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STRUCTURED BACKWARD ERRORS AND PSEUDOSPECTRA OF
STRUCTURED MATRIX PENCILS*

BIBHAS ADHIKARIT AND RAFIKUL ALAMf?

Abstract. Structured backward perturbation analysis plays an important role in the accuracy
assessment of computed eigenelements of structured eigenvalue problems. We undertake a detailed
structured backward perturbation analysis of approximate eigenelements of linearly structured matrix
pencils. The structures we consider include, for example, symmetric, skew-symmetric, Hermitian,
skew-Hermitian, even, odd, palindromic, and Hamiltonian matrix pencils. We also analyze struc-
tured backward errors of approximate eigenvalues and structured pseudospectra of structured matrix
pencils.
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1. Introduction. Backward perturbation analysis and condition numbers play
an important role in the accuracy assessment of computed solutions of eigenvalue
problems. Backward perturbation analysis determines the smallest perturbation for
which a computed solution is an exact solution of the perturbed problem. On the other
hand, condition numbers measure the sensitivity of solutions to small perturbations
in the data of the problem. Thus, backward errors when combined with condition
numbers provide approximate upper bounds on the errors in the computed solutions.

Structured eigenvalue problems occur in many applications (see, for example, [16,
21, 25] and the references therein). With a view to preserving structures and their
associated properties, structured preserving algorithms for structured eigenproblems
have been proposed in the literature (see, for example, [4, 5, 7, 11, 20, 21] and the
references therein). Consequently, there is a growing interest in the structured per-
turbation analysis of structured eigenproblems (see, for example, [10, 13, 12, 24, 22, 6]
for sensitivity analysis of structured eigenproblems).

The main purpose of this paper is to undertake a detailed structured backward
perturbation analysis of approximate eigenelements of linearly structured matrix pen-
cils. Needless to mention that structured backward errors when combined with struc-
tured condition numbers provide approximate upper bounds on the errors in the
computed eigenelements. Hence, structured backward perturbation analysis plays an
important role in the accuracy assessment of approximate eigenelements of structured
pencils. Further, it also plays an important role in the selection of an optimum struc-
tured linearization of a structured matrix polynomial [1]. This assumes significance
due to the fact that linearization is a standard approach to solving a polynomial
eigenvalue problem (see, for example, [15] and the references therein).

We consider regular matrix pencils of the form L(A\) = A + AB, where A and B
are square matrices of size n. We assume L to be linearly structured, that is, L to be
an element of a real or a complex linear subspace S of the space of pencils. More
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specifically, we consider ten special classes of linearly structured pencils, namely,
T-symmetric, T-skew-symmetric, T-odd, T-even, T-palindromic, H-Hermitian, H-
skew-Hermitian, H-even and H-odd, and H-palindromic. These structures, defined
in the next section, are prototypes of structured pencils which occur in many applica-
tions (see, [16, 21] and the references therein). We also consider S to be the space of
pencils whose coefficient matrices are elements of Jordan and/or Lie algebras associ-
ated with the scalar product (z,y) — y" Mz or (z,y) — y™ Mz, where M is unitary
and MT = +M or MH = +M. For example, when M := (_OI é), the Lie and Jordan

algebras associated with the scalar product (x,%) — y” Mx consist of Hamiltonian
and skew-Hamiltonian matrices, respectively. The structures so considered encom-
pass a wide variety of structured pencils and, in particular, include pencils whose
coefficient matrices are Hamiltonian and skew-Hamiltonian. We show, however, that
analyzing these wide classes of structured pencils ultimately boils down to analyzing
one of the ten special classes of structured pencils considered above. Consequently, in
this paper, we consider these ten special classes of structured pencils and investigate
structured backward perturbation analysis of approximate eigenelements.

So, let S be the space of pencils having one of the ten structures. Let L € §
and (\,r) € C x C" with 22 = 1. Then we define the structured backward error
n°(\, z,L) of (A, z) by

(A, z,L) := inf{|JAL|| : AL € S and L(\)z + AL(\)z = 0}.

Here the pencil norm ||L|| is given by ||L| := +/||4]|2 + || B||?, where L(z) = A+ 2B
and || - || is either the spectral norm or the Frobenius norm on C™*". The main
contributions of this paper are as follows.

Given (\,z) € C x C" with 2z = 1 and L € S, we show that there is a
pencil K € S such that L(\)z + K(\)z = 0. Consequently, n°(\,z,L) < oo. We
determine 7°(\, x, L) and construct a pencil AL € S such that [|AL|| = °(\, z, L) and
L(A)z+ AL(X)z = 0. Moreover, we show that AL is unique for the Frobenius norm on
C™*"™_ but there are infinitely many such AL for the spectral norm on C"*™. Further,
for the spectral norm, we show how to construct all such AL. In either case, we show
that if K € S is such that L(A\)z + K(A\)z = 0, then K = AL + (I — z2f)* N(I — zz™)
for some N € S, where (I —xx™)* denotes the transpose or the conjugate transpose of
(I —xx™) depending upon the structure defined by S. Furthermore, we show that the
unstructured backward error n(\, , L) of (A, z) is a lower bound of 7°(\, 2, L) and is
attained by 7°(\, z,L) for certain A € C. However, n(\,z,L) # 7°(\, 2,L) for most
AreC.

Next, we consider structured pseudospectra of structured matrix pencils. It is a
well-known fact that pseudospectra of matrices and matrix pencils are powerful tools
for sensitivity and perturbation analysis (see, [26] and the references therein). We
consider structured and unstructured e-pseudospectra

AS@L):={ e C:n°(\,L) <e} and A(L) :={A € C:n(\,L) < ¢}

of L, where n°(\,L) := mingn,—1 n°(\,z,L) and n(\,L) := mingr,_; n(A, 2, L), re-
spectively, are structured and unstructured backward errors of an approximate eigen-
value \. When L is T-symmetric or T-skew-symmetric pencils, we show that (), L) =
n(\, L) for the spectral norm and 7°(\, L) = v/27n(\, L) for the Frobenius norm. Con-
sequently, for these structures, we show that AS(L) = A (L) for the spectral norm and
AS(L) = A, /va(L) for the Frobenius norm. For the rest of the structures, we show
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that there is a set Q C C such that AS(L)NQ = A(L)N Q. For example, Q2 = R when
L is H-Hermitian or H-skew-Hermitian and 2 = iR when L is H-even or H-odd.
Often the spectrum of L is symmetric with respect to £2. When 2 does not contain an
eigenvalue of L, it is of practical importance to determine the smallest perturbation
AL € S of L such that L + AL has an eigenvalue in 2. We show how to construct
such a AL. Indeed, we show that the equality AS(L) N Q = A.(L) N plays a crucial
role in the construction of such a AL.

The paper is organized as follows. In section 2, we define the ten special classes of
structured pencils mentioned above. We also discuss some basic facts about spectral
symmetry of structured pencils and, given (A,z) € C x C™ and a structured pencil
L, we show that there exists a structured pencil K such that L(A\)z + K(A)z = 0. In
section 3, we undertake a detailed structured backward perturbation analysis when
C™*™ is equipped with the Frobenius norm. For each of the ten structures, we derive
n°(\,z,L) and a unique AL € S such that L(A)z + AL(A)z = 0. In section 4, we
undertake a detailed structured backward perturbation analysis for each of the ten
classes of structured pencils when C™*" is equipped with the spectral norm. We show
that the choice of a norm on C™*™ plays a crucial role in the structured backward
perturbation analysis. Finally, in section 5, we analyze structured pseudospectra of
structured pencils.

Notation. We consider 2-norm on C" defined by ||z||s := (z%2)Y/2, where 2
is the conjugate transpose of x. We denote the set of n-by-n matrices with real or
complex entries by C"*". For A € C"*", we denote the transpose of A by AT and the
conjugate transpose of A by A”. We consider spectral norm and the Frobenius norm
on C™*". For A € C"*™, the spectral norm of A is given by || A2 := max|,=1 [|Az]2
and the Frobenius norm of A is given by ||A||r := (trace(A” A))'/2. We denote the
smallest singular value of A € C"*™ by opin(A4). The Moore-Penrose inverse of A
is denoted by A'. As usual, the conjugate of a complex number z is denoted by Z.
For a matrix A, A denotes the matrix whose entries are conjugate of that of A. The
spectrum of A € C"*™ is denoted by A(A).

2. Structured matrix pencils. We consider n-by-n matrix pencils of the form
L(A\) := A+ AB, where A;B € C"*", and A € C. Thus, the set of n-by-n matrix
pencils consists of affine transformations from C to C™*™ which we denote by A™*".
Hence, A™*"™ is a vector space which we endow with an appropriate norm ||-| as
follows. Let L € A™*"™ be given by L(\) = A + AB. Then we define the pencil norm
L] by

1/2
(2.1) Il = (A2 +11B)1%) "2,

where || -|| is either the spectral norm or the Frobenius norm on C"*™. We refer to [3]
for various other norms on A™*™. Tt is evident that [|[L(A\)|| < ILJ [|(1, M)]l2-
The spectrum A(L) of a regular pencil L € A™*" is given by

AL) :={X € C:rank(L()\)) < n}.

To be precise, A(L) consists of finite eigenvalues of L. When B is singular, the pencil L
has an infinite eigenvalue. In this paper, we consider only finite eigenvalues of matrix
pencils. By convention, if (A, z) € C x C", then z is assumed to be nonzero, that is,
x # 0. Treating (A, z) as an approximate eigenpair of L, we define the backward error
of (A, z) by

(A, z,L) := inf{]JAL|| : AL € A™*" and L(\)z + AL(A\)z = 0}.
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We follow the convention that if L is given by L(A\) = A + AB, then the pencil AL to
be of the form AL(X) = AA+ AAB. Let (A, z) € C x C™. Then setting r := —L(\)z,

we have

lIrll2
nAz,L) = —————.
[[#]]2] (1, A2
Indeed, defining AA := #ﬁwz) and AB := #%’ and considering the pencil

AL(z) = AA+ zAB, we have |AL|| = ||7|l2/]|z]]2]|(1, A)]|2 and L(A\)z + AL(X)z = 0.
Next, let S be a (real or complex) linear subspace of A™*™. Pencils in S will be

referred to as structured pencils. Let L € S. Then treating (A, z) € C x C"*™ as an

approximate eigenpair of L, we define the structured backward error of (A, z) by

(A, z,L) == inf{|JAL|| : AL € S and L(\)z + AL(\)z = 0}.

