdu 7 Qxpehu= 487: � ;5 96
0 ixoo udqn Udwlr= � � 4;=;: 57=89

( Uhgxfwlrq= � � <7=:3 <8=<6
81; H{whqghg 5 Qxpehu= 53 673 76 45

Urvhqeurfn Udwlr= � 3=39 3=7: 4=9:
( Uhgxfwlrq= � �4933 �448 73

81< Glvfuhwh 5 Qxpehu= 45 44 : 8
erxqgdu| Udwlr= � 4=4 4=:4 5=7
ydoxh ( Uhgxfwlrq= � ;=66 74=9: 8;=67

8143 Eurzq 7 Qxpehu= � � 6:3 93
doprvw Udwlr= � � � �
olqhdu ( Uhgxfwlrq= � � � �

8144 Fkhe|txdg 7 Qxpehu= � � � 638
Udwlr= � � � �
( Uhgxfwlrq= � � � �
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WDEOH 81;1 Frpsdulvrq ri �qdo olvw ohqjwk uhtxluhg e| ydulrxv dojrulwkpv1
H{1 Whvw Ixqfwlrq glp Ilqdo olvw ohqjwk PV WPV WEPV FWEPV
814 Mhqqulfk 5 Qxpehu= 6: 57 4 4

dqg Udwlr= � 4=87 6: 6:
Vdpsvrq ( Uhgxfwlrq= � 68=46 <:=63 <:=63

815 Edug 6 Qxpehu= � � 4 6
Udwlr= � � � �
( Uhgxfwlrq= � � � �

816 Er{ 6� glp 6 Qxpehu= 587 � 4 48
Udwlr= � � 587 49=<
( Uhgxfwlrq= � � <<=93 <7=3<

817 Eurzq 7 Qxpehu= � 57 4 4
dqg Udwlr= � � � �
Ghqqlv ( Uhgxfwlrq= � � � �

818 Yduldeo| 5 Qxpehu= 8 9 4 4
glphqvlrqhg Udwlr= � 3=;6 8 8

( Uhgxfwlrq= � �53 ;3 ;3
819 Olqhdu 5 Qxpehu= � � 44 44

0 udqn4 Udwlr= � � � �
( Uhgxfwlrq= � � � �

81: Olqhdu 7 Qxpehu= 4477 � 4 4
0 ixoo udqn Udwlr= � � 4477 4477

( Uhgxfwlrq= � � <<=<4 <<=<4
81; H{whqghg 5 Qxpehu= 48 533 4 4

Urvhqeurfn Udwlr= � 3=3; 48 48
( Uhgxfwlrq= � �45=66 <6=66 <6=66

81< Glvfuhwh 5 Qxpehu= 44 ; 4 4
erxqgdu| Udwlr= � 4=6; 44 44
ydoxh ( Uhgxfwlrq= � 5:=5: <3=<3 <3=<3

8143 Eurzq 7 Qxpehu= � � 5 :
doprvw Udwlr= � � � �
olqhdu ( Uhgxfwlrq= � � � �

8144 Fkhe|txdg 7 Qxpehu � � � 4
Udwlr= � � � �
( Uhgxfwlrq= � � � �
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ILJXUH 8141 Shuirupdqfh sur�oh sorw ri wkh qxpehu ri lwhudwlrqv/ iru ^4> 58`1

ILJXUH 8151 Shuirupdqfh sur�oh sorw ri wkh qxpehu ri lwhudwlrqv/ iru ^4> 493`1



819 Frqfoxvlrqv 45:

ILJXUH 8161 Shuirupdqfh sur�oh sorw ri frpsxwdwlrqdo wlph/ iru ^4> 83`1

ILJXUH 8171 Shuirupdqfh sur�oh sorw ri frpsxwdwlrq wlph/ iru ^4> 883`1
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ILJXUH 8181 Shuirupdqfh sur�oh sorw ri pd{lpxp olvw ohqjwk/ iru ^4> 43`1

ILJXUH 8191 Shuirupdqfh sur�oh sorw ri pd{lpxp olvw ohqjwk/ iru ^4> 73`1
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ILJXUH 81:1 Shuirupdqfh sur�oh sorw ri �qdo olvw ohqjwk/ iru ^4> 83`1

ILJXUH 81;1 Shuirupdqfh sur�oh sorw ri �qdo olvw ohqjwk/ iru ^4> 4483`1
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Sulqwhu= Rsdtxh wk

9
Frqfoxvlrqv

D sureohp ri juhdw wkhruhwlfdo dqg sudfwlfdo lqwhuhvw lq wkh duhd ri lqwhuydo dqdo|vlv ri Prruh
^57` lv wkh frqvwuxfwlrq ri lqfoxvlrq ixqfwlrqv kdylqj wkh surshuw| ri kljkhu rughu frqyhu0
jhqfh iru pxowlglphqvlrqdo ixqfwlrqv1 Kljkhu rughu lqfoxvlrq ixqfwlrqv kdyh dssolfdwlrqv/ iru
h{dpsoh/ lq wkh vroxwlrq ri htxdwlrqv/ txdgudwxuh/ dqg joredo rswlpl}dwlrq/ zkhuh idvwhu frq0
yhujhqfh frxog srvvleo| eh rewdlqhg zlwk wkhlu dlg1 D vwxg| ri wkh lqwhuydo dqdo|vlv olwhudwxuh
uhyhdov wkh odfn ri kljkhu rughu lqfoxvlrq ixqfwlrq irupv wkdw duh sudfwlfdoo| h�hfwlyh/ hyhq
iru orz wr phglxp +l1h1/ hyhq xs wr vd|/ vl{, glphqvlrqdo sureohpv1
Prwlydwhg e| wklv frqfhuq/ zh vhw wkh iroorzlqj wzr remhfwlyhv iru wkh suhvhqw zrun=

