
 Eigenvaluestiganater I

Finding eigenvalues solving polynomial Egas
F Consider a movie Wco a polynomial
p A It an in t ta T t a

A

o of PGai ai an

ammo

Take u 1,7 X 1
If I is a root of

p X then Au Au A is an eng ofA
conversely if A is an eigenvalue of A tha

det XI A 0

FAI There is no general formula involving t x

and F for the roots ofpolynomials with

degree 74
There is no direct method for solving the

general eigenvalue problem
Nate

PowerIteration Let At Qnx with n linearly
independent eigenvectors v un
Assume R 717217,17317747 An
dominant J t Note strict inequality
eigenvalue

Choose an arbitrary nectar 9
9 e v t e t envn assume e 0



H q is chosen randomly c 0 almost surely
Ag e Av t ten Aun
i

C A V t ten Anun
A c Xiu t tenantun
a'g c Xiv t t an Injun

Define 9 Atg Cant eat'gjust ten un

Then 119 avillefetritillund 4,1
fusing 17217 79,533Ecl 1J

since PILI 119 civ 11 o as go e

Note We do not know 7 Hence 9
cannot be used

11171911 so if 17,1 1

Ya all o if 17,1 1
Hence it is better to use a sealed varia

convenientof A 9 9
1 Agg sealingfactor

e.g

tianya.mlla.mil

D 9 V1 for multiple Gj till AajIl2 Oj A



Flips For j Iterations In't flops However

this is an iterative method Converged can be

shew G e j can he large before
I 9jt 911 becomes 0

Q Does this work if A is not semisimple

Rateafconnagend se is said to converge
linearly to se if 7 OGGI sit

FIMEE.at r

i e limit sell fllse 211 foreggesufficiently
convergence ratio
contraction no

For power method r 1 1 Enciso

Powes Iteration often works well But limited

to finding the largest eigenvalue

9k randa n

9k Iggy Eigenvalue est

Uttar

I TÉ
Zk A 9k see below

can be replaced
9k EFF witlmanza

end



Inversesteration fame assumptions on A
Claim If A is mu singular H Ar Ar
ther FAV H EEE
h Athas lin ind eigenvectors Vn V

cells to Ai Ai X
H If Iai't I anil i e 1am it An same

method can be used to compute un
convergence rate I'm An 111 Faster

convergence if fan Klan ill
p

Takeaway We want An very close to
zero

Shifting Heenan fee If Av Tu

LA SI v C g v

Choose f a Ii for any i i oh
Then Idi e 14K e It i
most

liked Let Ck f be the second smallest
in absolute value eigenvalue
Apply inverse iteration or E SI

male it
no

oh oh



9jt 534911 No need to invert

Just solve using eg La
LA SI 9j F Ej

Flops 2m28 9 9
7T

for jLo once iterations
inverse

ca maxi Éfor k l n ites

E mas ah
que Kfk
er dot 9h Aran

end

1 How do we know Xi in turn 5
Q2 H we take 5 7 ther LA SI is

ill conditioned Can we calculate 9ft accurately

we do know that even if 7 52 is ill auditioned

BCE ALSA 52 9ft 9 when 18A is small
7 But what about sensitivity Later

RayleighQuotient Answer to Qs

Estimate eigenvalue at each iteration using g
FAI Let A fan q fan The unique complex

no that minimizes 11Ag fall is the



Rayleigh Quotient f 947g
Proof Std least sq problem 9754

L Ag
Normal Egr 91997 9 Ag Nate complex

I g conjugates

Early if 9 is an eigenvector of A
ther f e eigenvalue case to 9

FAI A EPM A1 AV Assume I v11 L Let

get 11911 1 let 5 9 Aq be
the Rayliegh Quotient of q Then

17 915211Alla Iv 9112

Clearly A VAVProf p g vav q Ag
V Av Wag itAg q Aq

VA v 9 C 9 Aq
Ix Sls luau 911 N 9 Aal

E NuttallAllar all th all 11,1911

21AM Hu 9112

Rayfieghnwgmotgtenta.to ft each shift the
current Rayleigh quotient



At kit step Sj É
A Sj 1 91 1 9 and 9 1 III
for ik l n ites

Zk A mu 2 Lak
qk Zk mem Zk

mu dot q Aage final ma is

our approximation
end of eigenvalue

Convergence is difficult to analyse since

M is changing at each step
It is roughly quadratic in practice
Show example

Flops 063j since a new 20 is reg at

ÉYmphn mÉÉ_oafnmaa

keen is unitary if U'd I i e UE o t

ALEEM a É É an
AA Iz

T T

9,97 9 2 E E 711 2 112 1

La ap aia aia It 11 1 2 0



Clearly
1 H U V are unitary UV v71 UV is unitary
2 U't is unitary pig
3 Use My x y I Uselle Hell t seven
4 Rotates Reflectors have complex analogs
5 Every A tenth A QR when Q unitary
R s upper triangular