Obviously, we have n(\, z,L) < 7°(\,2,L). Let L be given by L(z) = A + zB. Then
the ten special structures of L we consider in this paper are as follows.

e T-symmetric: L(A\)? =L()\) for all X € C, that is, AT = A and BT = B.

e T-skew-symmetric: L(\)T = —L(}\) for all A € C, that is, AT = —A and
BT = —B.
T-even: L(A\)T =L(—)\) for all A € C, that is, AT = A and BT = —B.
T-odd: L(\)T = —L(-)) for all A € C, that is, AT = —A4 and BT = B.
T-palindromic: L(\)T = AL(1/)) for all X # 0, that is, B = AT.
H-Hermitian: L(\)¥ =L()) for all A € C, that is, A¥” = A and B¥ = B.
H-skew-Hermitian: L(\) = —L()) for all A € C, that is, A¥ = —A and
BY = _B.

e H-even: L(\)H =L(-)\) for all A € C, that is, A” = A and B¥ = —B.

e H-odd: L(\) = —L(-\) for all A € C, that is, A = —A and BY = B.

e H-palindromic: L(\) = AL(1/)) for all A # 0, that is, B = AH.

Let L be a regular pencil. We say that (A, z,y) is an eigentriple of L if A is
an eigenvalue of L and x and y, respectively, are right and left eigenvectors of L
corresponding to A; that is, L(A\)z = 0 and yL()\) = 0. An eigentriple (\,z,y) is
said to be normalized if y#y = 2z = 1. We consider only normalized eigentriples.
Now, for ready reference, we collect some basic facts about eigenpairs of structured
pencils in the following theorem.
THEOREM 2.1. Let L € S be given by L(z) = A+ 2B. Let (\,x) € Cx C" be an

eigenpair of L. Then we have the following.

| S | eigenvalue pairing | eigentriple | 2T Ax | zT Bx |
T-symmetric A A\, z,T) in C in C
T-skew-symmetric A A\, z,T) 0 0
T-even (A=) N z,7), (—\y,T) 0 0
T-odd O, —N) Nz, 9), (—\ g, T) 0 0ifA#£0
T-palindromic (A 1/X) N z,7), /Ny, T) | 0if X#—1 0if A#—1
eigenvalue pairing eigentriple zH Az zH Bz
H-Hermitian / EW)) Az, y) 04fimA#0 | 04fimA#0
H -skew-Hermitian A\, y,x)
H-even/ A=) Az, ) 0ifrex#0 | 0ifrex#0
H-odd (=X, y,x)
H-palindromic (A 1/X) N zyy), (/N y,x) | 04f A #1 04f [N #1
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Proof. Note that when L is T-symmetric or T-skew-symmetric, we have L(\)x = 0
and ZL(\) = 0. Hence, (), z,T) is an eigentriple of L. In particular, if L is T-skew-
symmetric, then both A and B are skew-symmetric and, hence, 27 Az = 0 = 27 Buz.

When L is T-even or T-odd, we have L(A\)T = L(—=\) or L(A\)T = —L(—\). Hence,
if L(A\)z = 0 and L(=\)y = 0, then Z”L(—\) = 0 and ' L(\) = 0. This shows (\, =)
pairing of eigenvalues and that (A, z,7) and (—\, y,T) are eigentriples. When L is T-
even, B is skew-symmetric and, hence, 27 Bz = 0. Consequently, 2”7 L(\)z = 0 =
2T Ax = 0. Similarly, when L is T-odd, A is skew-symmetric and, hence, 27 Az = 0.
Consequently, zTL(\)z = 0 = 27 Bx = 0 whenever A\ # 0. The proof is similar for
H-Hermitian, H-skew-Hermitian, H-odd, and H-even pencils.

Now let L be T-palindromic given by L(z) = A+ zAT. Suppose that A # 0. Then
LNz = 0 = FIL(1/\) = 0 which shows (X, 1/)\) pairing of eigenvalues. It also
follows that (A, 7, z) is an eigentriple of L if and only if (1/A,Z,y) is an eigentriple of
L. Note that 27 L(A\)z = 0 = 27 Az + A2T Az = 0. Thus, if A # —1, then 27 Az = 0.

Similarly, when L is H-palindromic it follows that (A,y,x) is an eigentriple of L
if and only if (1/)\,x,%) is an eigentriple of L. Now 27 L(\)z = 2 Az 4+ X\ o Ax =
0= |z Az| = || |27 Az| = (1 — |A|) |z Az| = 0. Hence, for |\| # 1, we have 2
Az =0. O

Next, we show that if (A,z) € C x C™ and L € S, then there exists AL € S such
that (A, z) is an eigenpair of L + AL, that is, L(A)z + AL(A)xz = 0. Consequently, we
have n°(\, z, L) < oc.

THEOREM 2.2. Let S € {T-symmetric, T-skew-symmetric, T-odd, T -even,
H-Hermitian, H -skew-Hermitian, H-odd, H-even} and L € S be given by L(z) =
A+ zB. Let (\,x) € C x C" be such that 2z = 1. Set r := —L(\)x and define

—z2T Axa™ + ﬁ [ETT +rzf —2 (xT ) ExH} , if A=AT,

AA = T H]

_—1+|1>\\2 [Tr —rr if A= —AT,

—Z2T Bxat + ﬁ [ETT +rafl —2 (xT )ExH] , if B=BT,

AB := B
——HT‘MQ [ErT — r;vH] , if B=—BT,
and
s —xxf Axat + 1+|1>\\2 [er (I xa:H) + (I— xa:H) m:H] , if A= AH,
- —xxf Agat — H_'l)\‘g [er I- xxH) — (I — xxH) r;vH] , if A=—AH
N —zxH Baa + 1+\1A|2 [)\er (I— a:xH) —|—X(I — xa:H) m;H] , if B= BH
- —xxf Beat — 1+\1>\|2 [)\er (I — xxH) —X(I — xxH) MCH] , if B=—-BH,

Consider the pencil AL(z) = AA+ zAB. Then AL € S and L(A)z + AL(X\)z = 0.
Proof. The proof is computational and is easy to check. O
For palindromic pencils, we have the following result.
THEOREM 2.3. Let S € {T-palindromic, H-palindromic} and L € S be given by
L(z) = A+ 2A*, where A* = AT or A* = AH. Let (\,z) € C x C" be such that
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xfz =1. Set r := —L(\)x and define

A —z2l Azt 4 ﬁ [XT’/‘T (I — a:xH) + (I —TxT) m:H] , ifB=AT,
. —xat Azt + ﬁ Ao (I —aa) + (I — zaf) ra?], if B= A",

Consider the pencil AL(z) = AA+ z(AA)*. Then AL € S and L(A\)z+ AL(A\)z = 0.
Proof. The proof is computational and is easy to check. O
In section 3, we consider general classes of linearly structured pencils whose coef-
ficient matrices are elements of certain Jordan and/or Lie algebras and show that for
these pencils structured backward perturbation analysis ultimately reduces to that of
one of the ten classes of structured pencils discussed above.

3. Frobenius norm and structured backward errors. Let (\,z) € C x
C". Unless stated otherwise, we always assume that 22 = 1. Let L € S be given
by L(z) = A+ zB. In this section, we determine the structured backward error
n°(\, z,L) when C"*" is equipped with the Frobenius norm. Recall that the pencil
norm defined in (2.1) is then given by L[| := /||4[|% + [|B]|% = ||[4 B]||r. Also
recall that the unstructured backward error (A, z, L) for the spectral norm as well as
for the Frobenius norm on C™*" is given by n(\, z,L) = [|[L(A)x||2/]|(1, A)]|2-

THEOREM 3.1. Let S be the space of T-symmetric pencils and let L € S be given
by L(z) = A+ zB. Then for (\,z) € C x C", setting r := —L(\)x, we have

/212 — (2T 2
P L) = Y2 — 2 E 50 ).

H(lﬂ)‘)||2

Define AA := ﬁ[ﬁ?j +rzf — (rTx)z2®] and AB := T)‘AIQ[ETT +rzt — (rTx)
Zz) and consider the pencil AL(z) = AA+2AB. Then AL is T-symmetric, L(\)z +
AL(MN)x =0 and ||AL|| = n°(\, z,L).

Proof. By Theorem 2.2 there is a AL € S such that L(A)z + AL(A\)x = 0. Let
AL be given by AL(z) = AA 4+ zAB. Then we have (AA + MAB)z = r. Choose
Q: € C*(=1 guch that Q := [z, Q] is unitary. Then

N T
AA = QTAAQ = ( a11 ?41 ) 5
1

ai

N T bin  bf
AB:=QTABQ=( ' 1),

QTT _ l’T’f'
= ,{r ,

where A; = AT and By = BT are of size n — 1. Since QQ7 = I, we have

(@ANAQH + )@ANBQH) c=1= (ANAQH + /\ANBQH) z=QTr = ( vl ) .