41 Wr ghyhors kljkhu rughu lqfoxvlrq ixqfwlrq irup iru pxowlglphqvlrqdo ixqfwlrqv wkdw duh
sudfwlfdoo| h�hfwlyh/ dqg

51 Wr ghyhors xqfrqvwudlqhg joredo rswlpl}dwlrq dojrulwkp zlwk wkh ghyhorshg kljkhu rughu
lqfoxvlrq ixqfwlrq irup/ iru h!flhqw ghwhuplqdwlrq ri duelwudulo| jrrg orzhu erxqgv rq
wkh plqlpxp ri �i +[,1

Lq hdfk fdvh/ zh ghvluh wr qxphulfdoo| whvw dqg frpsduh wkh sudfwlfdo h�hfwlyhqhvv ri wkh
sursrvhg wrro zlwk h{lvwlqj whfkqltxhv/ rq vhyhudo cgl!fxow* sureohpv ri gl�huhqw glphqvlrqv1
Lq wklv zrun/ zh �uvw suhvhqwhg wkh lpsuryhg WE irup dv d kljkhu rughu lqfoxvlrq ixqfwlrq

irup iru pxowlglphqvlrqdo ixqfwlrqv1 Wkh lpsuryhg WE irup xvhv Ehuqvwhlq sro|qrpldov iru
erxqglqj wkh udqjh ri wkh sro|qrpldo rewdlqhg iurp wkh Wd|oru irup ri wkh jlyhq ixqfwlrq
i 1 Wkh lpsuryhg WE irup kdv vrph lpsruwdqw gl�huhqfhv iurp Olq dqg Urnqh*v WE irup
^4<` lq wkh zd| lw lv frqvwuxfwhg/ dqg pdnhv lw pruh h�hfwlyh lq sudfwlfh1 Wkh kljkhu rughu
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frqyhujhqfh ehkdylru ri wkh sursrvhg irup zdv qxphulfdoo| whvwhg dqg frpsduhg zlwk wkdw
ri Olq dqg Urnqh*v WE irup dqg dovr zlwk wkdw ri wkh Wd|oru prgho ri Ehu} hw do1 ^6`1 Iru wkh
whvwlqj/ zh frqvlghuhg vl{ ehqfkpdun h{dpsohv zlwk glphqvlrqv ydu|lqj iurp 4 wr 91 Lq doo
h{dpsohv/ xqolnh zlwk wkh Wd|oru prgho dqg Olq dqg Urnqh*v WE irup/ zh lqghhg rewdlqhg
kljkhu rughu frqyhujhqfh ri rughuv xs wr < zlwk wkh lpsuryhg WE irup1 Pruhryhu/ zlwk wkh
lpsuryhg irup zh frxog txlwh hdvlo| rewdlq wkhvh kljk rughuv ri frqyhujhqfh iru xs wr 8�glp
sureohpv1
Wkhq/ zh lqyhvwljdwhg wkh shuirupdqfh ri wkh lpsuryhg WE irup lq wkh iudphzrun ri wkh

Prruh0Vnhoerh +PV, dojrulwkp ri lqwhuydo dqdo|vlv iru xqfrqvwudlqhg joredo rswlpl}dwlrq1 Zh
xvhg wkh lpsuryhg WE irup dv dq lqfoxvlrq ixqfwlrq lq d surwrw|sh ru edvlf PV dojrulwkp/
dqg dovr prgl�hg wkh fxw0r� whvw dqg whuplqdwlrq frqglwlrq lq wkh dojrulwkp1 Zh qxphulfdoo|
whvwhg dqg frpsduhg wkh shuirupdqfhv ri wkh sursrvhg dojrulwkp/ wkh PV dojrulwkp/ dqg
wkh PV dojrulwkp zlwk wkh Wd|oru prgho dv lqfoxvlrq ixqfwlrq rq vl{ ehqfkpdun h{dpsohv1
Wkh uhvxowv ri wkhvh whvwv lqglfdwhg wkdw wkh sursrvhg joredo rswlpl}dwlrq dojrulwkp zlwk
wkh lpsuryhg WE irup dv lqfoxvlrq ixqfwlrq lv vxshulru wr wkh uhvw/ iru wkh orz wr phglxp
glphqvlrq sureohpv vwxglhg1
Lq vhyhudo dssolfdwlrq sureohpv/ wkh w|slfdoo| odujh lqlwldo grpdlq lv vrrqhu ru odwhu uh0

gxfhg wr vpdoo vroxwlrq grpdlqv wkurxjk grpdlq vsolwwlqj ru vxeglylvlrq whfkqltxhv1 Lq vxfk
dssolfdwlrqv/ erwk Olq dqg Urnqh*v WE irup dqg wkh lpsuryhg WE irup zhuh irxqg wr eh
xqvdwlvidfwru| iru vrph grpdlq zlgwkv/ gxh wr h{fhvvlyh phpru| dqg 2ru wlph uhtxluhphqwv1
Zh wkhuhiruh sursrvhg qh{w wkh vr0fdoohg cfrpelqhg* WE irup wkdw lv pruh h�hfwlyh wkdq
hlwkhu ri wkh deryh WE irupv zkhq wkh grpdlq vkulqnv iurp odujh wr vpdoo zlgwkv1 Wkh frp0
elqhg irup lqkhulwv wkh nh| surshuw| ri kljkhu rughu frqyhujhqfh iurp lwv frqvwlwxhqw irupv1
Zh qxphulfdoo| whvwhg dqg frpsduhg wkh shuirupdqfh ri wkh frpelqhg WE irup zlwk wkrvh
ri wkh h{lvwlqj WE irupv/ wkh Wd|oru prgho/ dqg wkh vlpsoh qdwxudo lqfoxvlrq ixqfwlrq1 Iru
wkh whvwlqj/ zh frqvlghuhg vl{ ehqfkpdun h{dpsohv zlwk glphqvlrqv ydu|lqj iurp 4 wr 91 Wkh
uhvxowv ri wkh whvwv vkrzhg wkdw wkh qhz frpelqhg irup zdv lqghhg pruh h�hfwlyh wkdq hlwkhu
ri wkh h{lvwlqj WE irupv ryhu wkh hqwluh udqjh ri grpdlq zlgwkv frqvlghuhg1 Whvw uhvxowv dovr
uhyhdohg wkdw wkh vlpsoh qdwxudo lqfoxvlrq irup vrphwlphv vxusulvlqjo| |lhoghg wljkwhu udqjh
hqforvxuhv wkdq wkh pruh vrsklvwlfdwhg Wd|oru dqg WE irupv/ hyhq iru vpdoo grpdlq zlgwkv1
Odvwo|/ zh sursrvhg dq lpsuryhg dojrulwkp iru xqfrqvwudlqhg joredo rswlpl}dwlrq lq wkh

