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1. [2 points] Prove that every cyclic groupG of order n is isomorphic to Zn with addition
modulo n as the operation.

2. [2 points] Prove that every cyclic group is abelian.

3. [2 points] Using the Chinese remainder theorem, find x modulo 105 which satisfies
the following congruences.

x = 1 mod 3

x = 2 mod 5

x = 3 mod 7

Note: This can be solved using brute force. But I want you to use the relation
x = a1M1y1 + · · · + alMlpl where M = p1p2 · · · pl, Mi = M

pi
, and Miyi = 1 mod pi.

See lecture 18 outline.

4. [2 points] For an integer e ≥ 1 and prime p, prove that φ(pe) = pe
(

1 − 1
p

)
.

5. [2 points] For any integer n > 1 with prime power factorization n = pe11 p
e2
2 . . . pekk

where p1, p2, . . . , pk are distinct primes and e1 ≥ 1, e2 ≥ 1, . . . , ek ≥ 1, prove that

φ(n) = n

(
1 − 1

p1

)(
1 − 1

p2

)
· · ·

(
1 − 1

pk

)
.

Hint: Use the Chinese remainder theorem and the result from question 4.