17"

As Qx = ey, the first column of the identity matrix, we have

T T
— — H. ztr ai1 + Ab11 B ztr
(AA—FAAB)Q x-( {T):< ay + \by >—< ?T)

This gives a1 + Abyy = 277 and a1 + Aby = Q¥r whose minimum norm solutions are
; _
1 1 A
_ AT _ T _ T
(al bl)_er <A) f’a/l_l_’_|)\|2621747 bl 1+|)\|2 17
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T 1\f 1 T X T
and (a11 bi1) =a'r ( N ) = a1 = TEET by = TTET T Hence, we have

1 T

1 T X T X T N\T
__ 5l T s (1T N e T )\2(@17‘)
Ad- [ TN e (@17) CAB=| T FIA

1 _oT A T
e = e B

This shows that the Frobenius norms of AA and AB are minimized when L A =0
and By = 0. Hence, [|AA[3 = [ AA% = |an[? + 2 ||ai[[} and |AB|% = |AB|3 =
|b11|% + 2|b1]]3. Note that QQY =T = Q1Q¥ =1 — 22l = Q,Qf = I — zT.
Consequently, we have

1/2 277 + 2||(I — Z2")r|3 2[[r[13 — [="r[>
IALI = (IAAlE + |ABIE) ™ = v 2 _ v2rl

[[(1, M)l [1(1, )|
Next, we have
— 1 _ 1 _ — —
AA =QAAQY = T |/\|2xxTrxH + TE [QCTTQ1Q{{ + QlQ?{MEH] +Q,A4:Q
= TMP I:ETT + TfCH - (rTx) ExH] +@1A1Q{I,
—— A 1 - —— =
AB = QABQY = = |)\|2xxT7“xH + TP Dz’ QiQY + 2@, QTra™] + @, B1QY

= TMP [ETT +rzt — (rTa:) ExH] +Q,B,Q
from which we obtain the desired pencil by setting A; = 0 and By = 0. This completes
the proof. O

Observe that if Y is symmetric and Yz = 0, then Y = (I — z2)T Z(I — zz™) for
some symmetric matrix Z. Consequently, we have Q1 A1Q¥ = (I —x2x)T Z (I —zz™)
and Q1 B1Q¥ = (I — 22T Zy(I — z2f!) for some symmetric matrices Z; and Zs.
Hence, from the proof of Theorem 3.1 we have following.

COROLLARY 3.2. Let L be a T-symmetric pencil and (A, z) € C x C". Set r :=
—L(MN)z. Let K be a T-symmetric pencil. Then L(A)z + K(AN)z = 0 if and only if
K(z) = AL(2) + (I —22™)TN(2)(I — x2™) for some T-symmetric pencil N, where AL
is the T-symmetric pencil given in Theorem 3.1.

Next, we consider T-skew-symmetric pencils.

THEOREM 3.3. Let S be the space of T-skew-symmetric pencils and let L € S be
given by L(2) = A+ 2B. Let (\,x) € C x C" and r := —L(\)z. Then n°(\,z,L) =
V2 |7ll2/ (1, N2 = V21(\, 2, L). Further, for the T-skew-symmetric pencil AL given
in Theorem 2.2, we have L(\)x + AL(\)x = 0 and ||AL|| = n°(\, z,L).

Proof. As A and B are skew-symmetric, from the proof of Theorem 3.1, we have

af
A )

0

—a
~5 0 bF
so-arsna-( 4, ).

QTT _ I'TT'
= ,{r ,

AA=QTAAQ = (
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where A; and B; are skew-symmetric matrices of size n — 1. Consequently, as before,

we have (AA + AAB)QHz = ( 5;: ) which gives ( _alﬂkbl ) = ( g?: ) Note
that 7r = 0 and the smallest norm solution of —a; — Ab; = Q¥r is given by

;
_ AT -1 _ 1 T A T
(ar b1)=Q7r < )\ > = a1 = 1+|/\|2er, b = 1+|/\|2er.

Hence, we have

of 0 ehwem)
AA=Q T+H[A[Z V%1 Qf,
( T QLT A
X T
oo AT o
TEQLT By
Setting A; = 0 and B; = 0 we obtain AL such that |JAL| = n°(\,z,L) = v2||7|2/
12
Since Q;QT = I — 72| we have
1 — A —
AA = “TIE [zr” — ra"]+Q,A1Qf and AB = T [@r" —rat]+Q,B:1Q7".

Setting A; = By = 0 we obtain the T-skew-symmetric pencil AL given in Theo-
rem 2.2. O

Using the fact that if Y is skew-symmetric and Yo = 0 then Y = (I —z2® )T Z(I -
xz™) for some skew-symmetric matrix Z, we obtain an analogue of Corollary 3.2 for
T-skew-symmetric pencils.

Next, we derive structured backward errors for T-even and T-odd pencils.

THEOREM 3.4. Let S € {T-even, T-odd} and L € S be given by L(z) = A+ zB.
Let (\,2) € C x C™ and r := —L(\)x. Then we have

2\rll3 — 202Tr> _ 2[5+ (AP — D27
L+ A2 11, M)l

P\ x,L) = \/|xTAx|2 +
when L is T-even and

o Z—2]aTr? 2713 4+ (|A72 = D|zTr]2 .
leT Baft + T _ V23 IIE|1,|A)II2 2T ey 2o,
V2n(X 2, L), if A =0,
when L is T-odd. The pencil AL € S given in Theorem 2.2 satisfies L(A\)x+AL(N)x =
0 and ||AL|| = n°(\, x, L).
Proof. First, assume that L is T-even. Then noting that A = A” and B = —B7,
the proof follows from similar arguments as those employed for T-symmetric and

n°(\x,L) =

T-skew-symmetric pencils. Indeed, considering a unitary matrix Q := [z, Q1], we
have
A= QraAg=( ™ 4
T o aq Al ’

B T 0 b
AB=Q"ABQ=( _, 4 ).

QTT o xTr
= I{T ,
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where A; = AT and B; = —B{ are of size n — 1. Consequently, we have (Eﬁl +
)\A/\B)QHQC = ( ZU;T: ) = ( alliu)\bl ) = ( ZU;T: ) This gives a1; = —27 Az. The
smallest norm solution of a; + A\b; = QT r is given by
1! 1 X
(a1 b)) =QTr <_/\> :a1:71+|/\|2 Ty, b1:—71+|/\|2 Ty,

Consequently, we have

T 1 T T
aa—g| A (i) ) gn

TAE@LT A
_ 0 (_%QTT)T
AB=0Q 5 . THAZ @1 Q.
Tap QLT By

Setting A; = B; = 0 and using the fact that Q,QT = I —Zx”, we obtain the pencil
AL such that

ALl = 7S\ 2. 1) = T Agl2 2
Now simplifying expressions for AA and AB, we obtain

AA = —T2T Axa™ + m [ETT +rzfl —2 (xTr) EQJH} + Q4.0
AB = —ﬁ [ET’T — ’f'xH] + QlBlQ{{

Setting A; = By = 0 we obtain the T-even pencil AL given in Theorem 2.2.

When L is T-odd, the results follow by interchanging the role of A and B. |

It follows from Theorem 3.4 that for a T-even pencil, we have n°(\,z,L) <
V2n(\, @, L) when [A| < 1 and 5°(\,z,L) < |[(1,A)]2n(\, #,L) when [\| > 1. Sim-
ilarly, for a T-odd pencil, we have n°(\,z,L) < v/27n()\ 2,L) when |[A\| > 1 and
7°(\, 2, L) < (1, A"H]lan(A\, 2, L) when X # 0 and |)| < 1.

We mention that an analogue of Corollary 3.2 holds for T-even and T-odd pencils
as well. Now, we consider a T-palindromic pencil L(z) = A + zA”.

THEOREM 3.5. Let S be the space of T-palindromic pencils and L € S be given
by L(z) = A+ 2AT. Let (\,z) € C x C" and r := —L(\)z. Then we have

TER lr]]2 — 2reX|zT Ax]2
778(/\795714): \/5\/|$TA$|2+4” H12+||)\‘2 I :\/5 \/ 2 3 Zf)\#—l,

(L, M2
In particular, we have 778()\, z,L) = V2 n(Az, L), if A €iR.
Now define
ﬁ [XETT (I — xa:H) + (I — EQ:T) rxH} , if A= -1,

—zxT Azt + W [XETT (I — xxH) + (I —ExT) r;vH] ,  if A #£E -1,
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and consider the pencil AL(z) = AA + 2(AA)T. Then L(\)z + AL(\)xz = 0 and
JAL] = (A, 2, L),

Proof. By Theorem 2.3, there exists a T-palindromic pencil AL(z) = AA+2AAT
such that (L(\) + AL(\))z = 0. Let Q; € C"*("=1 be such that Q := [z Q4] is
unitary. Then

— T T
AA:=QTAAQ = < “blll jlll ) QTr = < xlTZ )

Now, if A # —1 then by Theorem 2.1, we have 27 (AA+A)z = 0 = 2T A Az = —2T Az.
Hence, we have aj; = —2T Az. When A = —1, we have A\a?} + a1; = 277 = 0 for any
a11. Since the aim is to minimize the Frobenius norm of AA, we set a1 = 0.

Next, the minimum norm solution of a; A 4+ by = Q7 r is given by

T YOT T
A QT r
(a2 b) er( 1 ) TR YT e
Therefore, when A\ = —1, we have

o ()
AA=Q| LHAP QM.

QT

e A
Setting A1 = 0, we obtain 7°(\,z,L) = [JAL[l = v2|rlla/\/1+ A2 = vV2n(X,z,L).
Since Q1QY =1 — zaf! = Q,QT = I — z2T, simplifying the expression for AA, we
obtain

1

AA = ———
14N

[XETT (I- zaf!) + (1 —ExT) r;vH] +Q,4:Q7.

When A # —1, we have

— T T
. . TA AQi T

AA=Q ZlTr xr (1+|A\2) Qf
THAR 4

Setting A; = 0, we obtain

s _ _ 7 a2 2T =T 5 7 g2 o TG = T
n°(A\,z,L) = |||AL||| = \/2|CC ACE| + W = \/5 |CC ACE| + W
from which the result follows. Since |277|? = |27 Az|?(1 + |\|?) when )\ € iR, we have
(N, @, L) = V2||r||2/]|(1, \)]|2, for A € iR. Again, simplifying the expression for AA,
we obtain AA = —ZzT Azxf + ﬁ[XfTT(I —zxfl) + (I — 2T )ra] + Q, A1 QF.
This completes the proof. O

Observe that from Theorem 3.5 we have n°(\, x, L) < v/2n(\, z,L) when reX > 0
and n°(\, z, L) < ||(1,/|reA]/|1 + AD)|l2n(A, 2, L) when X # —1 and reX < 0.