iudphzrun ri wkh Prruh0Vnhoerh dojrulwkp1 D qryho dqg srzhuixo ihdwxuh ri wkh sursrvhg
dojrulwkp zdv wkdw d ydulhw| ri lqfoxvlrq ixqfwlrq irupv iru wkh remhfwlyh ixqfwlrq zhuh
lqfrusrudwhg lqwr lw 0 wkh frpelqhg WE irup/ wkh Wd|oru prgho/ dqg wkh vlpsoh qdwxudo
lqfoxvlrq irup +wkh vxusulvlqj revhuydwlrq uhihuuhg deryh uhjduglqj wkh qdwxudo lqfoxvlrq
irup ohg wr lwv lqfrusrudwlrq lq wr wkh sursrvhg dojrulwkp,1 Vhyhudo lpsuryhphqwv zhuh dovr
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sursrvhg lq wkh Ehuqvwhlq vwhs ri wkh frpelqhg WE irup/ vxfk dv dq lpsuryhg gluhfwlrq
vhohfwlrq vwudwhj| iru vxeglylvlrq/ dqg xvh ri fxw0r� dqg prqrwrqlflw| whvwv1 Pruhryhu/ wkh
fxw0r� whvw dqg whuplqdwlrq frqglwlrq lq wkh PV dojrulwkp zhuh uh�qhg1 Wkh shuirupdqfh
ri wkh sursrvhg Dojrulwkp zdv wkhq qxphulfdoo| whvwhg dqg frpsduhg zlwk wkrvh ri wkh
PV dojrulwkp/ wkh PV dojrulwkp zlwk wkh Wd|oru prgho dv lqfoxvlrq ixqfwlrq/ dqg rxu hduolhu
sursrvhg rswlpl}dwlrq dojrulwkp/ rq d froohfwlrq ri hohyhq ehqfkpdun h{dpsohv1 Wkh sursrvhg
dojrulwkp zdv irxqg wr eh vxshulru iru hyhu| shuirupdqfh phwulf dv wkh rqh wkdw frxog vroyh
doo frqvlghuhg whvw h{dpsohv zlwk wkh juhdwhvw h!flhqf|1
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Uhihuhqfhv

^4` J1 Dohihog dqg U1 Orkqhu1 Rq kljkhu rughu fhqwhuhg irupv1 Frpsxwlqj/ 68=4::�4;7/
4<;81

^5` P1 Ehu} dqg M1 Krhinhqv1 FRV\ LQILQLW\ Yhuvlrq ;14 Surjudpplqj Pdqxdo1 Whfk0
qlfdo Uhsruw PVXFO044<9/ Qdwlrqdo Vxshufrqgxfwlqj F|forwurq Oderudwru|/ Plfkljdq
Vwdwh Xqlyhuvlw|/ Hdvw Odqvlqj/ PL 7;;57/ 53341

^6` P1 Ehu} dqg J1 Kr�vwdwwhu1 Frpsxwdwlrq dqg dssolfdwlrq ri Wd|oru sro|qrpldov zlwk
lqwhuydo uhpdlqghu erxqgv1 Uholdeoh Frpsxwlqj/ 7=;6�<:/ 4<<;1

^7` L1 Erqjduw}/ D1 U1 Frqq/ Q1 L1 P1 Jrxog/ dqg P1 D1 Vdxqghuv1 D qxphulfdo frpsdulvrq
ehwzhhq wkh ODQFHORW dqg PLQRV sdfndjhv iru odujh0vfdoh qxphulfdo rswlpl}dwlrq1
Uhsruw <:246 Qdpxu Xqlyhuvlw|/ 4<<:1

^8` J1 W1 Fdujr dqg R1 Vklvkd1 Wkh Ehuqvwhlq irup ri d sro|qrpldo1 Mo1 ri uhvhdufk ri QEV/
:3E=:<�;4/ 4<991

^9` K1 Fruqholxv dqg U1 Orkqhu1 Frpsxwlqj wkh udqjh ri ydoxhv ri uhdo ixqfwlrqv zlwk
dffxudf| kljkhu wkdq vhfrqg rughu1 Frpsxwlqj/ 66=664�67:/ 4<;71

^:` W1 Fvhqghv dqg G1 Udw}1 Vxeglylvlrq gluhfwlrq vhohfwlrq lq lqwhuydo phwkrgv iru joredo
rswlpl}dwlrq1 VLDP Mo1 qxphulfdo dqdo|vlv/ 67=<55�<6;/ 4<<:1

