IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 43, NO. 3, MARCH 1998 405

[2] E. Fornasini and G. Marchesini, “State-space realization theory of twondergraduate students are exposed to the Routh—Hurwitz criterion
dimensional filters,”IEEE Trans. Automat. Contr.vol. AC-21, pp. in their first introductory controls course. This exposure, however, is

716-722, Aug. 1976. . . R R
[3] J. Klamka, “Controllability of A -dimensional systemsFound. Contr. at the purely algorithmic level in the sense that no attempt is made

Eng, vol. 8, no. 2, pp. 65-74, 1983. \_/vh_atsoever to explain why or how su_ch an algorithm V\_/(_)rks. _Th_is
[4] T. Kaczorek, “Singular multidimensional Roesser mod@uill. Polish is in stark contrast to the treatment given to other stability criteria
Acad. Sci. vol. 36, nos. 5-6, pp. 327-335, 1988. such as Nyquist or root locus which are rationalized in considerable
[5] —. Linear Control Systems/ol. 2. New York: Wiley, 1992. detail. The principal reason for this is that the classical proof of the

[6] M. M. S. Kung, B. C. Levy, and T. Kailath, “New results in 2-D system . A . .
theory, part II,” Proc. IEEE vol. 65, pp. 945-961, 1977. *Routh—Hurwitz criterion, e.g., [1], relies on the notion of Cauchy

[7] F. L. Lewis, “A review of 2-D implicit systems,Automatica vol. 29, indexes and Sturm’s theorem, both of which are beyond the scope
no. 2, pp. 345-354, 1992. of undergraduate students. Unfortunately, this material is not covered
8] J. E. Kurek, “The general state-space model for a two-dimensional lineg@yen in most graduate courses so that the Routh—Hurwitz criterion
digital system,"lEEE Trans. Automat. Contrvol. AC-30, pp. 600-602, a5 hecome one of the few results in control theory that most control

June 1985. . .

[9] E. Fornasini and G. Marchesini, “Doubly-indexed dynamical system§ndineers are compelled to accept on faith.
State-space models and structural propertidath. Syst. Theoryol. Very recent results in the area of Parametric Robust Control have
12, pp. 59-72, 1978. started to change this scenario. First, the emergence of Kharitonov’s

(10] il Gfg'rko:’t"s‘ﬂ' “I\{Iatrilx ggzcrip“oznogf g";gi"fggg'e polynomiall'inear  celeprated theorem [2] has focused renewed attention on the Her-
[11] N.g'\ell. Same?rt aprf)d' g.ol-Barne‘tt,pE)‘i'he algebr‘a of métricemrdimensional miFe—BiehI(_ar theorem, mainly because the original proof of the former
systems,IMA J. Math. Contr. Inform.vol. 6, pp. 121-133, 1989. relied heavily on the latter. Second, the Hermite—Biehler theorem was
[12] K. Galkowski, “Elementary operations and equivalence of twoused in [3] to provide an elementary derivation of Routh’s algorithm
dimensional systems,int. J. Contr, vol. 63, no. 6, pp. 1129-1148, for determining the Hurwitz stability of a given real polynomial.
1996. . - - . However, the derivation of the Routh—Hurwitz criterion given there
[13] —, “The Fornasini-Marchesini and the Roesser model: Algebralc . . o ]
methods for recasting,IEEE Trans. Automat. Contr.vol. 41, pp. IS incomplete in the sense that it fails to capture the fact that Routh’s
107-112, Jan. 1996. algorithm, can also be used to count the number of open right half-
plane zeros of a real polynomial. Moreover, the approach adopted
in that reference does not suggest any obvious fix for removing this
discrepancy.

A closer examination of the result in [3] shows that this state of
affairs is only to be expected. Indeed, the Hermite—Biehler theorem
is applicable to only Hurwitz polynomials and it is, therefore, not
surprising that the result in [3] does not permit us to keep a
count of the number of open right half-plane zeros. To obtain a
simple and complete derivation of the Routh—Hurwitz criterion, it