Note that if Y € C™*" is such that Yz = 0 and Y72 = 0, then Y = (I —
xx™)T Z(I—z2™) for some matrix Z. Hence, from the proof of Theorem 3.5, we obtain
an analogue of Corollary 3.2 for T-palindromic pencil. Indeed, if K is a T-palindromic
pencil such that L(A)z + K(\)z = 0, then K(2) = AL(2) + (I — 22)TN(2)(I — zz™)
for some T-palindromic pencil N, where AL is given in Theorem 3.5.
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Now we turn to H-Hermitian, H-skew-Hermitian, H-even, H-odd, and H-palin-

dromic pencils.
THEOREM 3.6. Let S € {H-Hermitian, H-skew-Hermitian} and L € S be given

by L(z) = A+ zB. For (A, x) € Cx C", set r := —L(X)x. Then we have

2 2 _ |Hp|2
VI _ Sk

1L Ml

S
(A z,L) =
2|13 — 2[aHr|?

e , ifAeC\R.

\/|xHAx|2 + |aH Bz|? +

In particular, we have n°(\, z,L) = ||r|l2 = V2 n(\, 2, L), if A = =+i.
When A € R, define

i [ et — (PT2)aa],  if A= AT

A= {ﬁ [re? —or 4+ (PH)2all], if A= —AH
=2 [erf +ratt — (PT2) 22™],  if B=BY
A= =2 [ref —ar? + (PP z) az®],  if B=-B"

and consider the pencil AL(z) = AA + zAB. Then AL € S, L(\)z + AL(\)x = 0,
and [| ALl = n°(\, =, L).

When X € C\ R, the H-Hermitian/H -skew-Hermitian pencil AL given in Theo-
rem 2.2 satisfies L(\)x + AL(A)x = 0 and ||AL|| = n°(\, z,L).

Proof. Suppose that L(z) = A+ 2B is H-Hermitian so that A = A” and B = B.
By Theorem 2.2 there exists H-Hermitian pencil AL(z) = AA + zAB such that
(AA+ MNAB)x = r. Again, choosing a unitary matrix @ := [z, Q1], we have

— H
AA = QUAAQ = < 4 ‘;11 )
1

a1
AB=QiaBg=( b
' by By )’
H
H. xr
Q r = ( Q{-IT, )a
where A; = A and B; = Bf are of size n — 1. This gives
H H
— N R air + b 2t
(AA+ XAB)Q"x = < Qir ) = ( S ) = ( Qir )
The minimum norm solution of a; + A\b; = Q¥r is given by
i _
_ AH 1 _ 1 H A H
(a1 bl) _Ql r ( i\ ) = a1 = 71+|/\|2Q1 T, bl = 71+|)\|2Q1 r.

For the equation a11 + Abi1 = zfr, two cases arise.
Case-1: When A € R, the minimum norm solution is given by

T
1 A
(a11 bll) = ZI:HT < }\ > = a1 = WZEH'I" S R, b11 = mZH”F e R.
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Hence, we have

H

1
—s LT
AA:Q< 1+)2
1 H
@
A H
AB=q| ™=
A H
e Qi
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H
910" g
Ay
H
(weitr)
By

Q.

Setting A; = By = 0 and using the fact that Q1Q¥ = I — x2™ | we have

2|[r|13 — Jztr|?

Now simplifying the expressions for AA and AB, we have

(2, A\, L) = | AL] =

1
AA = T )\zxmeH e [2r7 QuQY + Q1 QFra™] + Q1 4, QY
1
RN [or™ + 72 — (") 22] + Q1 4, Q1
AB = T )\zxmeH + T [2r7Q1QY + Q1Q%ra™] + Q1 B, QY
A

=T v [wr® +raf — (P 2) 22™] + Q1B1QY.

Hence, the results follow.
Case-1I: Suppose that A € C\ R. Then by Theorem 2.1, we have (A 4+ AA)z =

0 and 27 (B + AB)x = 0. Hence, we have a;; = —z%Ar and b;; = —af B
Consequently,
H 1 .\
aa—g e (i) ) om
Qi A ’
THNZ ©1 1

H

AB=@Q A H
TaEQLT By

Setting A; = By = 0, we obtain

2)|(1 — wzH)r||3

S _ —
(A, L) = JAL] = \/ [ Aaf? + o Baf? + ===

Hence, the result follows.
Now simplifying the expressions for AA and AB, we have

1

_ H H
AA = —zz" Azz"™ + e

[erf (I — z2™) + (I — 2z™) ra™] + Q1 4:QF,

AB = —zz" Baa® + [/\!ET‘H (I — xxH) +A (I — xxH) r;vH] + QlBlQ{{.

_
1+ AP

Setting A; = By = 0, we obtain the H-Hermitian pencil AL given in Theorem 2.2.
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The proof is similar for the case when L is H-skew-Hermitian. d

Needless to mention that an analogue of Corollary 3.2 holds for H-Hermitian/H-
skew-Hermitian pencils.

THEOREM 3.7. Let S € {H-even, H-odd} and L € S be given by L(z) = A+ zB.
For (A\,z) € Cx C", set r := —L(X)x. Then we have

2||r[l3 — J=*"r]?

1L, Ml

<V2n(\ L) if A € iR,

S
(A oz, L) =
2||rl13 — 2|=Hr?

FRNE , if Ae C\iR.

\/|xHAx|2 + |zH Bzx|? +

In particular, we have n°(\, z,L) = ||r|la = V2 n(\,z,L), if A = £1.
When A € iR, define

Hll)\‘g [{ET‘H + el — (er) xxH} , if A= AH
AA =
ﬁ [rxH —arf (er) a:xH} . if A= —AH
—H_‘ilg [rxH —arfl + (rHa:) xa:H] , if B=BH
AB =
H_‘ilg [rxH +arf — (rHa:) xa:H] , if B= —BH

and consider the pencil AL(z) = AA + zAB. Then AL € S, L(\)z + AL(\)x = 0,
and |||AL"| = 778(/\75571‘)'

When A € C\ iR, the H-even/H-odd pencil AL given in Theorem 2.2 satisfies
L(\)z + AL(A)z = 0 and ||AL| = n°(\, o, L).

Proof. First, suppose that L(z) = A + 2B is H even. Then A = AY and
B = —BY. By Theorem 2.2 there exists H-even pencil AL(z) = AA + zAB such
that AL(A)x = r. Now choosing a unitary matrix @ := [z,Q1] and noting that
AA=AAT AB = —ABY we have

Ad=q( M W )@ adap=q( M M )on
T aq Al an o —bl Bl ’
where A; = AY and B; = —B¥ are matrices of size n — 1. Then AL(\)z = r gives

a1y + Ab11 _ er .. . . H.. - .
( a1 — Aby ) = (er)' The minimum norm solution of a; — Aby = Q7' r is given by

; _
_ H 1 _ 1 H A H
(e 1) =Q7'r ( _/\) :>a1—71+|/\|2621 r, by = 71+|)\|2Q1 T

For the solution of a11 + Ab11 = fr two cases arise. When A € iR, the minimum
norm solution is given by

zfr e iR.

T
1 1
(a1 b)) =az"r <)\> a11 1+|/\|2$ rekk, bm [ENE

When X € C\ iR, by Theorem 2.1, 27 (A + AA)x = 0 = 27 (B + AB)x = a11 =
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—aH Az and by, = —zf Bx. Consequently, we have
1 H 1 A\
AA:Q 1+1|)\\233H7‘ (1+\A|2Q1 7“) QH,
e A 4
Hrer (~Eeln) )
AB=Q K Q
TaE QLT B
when A € ¢R and
—at Az (1+\1A|_2 Q{{r)H H
AA=Q L oon Q,
e A 4
_2H By (——HIXW Q{JT)H ;
AB=Q 5 Q
TEQLT By

when A € C\ ‘R. Hence, the desired results follow. Finally, reversing the role of A
and B we obtain the results for the case when L(z) = A+ 2B is H-odd. O

We have the following result for H-palindromic pencils.

THEOREM 3.8. Let S be the space of H-palindromic pencils and L € S be given
by L(z) = A+ zAH . Let (\,x) € C x C" and r := —L(\)x. Then we have

Irl3 = |="r[>

V2 [|eH Az2 4+ 22— f N £ 1,
Pt =4 AT TEE T TR

VT3 = glarf?, if (Al =1.

Now define

AA — 1+\1)\|2 [TxH + Azrft (I - xxH)} ) Zf |)‘| =1,
) —waf Azt 4 ﬁ Ao (I —aa®) + (I —aaf)raf?], if N #1,

and consider AL(z) := AA + z(AA)H. Then L(\)x + AL(A\)z = 0 and |AL| =
(A, @,L).
Proof. Let @ := [z, @] be unitary. Then AA = QHAAQ = (a“ af) and

" 2Hy . raf +an JH, b1 Ay
Qr = (Q{qr). Hence, AL(A)x = r gives (A¢1111+b1 ) = (er)' If |\| # 1, then
by Theorem 2.1, we have 27 (AA + A)x = 0 = 27 AAz = —x Az. Hence, we have
a1y = —x Az. On the other hand, when |\| = 1, the minimum norm solution is given

by

(@1 a )—xHr A T_ Azt iy
s 1) “\1+2 1+22)°

Note that when |\| = 1 we have xfr = Az r. Next, the minimum solution of a;\ +

T -
by = Q{'r is given by (a1, b)) = Qf'r (i‘) = (ﬂ ﬂ). Consequently, when

1+IAZ 1+[A2
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[A] # 1, we have

AA=Q <Z;i‘w <fff;>H> Q".