^;` H1 G1 Grodq dqg M1 M1 Pruh1 Ehqfkpdunlqj rswlpl}dwlrq vriwzduh zlwk shuirupdqfh
sur�ohv1 Pdwkhpdwlfdo Surjudpplqj Rqolqh/ Rfwrehu 53341
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^<` M1 Jduor�1 Wkh Ehuqvwhlq dojrulwkp1 Lqwhuydo Frpsxwdwlrqv/ +5,=488�49;/ 4<<61
^43` M1 Jduor� dqg D1 S1 Vplwk1 Lqyhvwljdwlrq ri d vxeglylvlrq edvhg dojrulwkp iru vroylqj

v|vwhpv ri sro|qrpldo htxdwlrqv1 Qrqolqhdu Dqdo|vlv/ 7:=49:�4:;/ 53341
^44` M1 Jduor� dqg D1 S1 Vplwk1 Vroxwlrq ri v|vwhpv ri sro|qrpldo htxdwlrqv e| xvlqj Ehuq0

vwhlq h{sdqvlrq1 Lq J1 Dohihog/ V1 Uxps/ M1 Urkq/ dqg W1 \dpdprwr/ hglwruv/ V|perolf
Dojheudlf Phwkrgv dqg Yhul�fdwlrq Phwkrgv1 Vsulqjhu/ Jhupdq|/ 53341

^45` G1 P1 Jd|1 D wuxvw uhjlrq dssurdfk wr olqhduo| frqvwudlqhg rswlpl}dwlrq1 Lq G1 I1 Juli0
�wkv/ hglwru/ Qxphulfdo Dqdo|vlv/ Ohfwxuh Qrwhv lq Pdwkhpdwlfv 43991 Vsulqjhu/ Ehuolq/
4<;71

^46` H1 Kdqvhq1 Joredo rswlpl}dwlrq xvlqj lqwhuydo dqdo|vlv1 Pdufho Ghnnhu/ 4<<51
^47` M1 Khu}ehujhu1 ]xu dssur{lpdwlrq ghv zhuwhehuhlfkhv uhhoohu ixqnwlrqhq gxufk lqwhuydo0

odxvguxfnh1 Frpsxwlqj/ Vxssohphqw/ 4=8:�97/ 4<::1
^48` M1 Krhinhqv1 Uljrurxv Qxphulfdo Dqdo|vlv zlwk Kljk0Rughu Wd|oru Prghov1 SkG wkhvlv/

Plfkljdq Vwdwh Xqlyhuvlw|/ Hdvw Odqvlqj/ Plfkljdq/ XVD/ 53341 dovr PVXFO0454:1
^49` N1 Lfklgd dqg \1 Ixmll1 Dq lqwhuydo dulwkphwlf phwkrg iru joredo rswlpl}dwlrq1 Frpsxw0

lqj/ 56=;8�<:/ 4<:<1
^4:` U1 E1 Nhduirww1 Uljrurxv joredo vhdufk= frqwlqxrxv sureohpv1 Grguhfkw= Noxzhu Dfdg0

hplf Sxeolvkhuv/ 4<<91
^4;` U1 E1 Nhduirww dqg D1 Dud}|dq1 Wd|oru vhulhv prghov lq ghwhuplqlvwlf joredo rswlpl}dwlrq1

Lq Surf1 6ug Lqw1 Frqi1 dqg Zrunvkrs rq Dxwrpdwlf Gl�huhqwldwlrq/ Iudqfh/ 53331
^4<` T1 Olq dqg M1 J1 Urnqh1 Lqwhuydo dssur{lpdwlrq ri kljkhu rughu wr wkh udqjhv ri ixqfwlrqv1

Frpsxwhuv Pdwk1 Dssolf1/ 64+:,=434�43</ 4<<91
^53` N1 Pdnlqr dqg P1 Ehu}1 Uhpdlqghu gl�huhqwldo dojheudv dqg wkhlu dssolfdwlrqv1 Lq

P1 Ehu}/ F1 Elvfkri/ J1 Fruolvv/ dqg D1 Julhzdqn/ hglwruv/ Frpsxwdwlrqdo gl�huhqwldwlrq=
whfkqltxhv/ dssolfdwlrqv/ dqg wrrov/ sdjhv 96�:81 VLDP/ 4<<91

^54` N1 Pdnlqr dqg P1 Ehu}1 H!flhqw frqwuro ri wkh ghshqghqf| sureohp edvhg rq Wd|oru
prgho phwkrgv1 Uholdeoh Frpsxwlqj/ 8=6�45/ 4<<<1

^55` V1 Pdodq/ P1 Plodqhvh/ P1 Wdudjqd/ dqg M1 Jduor�1 E x dojrulwkp iru urexvw shuirupdqfh
dqdo|vlv lq suhvhqfh ri pl{hg sdudphwulf dqg g|qdplf shuwxuedwlrqv1 Lq Surf1 ri wkh
64vw LHHH FGF/ sdjhv 45;�466/ 4<<51
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^56` U1 H1 Prruh1 Lqwhuydo dqdo|vlv1 Suhqwlfh0Kdoo/ Hqjohzrrg Fol�v/ Qhz Mhuvh|/ 4<991
^57` U1 H1 Prruh1 Phwkrgv dqg dssolfdwlrqv ri lqwhuydo dqdo|vlv1 VLDP/ Sklodghoskld/ 4<:<1
^58` U1 H1 Prruh dqg K1 Udwvfkhn1 Lqfoxvlrq ixqfwlrqv dqg joredo rswlpl}dwlrq LL1 Pdwkh0

pdwlfdo surjudpplqj/ 74=674�689/ 4<;;1
^59` M1 M1 Pruh/ E1 V1 Jduerz/ dqg N1 H1 Kloovwurp1 Whvwlqj xqfrqvwudlqhg rswlpl}dwlrq

vriwzduh1 DFP Wudqv1 Pdwkhpdwlfdo Vriwzduh/ :+4,=4:�74/ 4<;41
^5:` V1 J1 Qdvk dqg M1 Qrfhgdo1 D qxphulfdo vwxg| ri wkh olplwhg phpru| EIJV phwkrg

dqg wuxqfdwhg Qhzwrq phwkrg iru odujh vfdoh rswlpl}dwlrq1 VLDP M1 Rswlp1/ 4=68;�6:5/
4<<41