Abstract— In most undergraduate texts on control systems, the S€ems logical to first obtain appropriately generalized versions of
Routh—Hurwitz criterion is usually introduced as a mechanical algorithm  the Hermite—Biehler theorem applicable to not necessarily Hurwitz
for determining the Hurwitz stability of a real polynomial. Unlike  polynomials and then exploit these results along the lines of [3]. The
many other stability criteria such as the Nyquist criterion, root locus, -1 objective of this paper is to do precisely that. In other words,

etc., no attempt whatsoever is made to even allude to a proof of the . . .
Routh—Hurwitz criterion. Recent results using the Hermite—Biehler this paper extends the result of [3] and derives the Routh—Hurwitz

theorem have, however, succeeded in providing a simple derivation of Criterion in its entirety.
Routh’s algorithm for determining the Hurwitz stability or otherwisef a The paper is organized as follows. In Section Il, we state the

gki]verlwq rear'] po'?’”o_mria'- HOW‘I?VGL’ this ‘ée”"aﬁon fﬁ”s to %aptufre the f_acht relationship between the net phase change of the frequency response
that Routh’s algorithm can also be used to count the number of open right . .
half-plane roots of a given polynomial. This paper shows that by using of a real polynomial as the f_requenw varies from zero tooo
appropriately generalized versions of the Hermite—Biehler theorem, itis and the numbelrs of its roots in the open Ieﬁ and open “_ght half-
possible to provide a simple derivation of the Routh—Hurwitz criterion ~ planes. In Section Ill, we use the relationship from Section Il to
which also captures its unstable root counting capability. derive two results, each of which in effect is a generalization of
Index Terms—Generalized Hermite—Biehler, Routh—Hurwitz, stability. ~ the Hermite—Biehler theorem to the case of not necessarily Hurwitz
real polynomials. In Section IV, we use the results of Section Il
to provide a simple derivation of the Routh—Hurwitz criterion. In
I. INTRODUCTION particular, the ability of Routh’s algorithm to count the number of

The problem of determining conditions under which all of the root@pen right half-plane zeros is proven. The singular cases are discussed
of a given real polynomial lie in the open left-half complex plane i#1 Section V. Section VI contains some concluding remarks.
one of fundamental importance in the study of stability of a dynamic
system [1]. This problem has intrigued researchers for more than 100

years now, and one of the earliest solutions, and the most widely ) ) )
known one, is the criterion of Routh-Hurwitz. Indeed, today most In this section, we state a fundamental relationship between the net

accumulated phase of the frequency response of a real polynomial
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5(s) of degreen crossings or imaginary to real axis crossings, it is imperative that the
) : ; 9 n e frequency response plot used approach either the real or imaginary
B(s) =bo + b1s +b25" + -+ bns", 0 €R, axis asw — =oo. To accomplish this, one can normalize the plot
i=0,1,---,m,6, #0 of §(jw) by scaling it with1/f(w), where f(w) = (1 + w?)"/2.
such that(jw) # 0, Vw € (—oc, x0). Sincef(w) does not have any real roots, this scaling will ensure that
the normalized frequency response pletjw) = ps(w) + jgs(w)
Definition 2.1: Let / andr denote the numbers of roots 6fs)  actually intersects either the real axis or the imaginary axis®t,
in C~ andC™, respectively. Then the signature &fs), denoted by \yhile at the same time keeping unchanged the finite frequencies at
a(6), is defined as which the §(jw) plot intersects the real and imaginary axes. The
subsequent development in this paper makes use of the normalized

A
a(8) =1-r frequency response plot for determining the net accumulated phase

Since change as we move from = 0 to w = 4oo.
Using such a normalized frequency response plot, in [5] we
n=Il+r obtained an analytical expression fet(é). This expression was

given in terms of the frequencies at whiéh(jw) crosses the real
and imaginary axes. However, for the purpose of this paper, it
is more convenient to derive expressions di5) which involve
either the real or the imaginary axis crossingséefjw), but not
both. Accordingly, in this section, we proceed to carry out such a
derivation. In what follows, we will give a detailed derivation only for

it follows thats () andn uniquely determiné andr, and hence the
root distribution ofé(s). Now for every frequencw € R, é6(jw) is
a point in the complex plane. Letw) and ¢(w) be two functions
defined pointwise by(w) = Re[6(jw)], ¢(w) = Im[6(jw)].