[ERPYE A1

Setting A; = 0, we obtain

21 — waHr|2 [l — |z f?
S : -

Az, L) = AL = /2|27 Agf2 4 22T 5 [ gy 4 W2 Z 2
>\, z,L) = |AL|| \/|x z]2 4+ ER\E NG |zt Az|? + 1+ |2

Using the fact that Q1Q¥ = I — zaf | we have

AA = —zzf Axat + [)\er (I — xxH) + (I — xxH) r;vH} +Q1A,Q1.

1
14 |A]2

Setting A; = 0, the result follows.
For the case when |A\| = 1, we have

H
zHr )‘Q{IT
T+ T+[A]2 QH
QY r
14+]A|2 Al

AA=Q

Again, setting A; = 0 we obtain

1
n°(\ 2, L) = JAL] = [ ]Ir]3 — 5lar[>

Since Q1Q¥ = (I — xz™), simplifying the expression for AA, we obtain

1
A= W [rxH + At (I — xxH)] +Q1A:QY.
Hence, the proof. d
Remark 3.9. Let (\,z) € C x C" with 2%z = 1 and S € {T-symmetric, T-
skew-symmetric, T-odd, T-even, T-palindromic, H-Hermitian, H-skew-Hermitian,
H-odd, H-even, H-palindromic}. For L € S, consider the set

S\, z,L) :={K e S: LAz + KAz = 0}.
Then S(\, z,L) # 0 and there exists a unique AL € S(\, z, L) such that
mln{me t K €S\, z, L)} = |||AL”| = 778()‘7 z,L).

Further, each pencil in S(\, z, L) is of the form AL + (I — z2™)* Z(I — xz*T) for some
Z € S, where * is either the transpose or the conjugate transpose depending upon the
structure defined by S. In other words, we have S(\,x,L) = AL + (I — x2™)*S (I —
'),

We mention that the results obtained above are easily extended to the case of
pencils having more general structures. Indeed, let M be a unitary matrix such that
MT = M or MT = —M. Consider the Jordan algebra J := {A € C"*" : M~tATM =
A} and the Lie algebra L := {A € C"*" : M~'ATM = —A} associated with the
scalar product (z,y) — y? Mz. Consider a pencil L(z) = A + 2B, where A and B
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are in J and/or in IL. Then the pencil ML given by ML(z) = M A+ zM B is either
T-symmetric, T-skew-symmetric, T-even, or T-odd. Hence, replacing A, B, and r by
MA, M B, and Mr, respectively, in the above results, we obtain corresponding results
for the pencil L.

Similarly, when M is unitary and M = MY or M = —M*"  we consider the
Jordan algebra J := {4 € C"*" : M~'AH M = A} and the Lie algebra L := {A €
Cnxn . M—YAH M = — A} associated with the scalar product (x,%) — y" Mxz. Now,
let L(z) = A+ zB be a pencil where A and B are in J and/or in L. Then the pencil
ML(z) = MA+ zMB is either H-Hermitian, H-skew-Hermitian, H-even, or H-odd.
Hence, replacing A, B, and r by M A, M B, and M, respectively, in the above results,
we obtain corresponding results for the pencil L. In particular, when M := J, where
J = (_OI é) € C?"*2" the Jordan algebra J consists of skew-Hamiltonian matrices
and the Lie algebra LL consists of Hamiltonian matrices. So, for example, considering
the pencil L(z) := A+ 2B, where A is Hamiltonian and B is skew-Hamiltonian, we see
that the pencil JL(z) = JA + 2JB is H-even. Hence, extending the results obtained
for H-even pencil to the case of L, we have the following.

THEOREM 3.10. Let S be the space of pencils of the form L(z) = A+ zB, where
A is Hamiltonian and B is skew-Hamiltonian. For (A, z) € C x C™, set r := —L(\)x.
Then we have

2||r|[3 — 2" Jr?
11, M2

<V2n(\z,L) if A € iR,

n°(\x,L) =
2||r||3 — 2|zH Jr|?
14+ |22 ’

\/|xHJAx|2+|xHJBx|2+ if A € C\iR.

We mention that Remark 3.9 remains valid for structured pencils in S whose
coefficient matrices are elements of Jordan and/or Lie algebras associated with a
scalar product considered above. In such a case the * in (I — zazf)* is the adjoint
induced by the scalar product that defines the Jordan and Lie algebras.

4. Spectral norm and structured backward errors. Considering Frobenius
norm on C™*™ in the previous section, we have obtained structured backward error
of an approximate eigenpair. In this section, we derive structured backward errors
when C"*" is equipped with the spectral norm. Recall that the norm of a pencil
L(2) = A+ 2B as defined in (2.1) is then given by ||L|| := (|| A||3 + || B||3)"/?. Deriva-
tions of structured backward errors of approximate eigenpairs turn out to be much
more difficult when C™*™ is equipped with the spectral norm than in the case when
C™*™ is equipped with the Frobenius norm. We mention that for certain structures
(e.g., T-symmetric and T-skew-symmetric) it is indeed possible to use structured map-
ping theorems given in [18, 2] to derive structured backward errors of approximate
eigenpairs. However, for most structures (e.g., even, odd, palindromic, Hermitian,
skew-Hermitian), the structured mapping theorems are not of much help for deriving
structured backward errors. We overcome this difficulty by employing Davis—Kahan—
Weinberger solutions of norm preserving dilation problem for Hilbert space operators.

The Davis-Kahan—Weinberger (DKW, in short) solutions of norm-preserving di-
lations of matrices can be stated as follows (for a more general version of the DKW
theorem, see [9]).

THEOREM 4.1 (Davis-Kahan—Weinberger, [9]). Let A, B,C satisfy ||(§)||2 =n

and ||(A C)H2 = w. Then there exists D such that H(g g) ||2 = . Indeed, those D
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which have this property are exactly those of the form
D=-KA"L 4 (1—- KK®)'? 7 (1—17L)"*,

where K := (u?1 — AP A)=V2BH | [ .= (u?1— AAT)"V2C, and Z is an arbitrary
contraction, that is, | Z|2 < 1.

We now use the DKW theorem with Z = 0 and derive structured backward error
of an approximate eigenpair. Recall that for (A, z) € Cx C", our standing assumption
is that 272 = 1.

THEOREM 4.2. Let S € {T-symmetric, T-skew-symmetric} and L € S be given
by L(z) := A+ 2B. Let (\,z) € Cx C" and r :== —L(\)z. Then we have

[I7[l2

T]S()\,a:,L) = m =n(\z,L).
Now define
=, _ zTr (I—zzT)rrT (I—z2™ .
AA = 1+1‘_>\|2 [er + g — ('r-Ta;) ToH — ( ||T‘H§7)|CETT‘(|2 ):| L if A= AT,
- 1+:|L)\‘2 [ETT - TxH} s ZfA = —AT
5 o 4yt (Tt - T U )]
AB = { " [M et = () me Tg—leTr]2 , if B=B",
—ﬁ [zrT —ra®], if B=—-BT,

and consider the pencil AL(z) := AA+ zAB. Then AL € S, L(A)z + AL(\)z = 0,
and [JAL]| = n°(\,z,L).

Proof. Suppose that L is T-symmetric. Then from the proof of Theorem 3.1, we
have

zTr 1 ( ?T)T
— THA THA?
AA=Q . +IAl . +IAl QH,
fENDYE Q1 7“) A
Xzlr X 7.\T
AB=0Q X1+ /\\2T [ERpYE (@fr) "
JERpYE ( 17") By
such that AL(A)z + L(A\)z = 0. Now, for paa = lmlklz and pap = ‘ﬂr"l}flﬂf, by the
_ e @n@InT” _ _ AaTr@n@inT
DKW Theorem 4.1, we have A1 = — iyt =frrmy a0 Bi = —@mm) (- 1emry-
This gives n°(\, 2, L) = (|AA|3 + |AB|3)Y/? = ||(|1‘T>|\|)2||2' Simplifying expressions for

AA and AB, we obtain the desired results.
When L is T-skew-symmetric, from the proof of Theorem 3.3, we have

A T o, M)
AA:Q 1 - 1+[A[2 QH,AB:Q . . PR QH,
WQl r Ay WQl r B

such that AL(A)z + L(A)z = 0. Now, for uaa := % and puap = %, by the

DKW Theorem 4.1, we obtain 4; = 0 = B;. Consequently, we have n°(\,z,L) =
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(|AA|2 4 [[AB|13)Y2 = ||7|l2/|I(1, \)||2. Simplifying the expressions for AA and AB,
we obtain the desired results. O

Remark 4.3. If |2Tr| = |r|2, then |QTr|2 = 0. In such a case, considering
Ay = 0 = By we obtain the desired results.

Next, we consider T-even and T-odd pencils. Recall that for z € C, sign(z) :=
Z/|z| when z # 0 and sign(z) := 1 when 2z = 0.