^5;` D1 Qhxpdlhu1 Lqwhuydo phwkrgv iru v|vwhpv ri htxdwlrqv1 Fdpeulgjh Xqlyhuvlw| Suhvv/
Fdpeulgjh/ Hqjodqg/ 4<<31

^5<` K1 Udwvfkhn1 Lqfoxvlrq ixqfwlrqv dqg joredo rswlpl}dwlrq1 Pdwkhpdwlfdo Surjudpplqj/
66=633�64:/ 4<;81

^63` K1 Udwvfkhn dqg M1 Urnqh1 Frpsxwhu phwkrgv iru wkh udqjh ri ixqfwlrqv1 Fklfkhvwhu=
Hoolv Kruzrrg Olplwhg/ 4<;71

^64` K1 Udwvfkhn dqg M1 Urnqh1 Qhz frpsxwhu phwkrgv iru joredo rswlpl}dwlrq1 Qhz \run=
Zloh|/ 4<;;1

^65` G1 Udw} dqg W1 Fvhqghv1 Rq wkh vhohfwlrq ri vxeglylvlrq gluhfwlrqv lq lqwhuydo eudqfk0
dqg0erxqg phwkrgv iru joredo rswlpl}dwlrq1 Mrxuqdo ri Joredo Rswlpl}dwlrq/ :=4;6�53:/
4<<81

^66` P1 ]hwwohu dqg M1 Jduor�1 Urexvwqhvv dqdo|vlv ri sro|qrpldov zlwk sro|qrpldo sdudphwhu
ghshqghqf| xvlqj Ehuqvwhlq h{sdqvlrq1 LHHH Wudqv1 rq Dxwrpdw1 Frqwuro/ 76+6,=758�
764/ 4<<;1
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Wklv lv sdjh 46<
Sulqwhu= Rsdtxh wk

Dsshqgl{ D
Ehuqvwhlq dssurdfk 0 xqlyduldwh fdvh

Zh rxwolqh wkh Ehuqvwhlq dssurdfk iru wkh xqlglphqvlrqdo fdvh1 Frqvlghu wkh qwk ghjuhh
sro|qrpldo s lq d vlqjoh yduldeoh { 5 X @ ^3> 4`

s +{, @
<[
? \ S d ? {

?

Wkh Ehuqvwhlq irup ri rughu n iru s lv

s +{, @
7[
J \ S e

7J E 7J +{,

zkhuh n lv dq| lqwhjhu � q> dqg zkhuh E 7J +{, duh wkh Ehuqvwhlq sro|qrpldov ri ghjuhh n
gh�qhg dv

E 7J +{, =@
�n
m
�
{J +4� {, 7 4�J

dqg e 7J duh wkh Ehuqvwhlq frh!flhqwv gh�qhg dv

e 7J =@
J[
? \ S d ?

�J ? �
� 7 ? �

Qrwh wkdw wkh Ehuqvwhlq frh!flhqwv fdq dovr eh h{suhvvhg lq wkh irup

e 7J @
J[
? \ S d ?

m +m � 4, = = = +m � +l� 4,,
n +n � 4, = = = +n � +l� 4,, +D14,

Wkh Ehuqvwhlq sro|qrpldov E 7S +{, > = = = >E 77 +{, vsdq wkh vsdfh ri doo sro|qrpldov ri ghjuhh
vpdoohu wkdq ru htxdo wr n1
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Wkh Ehuqvwhlq frh!flhqwv surylgh erxqgv iru udqjh ri s ryhu X @ ^3> 4`1 Wkh xqlw lqwhuydo
lv qrw uhdoo| d uhvwulfwlrq dv dq| �qlwh lqwhuydo [ fdq eh olqhduo| wudqviruphg wr lw1 Ohw �s
ghqrwh wkh udqjh ri s= Wkhq/
Ohppd D14 +Udqjh ohppd, ^8`Wkh udqjh �s +^3> 4`, lv erxqghg e| wkh Ehuqvwhlq frh!0
flhqwv dv=

�s +^3> 4`, � �
plqJ e 7J >pd{J e 7J

�

Wkh surri ri wkh udqjh ohppd uholhv pdqo| rq wkh idfw wkdw wkh Ehuqvwhlq irup vkrzv s +{,
dv d frqyh{ frpelqdwlrq ri wkh Ehuqvwhlq frh!flhqwv/ ehfdxvh

7[
J \ S E

7J +{, @
7[
J \ S

�n
m
�
{J +4� {, 7 4�J @ 4

dqg doo wkh whupv lq wkh vxp duh srvlwlyh1
H{dpsoh D14 Wr looxvwudwh wkh Ehuqvwhlq dssurdfk iru erxqglqj wkh udqjhv ri sro|qrpldov/
frqvlghu wkh vlpsoh sro|qrpldo

s +{, @ { +4� {,
zkrvh udqjh �s +^3> 4`, lv hdvlo| irxqg +vd|/ xvlqj edvlf fdofxoxv, wr eh �3> �y

�1
Lq wkh Ehuqvwhlq dssurdfk/ zh �uvw h{suhvv wkh deryh sro|qrpldo lq vwdqgdug vxpv ri srzhu

irup
s +{, @

<[
? \ S d ? { ?