With this definition, we have

5(jw)=p(w)+jg(w) Yw. the expression involving real axis crossings; the expression involving
A the imaginary axis crossings will be merely stated without proof since
Furthermoref(w) = £6(jw) = arctan[g(w)/p(w)]. Let AG°¢ its derivation follows along very similar lines.
denote the net change in arguméiit) asw increases from zero  The following development will make extensive use of the standard
to occ. Then we can state the following lemma [4, p. 174]. signum functionsgn: R — {—1,0,1} defined by
Lemma 2.1: Let &(s) be a real polynomial with no imaginary axis
roots. Then -1, if <0
- sgufz] = 0, if =0
AFH = S (6). { 1, ifz>0.

Now consider a polynomial(s) of degreen
IIl. GENERALIZATIONS OF THE HERMITE—BIEHLER THEOREM poly (5) 9

In this section, we derive two generalizations of the Her- 5(s) =60+ 615+ 5382 4o+ 88", 8 €R,
mite—Biehler theorem by first developing a procedure for systemati- ) ;
cally determining the net accumulated phase change of the “frequency P=0,1em 80 #£0
response” of a polynomial. We first recall that at any given frequency such thats(jw) # 0, Vw € (—o0,00).
w, the phase angle of(jw) is given by

Let p(w), ¢(w), pr(w), ¢s(w) be as already defined, and let
f(w) = tan™" M
p(w) 0=wo<wi<wr <+ <Wno1

Hence the rate of change of phase with respect to frequency at any . o . )
given frequencyw is given by be thg .rgal, nonnegayve distinct finite zeros @f(w) with odd
multiplicities! Also definew,, = +oc.

db(w) _ 12 Q(wp(w) = plw)g(w) Then we can make the following simple observations.
w 20 02 (w
dw 14 % p*(w) 1) If w;, w41 are both zeros of;(w), then
pelw
_ g(w)p(w) — ﬁ(w)q(W). @ AJHY = % [senlps(wi)] — senlps(wis)]] - senfq;(wi)].
p*(w) + ¢*(w) (2)

If p(w) and g(w) are known for allw, we can integrate (1) to
obtain the net phase accumulation. However, to calculate the ne) If w; is a zero ofgs(w) while w;4 is not a zero ofys(w),
accumulation of phase over all frequencies i@ necessario know a situation possible only when; ;1 = oc is a zero ofp;(w)
the precise rate of change of phase at each and every frequency. This (n odd), then
is because we know that every time the polar @lgtw) makes a » - .
transition from the real axis to the imaginary axis or vice versa, there AL = 5 senlps(wi)] - senlgr ()] ®3)
can be at most a net phase changeto¢fr/2) radians. The precise
sign of the phase change can be determined by examining (1) at th8)
real or imaginary axis crossing of th&jw) plot. Since at a real
or imaginary axis crossing one of the two terms in the numerator sgnlgs(wih))] = —sgnlgp(wi)],
of (1) vanishes and the denominator is always positive, the actual i=0,1,2,---,m — 2. (4)
determination of sign of the phase change becomes even simpler.

Now, given any polynomia#(s) of degree greater than or equal to
F)n_e,_elther the real part or the Imaglnary part (_)r both(gt.) become 1The functiong(w) does not change sign while passing through a real
infinitely large asw — +oc. However, if we wish to count the total zero of even multiplicity; hence such zeros can be skipped while counting the
phase accumulation in integral multiples of real to imaginary axigt phase accumulation.
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Equation (2) above is obvious, while (4) simply states thdtv)

changes sign when it passes through a zero of odd multiplicity.

Equation (3), on the other hand, can be directly traced to (1).
Using (4) repeatedly, we obtain

Substituting (5) into (2), we see thatdf;, w;;, are both zeros of

sgulgr (w)] = (=)™ - sgufgr(wh )],

i=0,1,---,m—1. (5)

qs(w), then

The above observations enable us to state and prove the following

AL = Zlsgnlpr ()] = sgnlps(wis)]

(=17 sgnlgp(wih 1) (6)

theorem concerning (6).
Theorem 3.1:Leté(s) be a given real polynomial of degreewith

no roots on thgw axis, i.e., the normalized plét (jw) does not pass

through the origin. Let) = wy < w1 <w2 < -+ <wm—1 be the real
nonnegative distinct finite zeros aff(w) with odd multiplicities.
Also definew,, = co. Then

a(é) =

{sgn[ps(wo)] — 2 sgnlps(wi)] + 2 sgnlpy(wa)]
+o A+ (=)™ 2 sgufpr(win-)]
+ (=1)™ sgulpy(wn)]} - (=1)™ 7 sgufg(ec)],
if n is even
{sgulps(wo)] — 2 sgn[ps(wi)] + 2 sgn[py(w2)]
+eo A+ (=D 2 sgnpp(wm—1)]}
- (=1)"™~" sgnfg(o0)],

@)

if n is odd.