THEOREM 4.4. Let S € {T-even, T-odd} and L € S be given by L(z) := A+ 2B.
Let (A, z) € C x C™ and r := —L(A\)z. Then we have

)\a:L

2 T, |2 2 )\|2|$T’F|2
r agpe o TB=TrE _ VIR P
\/'9” I ILa o L Teven

VIl + A2 [T

\/|xTBa:|2 + HT”E_MZTP = if L is T-odd, A\ # 0,

A (L, A)l2 ’
n(A L), if L is T-odd, A = 0.
Now, define
— za Avat + s [T+ rat -2 (2Tr) T2
—zz ) rrT (I—za®
Ad:= = (IHTHQ*\)JCTT\EI )v if A= AT,
2
—H_:'LMQ [rxH — ErT} , if A=—AT.
— Tx" Bra® + —1+\X>\|2 [@r! + raf — 2 (27r) z2|
sign(\)? T Bz —zz D) rr T (I—za®

- ﬁ [ETT —m:H] , if B=—BT,

and consider the pencil AL(z) := AA+ zAB. Then AL € S, L(A\)x + AL(A\)z =0
and [JAL]| = n°(\, 2, L).
Proof. Suppose that L is T-even. Then from the proof of Theorem 3.4, we have

M IO 0 — e (@)
AA=Q | T HERT QY AB=Q( 5 TRE L o,
Q4 o (Q17) 5y
fENPYE 1 1+ 1
such that AL(A)x 4+ L(A)z = 0. Now, for
Tr? AP(Ir3 — =r]?)
_ Jia agpe o ArlE = leTr? | 5
paas \/'x e (14 \2)2
by the DKW Theorem 4.1, we have A, = HiTﬁfTﬂz (QTr)(QTr)T and B; = 0. This

gives

; B = 1eTr2 /TR T PP
Az L) = T Ag|? = .
oL \/'x e 1@ Ve

Simplifying the expressions for AA and AB, we obtain the desired results. When L
is T-odd, the results follow by interchanging the role of A and B. |
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It follows that for a T-even pencil we have n°(\, z, L) < [|(1, A)|l2 n()\, z, L) whereas
for a T-odd pencil we have n°(\, z,L) < [[(1,A\~1)||2n()\, z,L) when X # 0.

THEOREM 4.5. Let S € {H-Hermitian, H-skew-Hermitian} and L € S be given
by L(z) := A+ 2B. Let (\,z) € Cx C" and r :== —L(\)z. Then we have

n(\z,L), if AeER,

S
Az, L) =
Tha L) I3 — o

LTI if xe C\R.

\/|xHAx|2 + |aH Bx|? +

When A € R, define

[ Hy ([—zeTVrrH (T—zaE) ] )
s [ 14— (o) ot - LUl ] g
AA = L 2 .
Hoy ([ —gx™yprH ([— gzt .
e [ra —aorf + (rHr)ea? 4 - = ||f|T§f)|tuTHr(I2 wr )] i A= —AH,
[ 2Hr (I—zz™)rr® (I—z2™ | .
—H)‘)\Q arf gt — (er) zxf — ( ”TH%_)'IHT‘(Q ) , if B=DB"Y,
AB = - :
H H H H
A rx ([—zxx™ Jrr (I—zx .
e rafl — orH 4 (THa:) zat + ( ||r|\§f)|er\(2 ) , if B= —BH,

When A € C\ R, define

— zaf Aga™ + ﬁ [a:rH (I — xa:H) + (I - xa:H) m;H]

zH Az (IfwwH)rrH (IfwwH)

" e if A= AT
AA =
— zaH AxaH 4+ ﬁ [([ _ me) S — (I _ xa:H)]
e Ax(I—xx™ ) rrH (1—za® .
A if A= —Al,
— zaH BraH + ﬁ [)\gcrH ([ _ xxH) N (I _ xxH) TfCH}
2T By (I—zx\rrH ([—22H ‘
HVﬁ%Lwé ) if B=B",
AB :=

_ o H H_ _ X . H(7_ ,..H XA (7 _ ..H H
zx' Bxx EROER (I Tx )+1+M|2 (I Tx )rx

wHBw(IfwwH)rrH(IfwwH)

rl3—l=Hr[? ’

if B=—BH.
Consider AL(z) := AA+ zAB. Then AL € S, L(A\)z + AL(A)z = 0, and ||AL| =
S

(A2, L).

Proof. First, suppose that L is H-Hermitian. Assume that A € R. Then zr € R.
Now from the proof of Theorem 3.6, we have

AA:Q( ﬁxHT ﬁ(Q{IT)H )QH

1 H
T+A2 Ql r Al

and

ABzQ( ﬁxHr ﬁ(Q{JT)H )QH

A H
1+A2Q1 r Bl
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such that AL(A)z 4+ L(A)a = 0. For paa := I"l> and puap = 2Url2 by the DKW

_ __z T (Qrr)(QiT) _ A=z r (Qrr)(Qir) TQ
Theorem 4.1, we have A; = ) (B TF ) B, = A (BT - This
gives n°(\, z, L) = (||AA]3 + |AB|3)Y/? = ||(|1|T)|\‘)2||2. Now simplifying the expressions

for AA and AB, we obtain the desired results.
Next, suppose that A € C\R. Then again from the proof of Theorem 3.6, we have

AA=Q ( ~ofde o (Qfn)” ) Q"

e A
H
AB=Q ( —2t Bx 1+/|\,\\2 (@i'r) ) of
- X H ’
eI By

T2 2 (2 —|aH 12
For, puaa := \/|a:HAa:|2 + %, UAB = \/|a:HBx|2 + %, by the
DKW Theorem 4.1, we have

x" Bx
)3 — [«Tr[?

B T Ax
[rl3 — |xHr]?

Ay (Q{{T) (Q{{r)H and B; = (Q{{T) (Q{{T)H

Hence, we have n°(\, z,L) = \/|a:HAx|2 + |zH Bzx|? + ”THE;%

the expressions for AA and AB, we obtain the desired results. The proof is similar
for the case when L is H-skew-Hermitian. a0

We mention that when Q¥r = 0, the desired results follow by considering A; =
0=DB;.

THEOREM 4.6. Let S € {H-even, H-odd} and L € S be given by L(z) := A+ zB.
Let (A, z) € C x C™ and r := —L(\)z. Then we have

. Now, simplifying

n(\, x, L), if \e€iR,

P\ z,L rl3 — |="r?

) = |
|zH Az|? + |2 Bz|? + T

When A € iR, define

[ H H H H
1 H H H H ' r (I—zz )rr (I—zz ) . H
[EpYEl R +reT = (T 33) rr = BIEEGE , if A= A",
adi= 1 [ H H H H THw(],wwH TT‘H(IfmmH) A _AH
T |78 —ar + (7“ x) xxr + ESrGE ,ifA=— .
v [som H H g, Aatfr (I—za™)rr? (I—za™)
ERpYE Arzt 4+ dxrt? — A (r x) xx' + DEEEEGE ,
if B= B,
AB = 1+|1>\\2 Az ratl — Xarf (I — axf) + X (1 — az!?) rat
)\er(IfwwH)rrH(IfmmH) . H
+ 3= lere , if B=—B".
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When A € C\ iR, define

—xx Axx™ + [er (I - xxH) + (I - xxH) r;vH]

1
IT+H[A[?
=z Az (IfwwH)rrH (IfmmH)

; _ AH
TrZ—|z®r]? 5 if A= A",
AA =
—xxf Axa™ + W (I — 22} raf — or™ (I — za™)]
mHAw(IfwwH)rrH(IfwwH) ) "
EEELEE : iF A= —AH.
— 2w Baal + iy [art? (1 — aat) + X (1 - z2tt) ra]
" Bz (I—rrH)rrH(I—rrH) ‘ .
AB = REREEEE ) if B=B",
H H AmrH([—ImH) X(I_IIH)TxH IHBI(I—IIH)TTH(I_zzH)
—zz" Bxa' — JENDYE + ERpYE: + GEEELGE ’
if B=—BH",

Consider AL(z) := AA+ zAB. Then AL € S, L(A\)z + AL(A)z = 0, and ||AL| =
(A, z,L).

Proof. First, suppose that L is H-even. Next, assume that A € ¢{R. Then it follows
that fr € R. Now from the proof of Theorem 3.7, we have

AA = Q ( 1+1\1A|2xHT e (Q1r) " ) o

TaE @l Ay
by 2Hy 2 (QHT)H
AB =@ TP T CE ) g
A H
el By

such that AL(A)z + L(A\)z = 0. For paa = 155, pap = FHGE, by the DKW

Theorem 4.1 we have

L@@ (@l (@)
1= an 1= .
L+ IA2) (Irl3 = =5 r[?) L+ N2) (173 = |=Hr|2)
This gives °(\, 2, L) = (|AA|]3 + |AB|3)'/? = ”(|1|’T)|\‘)2”2. Simplifying expressions for

AA and AB, we obtain the desired result.
Now suppose that A € C\ iR. The again from the proof of Theorem 3.7, we have

AA = Q ( —afds b (Qf)” ) Q"

QLT A
A H
AB = Q —2" Bz TIFAE (@i'r) o
o A QHr B .
EupYERS| 1
For piaa = \/|$HAx|2 + 7”7’(“1%1)\7;;2‘2 and pap = \/|$HB$|2 + —|M2((”1TJ|E>\_‘|;§5T|2), by the
DKW Theorem 4.1, we have
oH Ax +" By

Al (Q{{T) (Q{{T)H and B]_ = W (Q{{T) (Q{{T)H .

I3 = J ]
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Consequently, we have n°(\,z,L) = \/|a:HAx|2 |z Bz|? + % Now, sim-
plifying the expressions for AA and AB, we obtain the desired results.

When L is H-odd, the desired results follow by interchanging the role of A and
B. d

As before, the above results are easily extended to the case of general structured
pencils where the coefficient matrices are elements of Jordan and/or Lie algebras. In
particular, for the pencil L(z) := A + 2B, where A is Hamiltonian and B is skew-
Hamiltonian, we have the following result.

THEOREM 4.7. Let S be the space of pencils of the form L(z) = A + 2B, where
A is Hamiltonian and B is skew-Hamiltonian. Let L € S and (A, xz) € C x C". Set
r:= —L(\)z. Then we have

n(A\ z, L), if A €iR

nS(A,x,L) = 2 |2t Jr?

\/|xHJA:c|2 + |zH JBz|? + Irllz , if A e C\iR.