wr jhw
q @ 5> d S @ 3> d � @ 4> d G @ �4

Wkh irupxod +D14, iru wkh Ehuqvwhlq frh!flhqwv qrz vlpsol�hv wr

e 7S @ 3> e 7J @ m
nd � .

m +m � 4,
n +n � 4,d

G @ m
n
�
4� m � 4

n � 4
�

Iru n @ 5 wklv jlyhv
e GS @ 3> e G � @ 4

5 > e GG @ 3
vr wkdw

plqJ e GJ @ 3> pd{J e GJ @ 4
5

dqg wkh udqjh ohppd lpsolhv
�s +^3> 4`, � �

3> 45
�
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Wljkwhu erxqgv rq �s +^3> 4`, fdq eh rewdlqhg e| hohydwlqj wkh ghjuhh n ri wkh Ehuqvwhlq
sro|qrpldo1 Iru lqvwdqfh/ iru n @ 6 wkh irupxod +D14, jlyhv

e xS @ 3> e x � @ 4
6 > e x G @ 5

6
�
4� 4

5
�

@ 4
6 > e xx @ 3

dqg
plqJ e xJ @ 3> pd{J e xJ @ 4

6
E| wkh udqjh ohppd/

�s +^3> 4`, � �
3> 46

�

Udwvfkhn dqg Urnqh ^63` suryh wkdw wkh udqjh ryhuhvwlpdwlrq fdq eh pdgh vpdoo dv wkh
ghjuhh n lv hohydwhg=

z
��

plqJ e 7J >pd{J e 7J
���z +�s +^3> 4`,, � D

n
zkhuh

D @ 5
<[
X \ G

+v� 4, G
���s
# X ' +3,

��� @v$

zlwk s # X ' ghqrwlqj wkh vwk ghulydwlyh ri s1 Vr/ zkloh wkh ghjuhh ri s +{, vwd|v �{hg dw q> zh
fdq xvh wkh Ehuqvwhlq sro|qrpldo irupv ri kljkhu ghjuhh n � q/ dqg hyhq jhw frqyhujhqfh rik
plqJ e 7J >pd{J e 7J

l
wr wkh udqjh �s +^3> 4`,1 Iru lqvwdqfh/ li n lv dq rgg lqwhjhu n @ 5s . 4> zh

rewdlq
pd{J e G ]

% �J @ 4
7
# s. 4
s. �G

$
A 4

7
zlwk wkh udqjh ryhuhvwlpdwlrq ehlqj erxqghg e| �

}
� �] % =F

�
1 Lq jhqhudo/ iru d jlyhq n wkh

frpsxwdwlrq wdnhv derxw n G dulwkphwlf rshudwlrqv/ dqg qr hydoxdwlrqv ri wkh jlyhq sro|qrpldo
s +{, duh uhtxluhg1 Wdeoh D14 jlyhv wkh udqjh hqforvxuhv lq H{dpsoh D14 iru ydulrxv ydoxh ri
n/ xs wr n @ 43331 Ehfdxvh wkh frqyhujhqfh lv olqhdu lq wkh ghjuhh n/ wkh ghjuhh hohydwlrq
dssurdfk lv qrw uhdoo| h!flhqw zkhq wljkw erxqgv rq wkh udqjh duh ghvluhg1

D14 Yhuwh{ surshuw|
D uhpdundeoh ihdwxuh ri wkh Ehuqvwhlq phwkrg lv wkdw fulwhuld fdq eh rewdlqhg wr lqglfdwh
zkhwkhu wkh fdofxodwhg hvwlpdwlrq lv wkh udqjh ru qrw1 Fdujr dqg Vklvkd ^8` jlyh vxfk d fulwhuld
edvhg rq wkh yhuwh{ surshuw|1
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WDEOH D141 Udqjh hqforvxuhv rewdlqhg zlwk Ehuqvwhlq irup ri ydulrxv ghjuhhv lq H{dpsoh D141
Ghjuhh Udqjh lqgh{ m lqgh{ m Udqjh
n Hqforvxuh iru plq e 7J iru pd{ e 7J ryhuhvwlpdwlrq
5 ^3> 3=8` 3 4 3=5833
6 �3> �x

� 3 4 3=3;66
7 �3> �x

� 3 5 3=3;66
8 ^3> 3=6` 3 5 3=3833
9 ^3> 3=6` 3 6 3=3833
: ^3> 3=5;8:` 3 6 3=368:
43 ^3> 3=5::;` 3 8 3=35:;
53 ^3> 3=5965` 3 43 3=3465
63 ^3> 3=58;9` 3 48 3=33;9
433 ^3> 3=5858` 3 83 3=3358
4333 ^3> 3=5836` 3 833 3=33358

Ohppd D15 +Yhuwh{ ohppd, ^8` = �s +^3> 4`, @
k
plqJ e 7J >pd{J e 7J

l
li dqg rqo| li plqJ e 7J @

plq�e 7S > e 77 �dqg pd{J e 7J @ pd{�e 7S > e 77 �1
Dq hohjdqw surri ri wkh yhuwh{ ohppd lv jlyhq e| Udwvfkhn dqg Urnqh ^63`/ edvhg rq wkh

uhodwlrqv
e 7S @ d S @ s +3, > e 77 @

7[
? \ S d ? @ s +4, +D15,

Wkh yhuwh{ ohppd dovr krogv iru dq| vxelqwhuydo ri ^3> 4`/ vhh ^55`1
Frqvlghu djdlq H{dpsoh D141 Iru n @ 7 wkh irupxod +D14, jlyhv

e y S @ 3> e y � @ 4
7 > e y G @ 4

6 > e y x @
4
7 > e yy @ 3 +D16,

dqg wkh udqjh ohppd lpsolhv
�s +^3> 4`, � �

3> 46
�

+D17,
Qrz/ zh pd| dovr dsso| wkh yhuwh{ ohppd wr dvfhuwdlq li wkh hqforvxuh jlyhq e| +D17, lv wkh
udqjh lwvhoi ru qrw1 Iurp +D16,/ wkh plqlpxp Ehuqvwhlq frh!flhqw lv e y S ru e yy zklfk rffxuv dw
yhuwlfhv m 5 i3> 7j > zkloh wkh pd{lpxp Ehuqvwhlq frh!flhqw lv e y G zklfk rffxuv dw m @ 51 Wkh
surshuw| lq wkh yhuwh{ ohppd lv wkxv vdwlv�hg iru wkh plqlpxp/ exw lv qrw vdwlv�hg iru wkh
pd{lpxp dv pd{J e 7J 9@ pd{�e y S > e yy