Proof: First, let us suppose that is even. Thenw,, = ~

is a zero ofgs(w). The desired expression, i.e., the first one

in (7), now follows by repeatedly using (6) to determing°4,
applying Lemma 2.1, and then using the fact that[qs(w,_ )] =
sgulg(oo)].

Now let us consider the case thats odd. Thenw,, = oc is not
a zero ofgs(w). Hence

m—2
AFO =D AT+ AT 0
=0
_ i T
=, 5
=0
(=)™ sanfgg(wihoy)]

+ 5 seulpy (o) - senlay (07i0)]

[using (6) and (3)

[senfps(wi)] — senlp (wita)]]

®)

Applying Lemma 2.1, and then using the fact thai[q(w) )] =
sgn[g(oo)], the desired expression follows.
We now state the result analogous to Theorem 3.1 where

signatures(6) of a real polynomial(s) is to be determined using
the values of the frequencies, whetg(jw) crosses the imaginary
axis. The proof is omitted since it follows along essentially the same

lines as that of Theorem 3.1.

Theorem 3.2:Let 6(s) be a given real polynomial of degree
with no roots on thejw axis, i.e., the normalized pldt;(jw) does
not pass through the origin. Lét< wi < ws < -+- <wm—1 be the
real nonnegative distinct finite zeros;of(w) with odd multiplicities.

407

Also definew,, = oc. Then

—{2 sgn[gs(wi)] -2 sgn[qr(w2)]
++ (=D 22 sgnfg s (wm—1)]}
- (=1)™ sgn[p(o0)].
if n is even
—{2 sgulgs(w1)] — 2 sgulgs(w2)]
+-+ (=D 22 sgn[gy (wim—1)]
+(=D)" " sgnlgr(wn)]} - (=1)™ sgn[p(co)],
if n is odd.

a(é) =

9)

IV. DERIVATION OF THE ROUTH-HURWITZ CRITERION
In this section, we use Theorems 3.1 and 3.2 to obtain a simple

proof of the Routh—Hurwitz criterion. First we consider a real
polynomial 6(s) of degreen

5(s) =60+ 815+ 835 4 -+ 6,8", 6, £ 0
and denote
6(8) — 5even(s) + 6Udd<8)

wheres=¥" (s), 6°4(s) are the polynomials made up of the terms in
8(s) containing the even and odd powerssaofespectively. To avoid
singularities of the “first type” and the “second type” [1] in Routh’s
algorithm, we make the following assumptions.

1) 6,1 # 0.

2) 6°v°"(s) and 6°7(s) are coprime.

To derive Routh’s algorithm, we start with the polynomils)
and construct a polynomiah (s) of ordern — 1 as follows.

If n is even, then

7 (Sn cod o
81(s) = {5‘3"“(5) — s 1%)} + 6°%4(s). (10)
n—1
If on the other handp is odd, then
él(é) _ |:50dd(s) _ 6(571 - 6even(s):| + éeven(s). (11)
n—1

The following theorem relates the signature &%) to that of the
reduced-order polynomial; (s).
Theorem 4.1:Let 6(s), 61(s) be as already defined. Then

7 L i a1 >0
o(6)—a(b1) = {_1, if 86,1 <O0.

Proof: Suppose
6(jw) =p(w) + jg(w). 12)
First let us consider the case wheris even. Then from (10)
on
67L—l

) = 1)+ )| +iate). (3)
From (12) and (13) it follows that the finite zeros @f(w) are the
same for bothé(jw) and 61 (jw). Moreover, at these frequencies
bothé(jw) andé, (jw) have the same real part so thgti[ps(w)] is
Iso identical for both these polynomials at these frequencies. Thus,
tracting the second expression on the right-hand side of (7) from
the first one, we obtain

o(8) — o (61) = —sgu[ps(oc)] - sgnfg(oo)].
Now for large positivew

pw) = (1) 28,0"
while g(w) ~ (=1)" 7228, _yw" ™!
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so that V. SINGULAR CASES

sgn[pr(o0)] - senfg(o0)] = —sgn[b, 6rn_1]. The derivation of the Routh—Hurwitz criterion in the last section
dealt with only the so-called “regular” case, i.e., the case in which