1+ |A>2

Now we consider palindromic pencils.
THEOREM 4.8. Let S be the space of T-pah’ndromic pencils and L € S be given
by L(z) := A+ zAT. Let (\,z) € C x C" and r :== —L(\)z. Then we have

2 2 _ | pT |2
f\/mm oy PR e

(L+[A[2)?
()\ Z, L ”rHZ _ |!ET7‘|2
2 .
V2 |27 Az]? + T iFIN <1 and A # +1,
n(A, z, L), if A= =+1.
Now define
—TaT AxaH + —1+|1>\\2 [XETT (I - xa:H) + (I - EQ:T) rxH}
2 zT Az (Ifin)rrT(Ifsz) )
A2 (P [=Tr[) , if [A[ > 1,
AA = { —zaT Axa! + ﬁ (Azr? (I —aaf) + (I —z2T) ra¥ ]
X 2TAx (I-z2T)rrT (I—22® .
E\T”%*lw)TTIz( ), Zf |/\| <1 and X 75 —1,
W AzrT (I—zzf) + (I—z2T) rafl], if A= —1.

Consider the pencil AL(z) := AA+2(AA)T. Then AL € S, L(A\)z+AL(\)z =0 and
AL = n°(X, 2, L).
Proof. Suppose that A # —1. Then from the proof of Theorem 3.5, we have

— L e p—— ( Tr)T
AA=Q THAT? Al Qf
( TRE@IT A

such that AL(A)x 4+ L(A)z = 0. Now for

2|7 II2= =T r|2 X
o A + PEOTERTTEY ey oy

T
Ve a2 + BEZERE ey <1,

BAA =
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by the DKW Theorem 4.1, we have
X zT Az T 7 A\T .
AE e QLT (@), A > 1,
AT QTr (QTr)" if A < 1.

[rlI3—1=Tr[?

Ay =

Consequently, we have

A2 2 |zTr .

V2 |l e ¢ BRI iy 1,
2T y|2 .

V2 \/|xTAx|2 4 I (|1‘+|>|\\ 7y a if A < 1.

Now simplifying the expression for AA, we obtain the desired results.
Next, suppose that A = —1. Then again from the proof of Theorem 3.5, we have

X T.\T
AA:@< 0 e Q) )QH' O i

n°(\x,L) =

WQ,{T A1 1+ |A|2 ’
by the DKW Theorem 4.1, we have A; = 0. Hence, 7°(\, z,L) = %HT”Q Simplifying
the expression for AA, we obtain the desired result. d

For H-palindromic pencils we have the following.
THEOREM 4.9. Let S be the space of H-palindromic pencils and L € S be given
by L(2) := A+ zAH. Let (\,x) € C x C" and r := —L(\)z. Then we have

2 2 _ | pHp|2
\/— \/|$HA$|2 |/\| (HTHZ |$ T| )7 Zf|)\| > 1’

(1+[A]?)?
°(\, z,L) |72 — |oHr|?
HpAgpl2z 4 1202 1= 1 if | A 1
V2 [z ? + 1+ A2 A<,
Now define
—zaH Azt + ﬁ Norf (I —2z®) + (I — 22®) ra¥ ]
oH Az (IfwwH)rrH(1*$$H) )
(II rll5—lafr|?) ’ T,
AA - ) HApgH + SEuE [/\;WH (I — xxH) + (I - 9C$H) Tch]
\ zH Az (I—zz™)r T—xx™ ;
E\T’”%—M)Hr\z( )7 Zf |A| < 17
eHyr (T2 \rrH ([—2zH .
b [t A (1 aa) - S )} IR

and consider the pencil AL(z) := AA+ 2(AA)H. Then AL € S, L(\)z+AL(A)z =0
and |AL| = n°(\, 2, L).
Proof. First, suppose that || # 1. Then from the proof of Theorem 3.8, we have

—f Ax 2 (QHT)H

AA=Q 1+[A[2 1 QH
( QLT A

such that AL(A)x 4+ L(A)z = 0. In this case, we have

24 A2(||r)|2—|xHr|2 .
HAaA =

2 _|xHy|2 .
\/|ZIIHA$|2+%, 1f|)\| < 1.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



354 BIBHAS ADHIKARI AND RAFIKUL ALAM
Hence, by the DKW Theorem 4.1, we have

T Az .
W%Q{{T(Q{{T)Hv if Al > 1,

A =
Tr ﬁ\2wf‘lzé{mﬂ2 {{r(er)Hv if |/\| <L
This gives
V2 I Axf2 + PEQELT) ) > 1,
US()\axaL) = p)
V2l Ax|2 4 LR if [\ < L.

Simplifying the expression for AA, we obtain the desired result.
When |\ = 1, again from the proof of Theorem 3.8, we have

H

xr A HN\H
a—gf ToE o mneE (@) ) o
( T QLT A

Now, we have uaa = 1%!\2'2 Hence, by the DKW Theorem 4.1, we have

Ty (I—xa:H) rrH (I—a:xH)

Ay =—
' L+ AP)(I7]I3 = |=Hr]?)

Consequently, we have n°(\,z,L) = Hf/”;. Simplifying the expression for AA, we
obtain the desired result. O

Remark 4.10. Let (\,7) € Cx C" with 272 = 1 and S € {T-symmetric, T-skew-
symmetric, T-odd, T-even, T-palindromic, H-Hermitian, H-skew-Hermitian, H-odd,
H-even, H-palindromic}. For L € S, consider the set

S(A\,z,L) :=={K € S: L(A)z + K(A)z = 0}.
Then S(A, z,L) # 0 and min{||K]| : K € S(\,z,L)} = n°(\, z,L). Further,
Sopt (A, #,L) := {AL € S(z, A\, L) : JAL|| = n°(\, 2, L)}

is an infinite set and is characterized by the DKW Theorem 4.1 by taking into account
the nonzero contractions. Let AL € Sqpt(A, z,L). Then each pencil in S(A, z,L) is of
the form AL+ (I — zz™)* Z(I — zx) for some Z € S, where * is either the transpose
or the conjugate transpose depending upon the structure defined by S. In other words,
we have

S(\,z,L) = AL + (I—xa:H)* S (I—xa:H).

Needless to mention that Remark 4.10 remains valid for structured pencils in S
whose coefficient matrices are elements of Jordan and/or Lie algebras associated with
a scalar product considered in the previous section. In such a case the * in (I —zaf)*
is the adjoint induced by the scalar product that defines the Jordan and Lie algebras.

We now illustrate various structured and unstructured backward errors by nu-
merical examples. We use MATLAB.7.0 for our computation. We generate A and B as
follows:
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>> randn(‘state’,15), A = randn(50)+ i*randn(50); A = A £+ A*;
>> randn(‘state’,25), B =
For T-palindromic/H-palindromic pencils, we generate A and B by
>> randn(‘state’,15), A = randn(50)+ i*randn(50); B = A*;
Here A* = AT or A* = A® . Finally, we compute (), z) by

>> [V,D] =

eig(A,B); A\ =

randn(50)+i*randn(50); B = B £ B*;

-D(2,2); x = V(:,2)/norm(V(:,2));

We denote by n%.(\, z,L) and n5(\, x,L) the backward error °(\, z,L) when C"*"
is equipped with the Frobenius norm and the spectral norm, respectively. Note that
n(A, z,L) is the same for the spectral and the Frobenius norms. Then we have the

following.

| S n(A, z, L) 7%\, z,L) s\ z,L)
T-symm 1.387705737323579e—014 | 1.959539856593202e—014 | 1.387705737323579e—014
T-skew-symm | 1.796046101865378e—014 | 2.539992755905347e—014 | 1.796046101865378e—014
T-even 2.219610496439476e—014 | 3.211055813711074e—014 | 2.324926535413804e—014
T-odd 1.559070464273151e—014 | 2.204626223816091e—014 | 1.559075824083717e—014
T-palindromic | 1.068704043320177e—014 | 1.512088705618463e—014 | 1.487010794022381e—014
H-Herm 2.076731533185186e—014 | 2.947235222707197e—014 | 2.106896507205170e—014
H-skew-Herm | 1.714743310005108e—014 | 2.489567700503872e—014 | 1.811820338752170e—014
H-even 1.590165856939442e—014 | 2.299115486213681e—014 | 1.663718384482337e—014
H-odd 2.343032834027323e—014 | 3.472518481940936e—014 | 2.566511276851151e—014
H-palindromic | 9.161344100487524e—015 | 1.298942035829892e—014 | 1.296310627878570e—014

Note that structured backward errors are bigger than or equal to unstructured
backward errors but they are marginally so. On the other hand, structured condition
numbers are less than or equal to unstructured condition numbers [13, 6]. Conse-
quently, structured backward errors when combined with structured condition num-
bers provide almost the same approximate upper bounds on the errors in the computed
eigenelements as do their unstructured counterparts. We mention that the MATLAB
eig command does not ensure spectral symmetry in the computed eigenvalues.

5. Structured pseudospectra of structured pencils. Let L € A™*" be
a regular pencil. For A € C, the backward error of A as an approximate eigen-
value of L is given by n(A\, L) := min{n(A,z,L) : £ € C" and ||z|2 = 1}. Since
n(\,z,L) = ||[L(A)x|l2/]|(1,N)]]2, it follows that for the spectral norm as well as for
the Frobenius norm on C"*", we have n(A, L) := omin(L(A))/[|(1, A)||2. Similarly, we
define structured backward error of an approximate eigenvalue A of L € S by

n°(\,L) == min {n°(\,z,L) : 2 € C" and ||z|> =1}.

Note that backward errors of approximate eigenvalues and pseudospectra of a pencil
are closely related. For € > 0, the unstructured e-pseudospectrum of L, denoted by
A (L), is given by [3]

AL)= |J {AL+AL): AL € A"}
laL)i<e

Obviously, we have A.(L) = {z € C : n(z,L) < €}, assuming, for simplicity, that

oo ¢ A(L). For the sake of simplicity, for rest of this section, we make an implicit
assumption that co ¢ A (L). We observe the following.
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e Since n(\,L) is the same for the spectral norm and the Frobenius norm on
Cm*" it follows that A¢(L) is the same for the spectral and the Frobenius
norms.