�1 Wkhuhiruh/ e| wkh yhuwh{ ohppd/ wkh hqforvxuh jlyhq e|
+D17, lv qrw wkh udqjh=
Lw lv lqwhuhvwlqj wr dsso| wkh yhuwh{ ohppd wr Wdeoh D14 dqg dvfhuwdlq li dq| ri wkh udqjh

hqforvxuhv jlyhq wkhuh lv wkh udqjh ru qrw1 Zh �qg iurp wkh wdeoh wkdw iru dq| n/ wkh lqgh{ m
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iru pd{ e 7J +lq froxpq 7, lv qrw iurp wkh yhuwh{ vhw i3> nj1 E| wkh yhuwh{ ohppd/ qrqh ri wkh
hqforvxuhv lq froxpq 5 lv wkh udqjh1

D15 Ehuqvwhlq Vxeglylvlrq
D jhqhudoo| pruh h!flhqw dssurdfk wkdq ghjuhh hohydwlrq ri wkh Ehuqvwhlq irup lv vxeglylvlrq
^<`1 Ohw G @ �g> �g� �X dqg dvvxph zh kdyh douhdg| wkh Ehuqvwhlq frh!flhqwv rq G= Vxssrvh
G lv elvhfwhg wr surgxfh wzr vxelqwhuydov G Q dqg G R jlyhq e|

G Q @ ^g>p +G,` >G R @ �p +G, > �g�

Wkhq/ wkh Ehuqvwhlq frh!flhqwv rq wkh vxelqwhuydov G Q dqg G R fdq eh rewdlqhg iurp wkrvh
rq G/ e| h{hfxwlqj wkh iroorzlqj dojrulwkp1
Dojrulwkp Vxeglylvlrq=
Lqsxwv= Wkh lqwhuydo G �X dqg wkh dvvrfldwhg vhw ri Ehuqvwhlq frh!flhqwv

q�e 7J
r
1

Rxwsxwv= Vxelqwhuydov G Q dqg G R dqg wkh dvvrfldwhg vhw ri Ehuqvwhlq frh!flhqwv
q�e 7J

r

dqg
qae 7J

r
/ uhvshfwlyho|1

EHJLQ Dojrulwkp
41 Elvhfw G wr surgxfh wkh wzr vxelqwhuydov G Q dqg G R 1
51 Frpsxwh Ehuqvwhlq frh!flhqwv rq vxelqwhuydo G Q dv iroorzv1

+d, Vhw = e SJ # �e 7J > iru m @ 3> = = = > n1
+e, IRU l @ 4> = = = > n GR

e ?J @
;
?

=
e ? 4��J iru m ? l�G qe ? 4��J
45� . e ? 4��J

r
iru m � l +D18,

Wr rewdlq wkh qhz frh!flhqwv/ dsso| wkh irupxod jlyhq deryh iru m @ 3> = = = > n1
+f, Ilqg wkh Ehuqvwhlq frh!flhqwv rq vxelqwhuydo G Q dv

�e 7J @ e 7J > iru m @ 3> = = = > n

61 Ilqg Ehuqvwhlq frh!flhqwv rq vxelqwhuydo G R iurp lqwhuphgldwh ydoxhv lq deryh vwhs/
dv iroorzv1

ae 7J @ eJ 7 > iru m @ 3> = = = > n
71 UHWXUQ G Q / G R / dqg wkh dvvrfldwhg Ehuqvwhlq frh!flhqwv

q�e 7J
r
dqg

qae 7J
r
1
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HQG Dojrulwkp
Ohw xv uxq wkurxjk Dojrulwkp Vxeglylvlrq iru H{dpsoh D141 Iru n @ 7/ zh kdyh douhdg| wkh

Ehuqvwhlq frh!flhqwv �e 7J jlyhq lq +D16, iru wkh lqwhuydo G @ ^3> 4`1 Zlwk wkhvh dv wkh lqsxwv
wr Dojrulwkp vxeglylvlrq/ wkh uhvxowv dw wkh ydulrxv vwhsv duh

� vwhs 4= G lv elvhfwhg wr surgxfh wzr vxelqwhuydov G Q @ ^3> 3=8` dqg G R @ ^3=8> 4`1

� vwhs 5= Wkh Ehuqvwhlq frh!flhqwv rq vxelqwhuydo G Q duh frpsxwhg dv iroorzv1

� vwhs 5d= Vhw = e SJ # �e yJ > iru m @ 3> = = = > 7/ wr jhw

e
SS @ �e y S @ 3> e

S
� @ �e y � @ 4

7> e
S G @ �e y G @ 4

6>
e Sx @ �e y x @

4
7> e Sy @ �e yy @ 3

� vwhs 5e= Dsso|lqj irupxod +D18,/ zh rewdlq
iru l @ 4>

e �S @ e
SS @ 3

e �� @ 4
5
�e SS . e S � � @ 4

5
�
3 . 4

7
�

@ 4
;

e �G @ 4
5
�e
S
� . e

S G � @ 4
5
�4
7 . 4

6
�

@ :
57

e �x @
4
5
�e
S G . e

S
x
� @ 4

5
�4
6 . 4

7
�

@ :
57

e �y @
4
5
�e Sx . e Sy

� @ 4
5
�4
7 . 3

�
@ 4

;
iru l @ 5>

e GS @ e �S @ 3
e G � @ e �� @ 4

;
e GG @ 4

5
�e �� . e �G � @ 4

5
�4
; . :