Thus o the degree of(s) can be successively reduced one at a time by
a(8) —o(6)) = { 1’ :]‘: gg—‘ >8 (14) the alternate application of (10) and (11) until we finally have a
5 nOn—1 <U. zeroth-order polynomial. This process would, however, terminate
We now consider the case thatis odd. Then from (11) prematurely if, while trying to apply (10) or (11), we encounter
, . S 6,—1 = 0. Then we have what are called “singular” cases, and this
b1(jw) = p(w) +j {(1(”) T wplw) |- (15)  section is devoted to their treatment.

From (12) and (15) it follows that the finite zeros pf(w) are the Starting with & given real polynomiah (s) of degreer

same for botté(jw) andé; (jw). Moreover, at these frequencies both So(s) =60 4+ 875+ 695> + -+ 605",

6(jww) andéy (jw) have the same imaginary part so thatq ()] is suppose using (10) and (11) alternately we obtain a sequence of

;Is; |((j§)nuv\:::l(:8:ali3r:)th these polynomials at these frequencies. TthS)IynomiaIs [00(5), 81 (5), d3(5),-++6m(s)}, where the leading

_— coefficient of eachb;(s),i = 0,1,2,---,m is nonzero. Let
a(8) —a(61) ==(=1)"""(=1)" sgnlqs(o0)] - sgn[p(>0)]

= sgulp(o0)] - sgnlgy (0)]-
Now for large positivew

cm m m 2 cm n—m-—1 m n—m
6m(s) :bO + é1 5+ 62 T4+ bn—m—ls + 6n—ms

whereé; ., # 0. Now, if 6;"_,,_; = 0, then it is clear that Routh’s
algorithm stops because to proceed with Routh’s algorithm using (10)

plw) = (=)D, ! or (11), we would need to divide b§™ ,,_, which is now equal
a(w) ~ (=1)=D/25 n to zero. To handle such singularities we consider the three distinct
that possibilities that can occur.
so tha Case (I): 6;—,,_1 = 0 but there exists at least one k =
sgn[p(oc)] - sgnfgy(o0)] = sgn[6ndn_1]. 3,5,7,9,-+- such thats;* ,.,_, # 0, i.e., the first element in any
Thus one row of the Routh table vanishes, but there is at least one nonzero
1 it 5.5 >0 element in that row.
a(8) —o(b) = ’ Lot (16) If we know beforehand tha (s) has no imaginary axis roots, then
-1, if 8,6,-1<0 - “ -
_ we can proceed as follows. Replaég_,,_; = 0 with a “small
and t_hls completes the proof. _ _ L' nonzero numbek of arbitrary sign and then continue to proceed
Using Theorem 4.1, we obtain the following corollary. with Routh’s algorithm. If a similar singularity is encountered later,

Corollary 4.1: Let 6(s) be a given real polynomial and lét(s) introduce another parameter to replace the offending zero element,
be defined by (10) or (11) as appropriate. Ldt denote the number gnd so on.
of open left half-plane roots of(s), 6:(s) while r, r1 denote the By replacings” ,, ; = 0 with ¢, we in fact modify the original
number of open right half-plane roots &fs), é:(s). Then polynomial & (s). From (10) and (11), fos™ ,,_, = e, we can
L=l-1,r1=7 ifép6,_1>0 work backward to obtain a modified polynomial(s, ¢), where the
L=lLri=r—1 ifé,6,_1<0 } a7 coefficients oféq (s, €) are rational functions of. Since 8q(s) has
Proof: Now o(8) = [ —r and o(8)) = I — ri. Thus no roots on the Vimaginary axis, it foIIO\_Ns_by continuity that f@_r
Theorem 4.1 implies that smal.llen(.)ugh(r(éo(s)) = a(bp(s,€)). Thls is the reason why this .
modification can be used to handle a singularity of this type and still

