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1. Let G = {e, σ, σ2, τ, στ, σ2τ} be a group with multiplication as the operation per-
formed using the rules

σ3 = e, τ 2 = e, τσ = σ2τ,

where e is the identity of the group G.

(a) (1 point) Simplify τσ2 to one of the six elements in G.

(b) (1 point) Simplify τ(στ) to one of the six elements in G.

(c) (1 point) Simplify (στ)(στ) to one of the six elements in G.

(d) (1 point) Simplify (στ)(σ2τ) to one of the six elements in G.

(e) (1 point) Give an example to show that G is not an abelian group.

2. (a) (21/2 points) Prove that every subgroup of a cyclic group is cyclic.

(b) (21/2 points) Prove that a cyclic group of order n has φ(n) generators.

Note: φ(1) = 1. For n > 1, the value of φ(n) is the number of integers in {1, 2, . . . , n−
1} which are relatively prime to n, i.e. which satisfy gcd(i, n) = 1.

3. Let G and H be groups. A function φ : G 7→ H is called a group homomorphism
if it satisfies

φ (g1 ? g2) = φ(g1) ◦ φ(g2), for all g1, g2 ∈ G.

Here ? is the group operation in G and ◦ is the group operation in H.

(a) (21/2 points) Let eG be the identity of G and let eH be the identity of H. Prove
that φ(eG) = eH .

(b) (21/2 points) For all g ∈ G, prove that φ(g−1) = [φ(g)]−1.

4. (5 points) Letm1,m2, . . . ,mk be positive integers greater than 1 and letm = m1m2 · · ·mk

be their product. Assume thatm1,m2, . . . ,mk are pairwise relatively prime, i.e. gcd(mi,mj) =
1 for i 6= j. Prove that the function f : Zm 7→ Zm1 × Zm2 × · · · × Zmk

given by

f(a) = (a mod m1, a mod m2, . . . , a mod mk)

is a one-to-one function. That is, for all a1, a2 ∈ Zm with a1 6= a2 you have to show
that f(a1) 6= f(a2).