57
�

@ 43
7;

e Gx @
4
5
�e �G . e �x

� @ 4
5
� :
57 . :

57
�

@ :
57

e Gy @
4
5
�e �x . e �y

� @ 4
5
� :
57 . 4

;
�

@ 43
7;
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iru l @ 6>
e xS @ e GS @ 3
e x � @ e G � @ 4

;
e x G @ e GG @ 43

7;
e xx @

4
5
�e GG . e Gx

� @ 4
5
�43
7; . :

57
�

@ 4
7

e xy @
4
5
�e Gx . e Gy

� @ 4
5
� :
57 . 43

7;
�

@ 4
7

dqg iru l @ 7>
e y S @ e xS @ 3
e y � @ e x � @ 4

;
e y G @ e x G @ 43

7;
e y x @ e xx @

4
7

e yy @
4
5
�e xx . e xy
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� Vwhs 5f= Wkh Ehuqvwhlq frh!flhqwv rq wkh vxelqwhuydo G Q duh wkhuhiruh
�e y S @ e y S @ 3> �e y � @ e y � @ 4

;> �e y G @ e y G @ 43
7;

�e y x @ e y x @
4
7> �e yy @ e yy @

4
7

� vwhs 6= Wkh Ehuqvwhlq frh!flhqwv rq wkh qhljkerulqj vxelqwhuydo G R duh rewdlqhg dv
ae y S @ e

S
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4
;> ae y G @ e Gy @

43
7;>

ae y x @ e xy @
4
7> ae yy @ e yy @

4
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Ilqdoo|/
Iru vxelqwhuydo G Q = Ehuqvwhlq frh!flhqwv duh

�
3> 4; >

43
7; >

4
7 >

4
7
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Iru vxelqwhuydo G R = Ehuqvwhlq frh!flhqwv duh
�
3> 4; >

43
7; >

4
7 >

4
7
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+D19,
+lw lv frlqflghqwdo khuh wkdw wkh Ehuqvwhlq frh!flhqwv iru erwk wkh vxelqwhuydov duh wkh

vdph,1 E| wkh udqjh ohppd
�s +G Q , � �

3> 47
�
> �s +G R , � �

3> 47
�

+D1:,



479 Dsshqgl{ D1 Ehuqvwhlq dssurdfk 0 xqlyduldwh fdvh

D16 Frpelqlqj yhuwh{ surshuw| dqg vxeglylvlrq
E| vxffhvvlyho| vxeglylglqj X/ zh fdq hyhqwxdoo| pdnh wkh sro|qrpldo wr eh prqrwrqlf
+zlwklq pdfklqh suhflvlrq, rq hyhu| vxelqwhuydo1 Wkhq/ wkh udqjh ri s rq dq| vxfk vxelqwhuydo
G @ �g> �g� � X lv rewdlqdeoh iurp wkh hqgsrlqw ydoxhv s +g, dqg s � �g�1 AIurp +D15,/ wkh
odwwhu ydoxhv duh qrwklqj exw wkh Ehuqvwhlq frh!flhqwv dw wkh yhuwlfhv i3> nj1 Wkxv/ zh vhh
wkdw e| frpelqlqj wkh wrro ri Ehuqvwhlq vxeglylvlrq dqg wkh yhuwh{ surshuw|/ zh fdq uhshdwhgo|
lpsuryh wkh erxqgv wloo wkh yhuwh{ frqglwlrq lv vdwlv�hg +zlwklq pdfklqh suhflvlrq, rq hyhu|
vxeglylvlrq1
Frqvlghu wkh Ehuqvwhlq frh!flhqwv jlyhq lq +D19,1 Iru vxelqwhuydo G Q / wkh plqlpxp Ehuq0

vwhlq frh!flhqw lv �e y S zkloh wkh pd{lpxp Ehuqvwhlq frh!flhqw lv ae yy 1 Erwk wkhvh rffxu dw wkh
yhuwlfhv/ l1h1/ iru m 5 i3> 7j1 E| wkh yhuwh{ ohppd/ wkh udqjh ri �s +G Q , lv jlyhq e| +D1:, dqg lv
�3> �y

� = Dq lghqwlfdo vlwxdwlrq krogv iru wkh rwkhu vxelqwhuydo G R 1 Wkxv/ zh rewdlq wkh udqjh
�s +^3> 4`, @ �3> �y

�1
Lq wklv h{dpsoh/ xvlqj mxvw rqh vxeglylvlrq dqg dssolfdwlrq ri wkh yhuwh{ ohppd wr wkh

vxelqwhuydov/ zh kdyh ehhq deoh wr rewdlq wkh udqjh ri wkh jlyhq sro|qrpldo1 Ixuwkhu/ zh
duh dovr deoh wr dvvhuw wkdw wkh rewdlqhg hqforvxuh lv lqghhg wkh udqjh1 Qrwh wkdw lw zdv qrw
srvvleoh wr jhw wkh udqjh wkurxjk ghjuhh hohydwlrq/ hyhq zlwk Ehuqvwhlq irup ri dv kljk d
ghjuhh dv n @ 4333/ wkdw surgxfhg dq ryhuhvwlpdwlrq ri derxw 5=8h� 37 $