Similarly, when L € S, we define the structured e-pseudospectrum of L, denoted by
AZ(L), by

ALy = [J {AL+AL): AL €S}
laL)<e

Then it follows that AS(L) = {z € C: n°(\,L) < €}.

THEOREM 5.1. Let S € {T-symmetric, T-skew-symmetric} and L € S. Let X €
C. Then for the spectral norm on C* " we have n°(\,L) = n(\,L) and AS(L) =
A (L). For the Frobenius norm on C**™, we have n°(\,L) = v/2n(\, L) and AS(L) =
A, (L) when L is T-skew-symmetric, and °(\, L) = n(\,L) and AS(L) = A (L)
when L is T-symmetric.

Proof. For the spectral norm, by Theorem 4.2, we have n°(\,z,L) = n()\, z,L)
for all 2. Consequently, we have n°(\, L) = (), L). Hence, the result follows.

For the Frobenius norm, the result follows from Theorem 3.3 when L is T-skew-
symmetric. So, suppose that L is T-symmetric. Then L(\) € C**™ is symmet-
ric. Consider the Takagi factorization L(\) = UXU?, where U is unitary and X
is a diagonal matrix containing singular values of L(\) (appear in descending or-
der). Set ¢ := ¥(n,n) and uw := U(:,n). Then we have L(A\)u = ou. Now define
AA = —%, AB := —%, and consider the pencil AL(z) = AA + zAB. Then
AL is T-symmetric and L(A)7 + AL(X)u = 0. Notice that, for the spectral norm and
the Frobenius norm on C™*", we have 7°(\,L) < ||AL| = o/[|(1, A)||2 = n(\, L) and,
hence, A (L) = AS(L). This completes the proof. O

When L is T-symmetric, the above proof shows how to construct a T-symmetric
pencil AL such that A € A(L + AL) and |JAL|] = #°(\,L). When L is T-skew-
symmetric, using Takagi factorization of the complex skew-symmetric matrix L(A),
one can construct a T-skew-symmetric pencil AL such that A € A(L + AL) and
IAL| = #°(\, L). Indeed, consider the Takagi factorization L(\) = Udiag(dy, ..., dn)

UT, where U is unitary, d; := (_Osj %
of L()A). Here the blocks d; appear in descending order of magnitude of |s;|. Note that
L(\U = Udiag(dy, .. .,dn). Let v := U(:;n — 1 :n). Then L(\)T = ud,, = ud,,u’ 7.

Now define

), 8; € Cis nonzero, and |s;| are singular values

udu® Nudul
A= AP T TaE
and consider AL(z) := AA + zAB. Then AL is T-skew-symmetric and L(\)u +
AL(N)@ = 0. For the spectral norm on C™*", we have 7°(\, L) = [|AL|| = omin(L(\))/
(1, N)]]2 = (A, L) and for the Frobenius norm on C"*", we have n°(\,L) = ||AL| =
V2 0in O/ (L N2 = V27, L),
We denote the unit circle in C by T, that is, T := {z € C : |z| = 1}. Then for
T-even and T-odd pencils we have the following.
THEOREM 5.2. Let S € {T-even, T-odd} and L € S. Let A € T. Then for the
Frobenius norm on C™*™_ we have n°(\,L) = v2n(\,L) and AS(L)NT = A, m@)N
T.

Proof. Let A € T. Then by Theorem 3.4, we have n°(\, z,L) = % for all

x such that ||z||2 = 1. Hence, taking minimum over ||z||2 = 1, we obtain the desired
results. O
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THEOREM 5.3. Let S € {H-Hermitian, H-skew-Hermitian} and L € S. Let A €
R. Then for the spectral and the Frobenius norms on C"*™ we have n°(\,L) = n(\, L)
and AS(L) "R = A (L) NR. Also when A\ = +i, for the Frobenius norm, we have
FOVL) = V(A L),
Proof. Note that L(\) is either Hermitian or skew-Hermitian. Let (u,u) be
an eigenpair of the matrix L(\) such that |pu| = omin(L())) and uu = 1. Then
. 2

L(A)u = pu. Define AA = —%, AB = —%, and consider the pencil
AL(z) = AA+ zAB. Then AL € S and A € A(L + AL). Further, for the spectral
and the Frobenius norms, we have ||AL| = omin(L(N))/|[(1, A)]|2. Hence, the result
follows. Finally, when A\ = +i, the result follows from Theorem 3.6. a

THEOREM 5.4. Let S € {H-even, H-odd} and L € S. Let A € iR. Then for the
spectral and the Frobenius norms on C™*" we have n°(\,L) = n(\,L) and AS(L) N
iR = A (L) NiR. Also when A\ = +1, for the Frobenius norm, we have n°(\,L) =
V2n(\,L).

Proof. Note for A € iR, the matrix L()\) is again either Hermitian or skew-
Hermitian. Hence, the result follows from the proof of Theorem 5.3. When \ = +1,
the result follows from Theorem 3.7. O

We mention that the above results are easily extended to the case of general
structured pencils where the coefficients matrices are elements of Jordan and/or Lie
algebras.

Finally, for T-palindromic and H-palindromic pencils we have the following result.

THEOREM 5.5. Let S be the space of T-palindromic pencils and L. € S. Let
A € iR. Then for the Frobenius norm on C™*" n8(\, L) = v2n(\, L) and AS(L)NiR =
A, va(L) NiaR.

Proof Let A € iR. Then by Theorem 3.5, we have n°(\,z,L) = v2 |L(\)z|2/
[[(1, M)z for all  such that ||z||2 = 1. Hence, taking minimum over ||z|z = 1, we
obtain the desired results. O

THEOREM 5.6. Let S be the space of H-palindromic matriz pencils and L. € S. Let
A € T. Then for the spectral and the Frobenius norms on C"*", we have n°(\,L) =
n(A\, L) and AS(L)NT = A(L)NT.

Proof. Let L be given by L(\) = A + AAf. For A\ € T, we have L(\) = AL()).
This shows that L()) is a normal matrix. Let (1, u) be an eigenpair of AL()) such that
1] = Omin(AL(A)) = Omin(L())). Define A4 := —{Apuu? and consider the pencil
AL(z) = AA+z(AA)H. Noting the fact that AL(\)u = pu and iuw = (AL(\)H u = pu,
we have L(A\)u + AL(AN)u = Apu — Auu = 0. Further, we have ||AL| = |u|/v2 =
omin (L) /]1(1, A)]|2 = n(A, L). Hence, the results follow. a

For structured pencils, we have seen that AS(L) N Q = A.(L) N Q for appropriate
Q C C. We now show that this result plays an important role in solving certain
distance problems associated with structured pencils. For illustration, we consider
an H-even pencil L(z) = A + zB. Then by Theorem 5.4, we have Q = iR, that is,
AS(L)NiR = A(L)NiR. The spectrum of L has Hamiltonian eigensymmetry, that is,
the eigenvalues of L occur in A, —\ pairs so that the eigenvalues are symmetric with
respect to the imaginary axis iR.

Question: Suppose that L is H-even and is of size 2n. Suppose also that L has
n eigenvalues in the open left half complex plane and n eigenvalues in the open right
half complex plane. What is the smallest value of |AL|| such that AL is H-even and
L + AL has a purely imaginary eigenvalue?

Distance problems of this kind occur in many applications (see, for example, [8]).
Let d(L) denote the smallest value of |JAL|| such that L + AL has a purely imaginary
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eigenvalue. Then by Theorem 5.4, we have
. S/ . R . AS . . . . . .
d(L) = tlgﬂf%n (it,L) =min {e: AZ(L) NiR#0} =min{e : A(L)NiR # 0} = ggﬂgn(lt, L).

Hence, d(L) can be read off from the unstructured pseudospectra of L. Note that
7(z,L) = omin(A + 2B)/+y/1 + |z]2. Thus, if the infimum of 7(z,L) is attained at
€ iR, then as in the proof of Theorem 5.4 we can construct an H-even pencil AL
such that u is an eigenvalue of L + AL and that ||AL|| = n(u, L) = d(L).

6. Conclusions. We have analyzed structured backward perturbations of ten
special classes of structured pencils. Given a structured pencil L. € S and an approx-
imate eigenpair (A, x), we have determined the structured backward error 7°(\, z, L)
and a structured pencil AL € S such that [|AL| = °(\, x,L). We have shown that
such a AL is unique when C™*™ is equipped with the Frobenius norm. On the
other hand, we have shown that there are infinitely many such AL when C"*" is
equipped with the spectral norm and that all such AL are characterized by adopting
Davis—Kahan—Weinberger solutions of norm-preserving dilation problem for struc-
tured matrices. More specifically, for the Frobenius norm on C"*", we have deter-
mined n°(\, z, L) and a unique AL for T-symmetric (Theorem 3.1), T-skew-symmetric
(Theorem 3.3), T-even and T-odd (Theorem 3.4), T-palindromic (Theorem 3.5), H-
Hermitian and H-skew-Hermitian (Theorem 3.6), H-even and H-odd (Theorem 3.7),
and H-palindromic (Theorem 3.8) pencils. On the other hand, when C™*" is equipped
with the spectral norm, we have shown that 7°(\, z,L) = n(\, z,L) for T-symmetric
and T-skew-symmetric pencils (Theorem 4.2), and have determined n°(\, z,L) and a
AL for T-even and T-odd (Theorem 4.4), H-Hermitian and H-skew-Hermitian (The-
orem 4.5), H-even and H-odd (Theorem 4.6), T-palindromic (Theorem 4.8), and H-
palindromic (Theorem 4.9) pencils. We have shown that structured and unstructured
pseudospectra are the same for T-symmetric and T-skew-symmetric pencils. For the
rest of the structures, we have shown that AS(L) N Q = A.(L) N Q for some Q C C.
We have also shown that the equality AS(L) N Q = A.(L) NQ plays an important role
in constructing solution of certain distance problems.
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