l—r =L 47 = { 1, !f ’Sﬂ '5“—1 >0 (18) provide a count of the number of open right half-plane roots.
=1, if éube—1 <0, Case(ll): 67, . = 0 for k = 1,3,5,7,---, i.e., all the
But elements in one row of the Routh table vanish.
(I+r)= (L +7m)=1. (19) qu this case, sinc&,"_,,_, = 0 for } =1,3,5,7,---,1it _foIIows
that 6o (s) must have one or more pairs of complex conjugate roots
Adding (18) and (19) we obtain symmetrically distributed about the origin of the complex plane. This
1, if 6,0,-1>0 includes the case of purely imaginary roots as well as the case of
I=h= {(), if 656,71 <0. (20) purely real roots having opposite signs.
Again, subtracting (18) from (19), we obtain To tqke care of this kinc_;l of sin_gl_JIarity, one can _si_mply replace
. 80 (s) with 60 (s—e), wheree is a sufficiently “small” positive number
P = {0’ !f b1 >0 (21) and then proceed with Routh’s algorithm. The net result is that the
L, if 61 <0. number ofclosedright half-plane roots o, (s) equals the number of
The desired result now follows from (20) and (21). O sign changes in the leading coefficients of the successive polynomials.

Now, given a real polynomidl(s), Routh’s algorithm is equivalent  Case (lll): Cases (I) and (ll) occur at different stages in the same
to reducing the degree af(s) by one at a time using (10) andproblem when proceeding with Routh’s algorithm.
(11) alternately. This is clearly articulated in [3], [6], and [7], while Once again, we can replaée(s) with 6o(s — €), wheree is a
the Sturm sequence calculation in [1] is equivalent to the alternatefficiently “small” positive number and then proceed with Routh’s
application of (10) and (11). Thus Corollary 4.1 leads us to thagorithm. Alternatively, we can factor out the imaginary axis roots
immediate conclusion that(s) will be Hurwitz iff the leading as in [1] and then apply Routh’s algorithm to the new polynomial.
coefficients of all the polynomials that result from alternately applying Remark 5.1: The derivation of the Routh—Hurwitz criterion in [1]
(10) and (11) ta&’(s) are of the same sign. Furthermore, it is also cleas carried out using the Cauchy Index which disregards the imaginary
that the number of open right half-plane roots56$) is equal to the axis roots. Consequently, in [1], even in singular cases it is possible
number of sign changes in the leading coefficients of the successiweobtain a count of the number of open right half-plane roots
polynomials. This is exactly the Routh—Hurwitz criterion. by appropriately modifying Routh’s algorithm. The modifications
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proposed here, however, allow us to count the number of closedDn the Complexity of Purely Complex ;, Computation
right half-plane roots when the original polynomial has roots on the and Related Problems in Multidimensional Systems
imaginary axis.

Onur Toker and HitayDzbay

VI. CONCLUDING REMARKS
. . . Abstract—In this paper, the following robust control problems are
In this paper, we have provided an elementary derivation of tGown to be A"P-hard: given a purely complex uncertainty structure
well-known Routh—Hurwitz criterion. A key point in this derivation A, determine if: 1) ua(M) < 1, for a given rational matrix M:;
was the development of appropriately generalized versions of tBel|lM()|l, < 1, for a given rational transfer matrix A(s); and 3)
Hermite-Biehler theorem. The latter enable us to not only deriygfoer= [I7(T.Q)|l, <1, for a given linear fractional transformation

. t : F ) - cients, : )
the Routh test for Hurwitz stability as in [3] but also recovepq ) w1 SO0 SHRIRRE (0 O Horet BN oo e
the unstable zero counting capability of Routh’s algorithm. Thehown that checking 4) stability and 5) computing the?{> norm of a
immediate consequence of the result presented here is to makentlagidimensional system, areA"P-hard problems. Therefore, it is rather
proof of the Routh—Hurwitz criterion accessible to most people witknlikely to find nonconservative polynomial time algorithms for solving
elementary knowledge of complex numbers. On the other hand, fjgblems 1)-5) in complete generality.

generalizations of the Hermite—Biehler theorem presented here artdex Terms—Complex structured singular value, computational com-
likely to have very far reaching implications on the long standinglexity, # analysis/synthesis, multidimensional systemsy"7-hardness.
open problem of stabilization using a fixed order compensator. Such
problems are currently under investigation and will be addressed in
a future paper.

NOTATION

Set of integers.

Set of rational numbers.
Set of real numbers.

Set of complex numbers.
{zeC:|z] <1}

{z € C: < 1}
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|l. INTRODUCTION

In control theory, several problems are considered to be difficult,
in the sense that they cannot be solved in complete generality
by using known polynomial time algorithms. By analyzing their
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