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Probability Space

Definition
A probability space is a triple (2, F, P) consisting of a set Q, a o-field F of
subsets of Q2 and a probability measure P on (2, F).

Definition
A probability measure on (€, F) is a function P : 7 — [0, 1] satisfying

(@) P(Q2)=1
(b) if Ay, Ao, ... € Fis a collection of disjoint members in F, then

P (D A,-) = i P(A)



Some Properties of Probability Measures

P(¢) =0
For a disjoint collection Ay, Az, ... Ay € F

P (O A,-> -~ zn: P(A)

P(A°) =1 — P(A)

Define B\ A= BN A°. If AC B, then P(B) = P(A) + P(B\ A) > P(A)
P(AuU B) = P(A)+ P(B) — P(AN B)
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P is a continuous set function

Theorem

Let A1, Ao, ... be an increasing sequence of events, so that Ay C A, C ---.

Let A be their limit
A=[JA = lim A

i—1 I— 00
Then P(A) = limi_, P(A).

Proof.
The set A can be written as a disjoint union as follows

A=A A\ A (As\ Ax) | (As\ As) -
By the countable additivity property of P, we have

oo

PUA) = PA) + 3" P(A \ A) = POA + Tm > P(AL1\ A)

i=1

= P(A) + lim 3" [P(Ai1) = P(A)] = P(A)) + lim [P(Ans1) — P(A)]

= Jm_ PAr)



P is a continuous set function

Theorem
Let By, Bs, ... be a decreasing sequence of events, so that By D B, O - - -
Let B be their limit -
B= QB; = lim B,
Then P(B) = lim;_, . P(B)).

Proof.
Let A; = Bf and use the previous theorem.



Reading Assignment

e Sections 1.1, 1.2, 1.3 from Probability and Random
Processes, G. Grimmett and D. R. Stirzaker, 2001 (3rd
Edition)

e Chapter 1 from A First Look at Rigorous Probability
Theory, Jeffrey S. Rosenthal, 2006 (2nd Edition)