6 U is unitary columns are attomermal

tenth
A B are unitarily similar if F a
unitary matin UE en s t

B U'AU C NAU
8 U is unitary MY L Kate I
9 H A A A is unitarily similar to B ther B B

Proof B WAU BI WAU WAU B

Tim Schur's Them Let Atan Then there exists
a unitary matin Ue en I a upper
triangular matrix T s t T Wall

Proof Induction on n Trivial far n 1
Assure true for n K l

Let A EQkk AA Tv with Ntl L
Let U Ev W be unitary

alexCk D chosen in a way

Clearly WI O
s t U is unitary



Let Az UFA U if Acu WJ fearingW'Av WAW

Since Av Au MAV WAV X Th
i WAU AW V O

METAL EÉÉÉ E
By induction hypothesis F unitary Az
upper triangular I sit F Ti Act

afire Miffy Uzi's unitary

u in ftp.fft
Let U U Ms Fppetrian

T U A Uz Aid All Uz U'All

Nataeiganaton
N Hence cannot be used for
memesical construction

SchusDerimposition A UTU
Valid for all matrices
Ala an fu diffAce U te

Eigenvector wilt eig value til
Cotten are not so easy to find



Example A 21 8 v
0 si

o.isoto 7
O 89

I v 0.734 0.31 0.15 07

0.89

A

f 318gg
o.Ato.ioa
O 37 0.255

ga 4015
0.791 2.5

if

EEmiiiiiii.it

Af f be Hermitian Then Fa unitary Ufentn
a diagonal De Rmn s t D U'All

Columns of U are eigenvectors diagonal
entries of D are the eigenvalues

A UD W spectral Decamp of A
Eigenvalues of A au real

A has n orthonormal eigenvector

Eg A f try1 an 2 Clearly A A Hermitian

0.27 0.57

Eiguerton VF v2 0.78



I
Ai Az

as't rig values 0.79 3.79
Schur Decomposition

4.3
0 618 2 0

5177
0.79 0 y
0 3.79

I
u orthogonal

NormalHated A matrix is normal if
AA AA not necessarily L

Thing Spectral Thn for Normal Matrices
Let A Een Then A is normal if F
a unitary mature UE x

a diagonal
Deann s t D U'All
Fmatmal n attomermal eigenvector
Every skew Hermitian matrix is normal

AK A CAA AZ AA

example A fi
2 check A Ii I A

Also check AA A'A F F

Eg n f riff x 2 231,72 2.23

Schue A f
0850.4 2 0.3

it situ



WWW.zqstaneebetweensubspaces.hvanant

ÉmI et scr be a subspace Then PER
is the orthogonal projection onto S if
R P S P P and DIP
If seein Pres CI p Je f St

If P P are orthogonal projections onto S then

for any Ze IR

IR Pz zl Piz I P.DZ z
T
I PJz u

P is n'que
If V E l Yun is an orthonormal basis for
S then P VVT is the unique orthogonal
projection onto S

Recall SVD based projections

Distancebetweenfalspaces If Si Sa are

subspaces of RYE and dimes dim 5

then Dist Si Sa I P Pills
where Pi Pa are orthogonalprojection onto
Si Sz resp

FACT H W Twi Wz Z CZ 122 are men

orthogonal matrices K n h
f s RCW

S R AZ then dist Sisa I Witzel a
I Zitwall



Invariantsubspace A subspace Scan is said
to be invariant for A if

T ne s An E S

A Define Sa v e e Au Au Sa is a

subspace of an

Sp O if A Feig value of A
For X eig value of A sa Cig space of A
associated with 7

Let s be an invariant subspace of A Define
A Als Then A S S But

eig.ve eig value of A A are same

Study A instead of A

Next results show If we knew any invariant

Subspace S of A we can convert A to block

triangular farm using unitary sim transfer

FAI Let s spqui sea X fat xiÉnxk
Then S is invariant uncles A canniff
F B E Q KK sit AX I B

Proof Exercise

Clearly if BI A É the AXE I BT AIT
v IT is an eighteen f A wit eigua X

V e s v is an eig nectar of Als



FAI Under above assumptions F unitary QE Q
sit Q A Q T

FYI p

AG A A MA B P n p

Proffit X QEII
Pt QR fact

net In
AR X B AQI Q RIB

EEL 115
Define

set T.FI E E X FI's
T2 R 0 Tz O Ci R man sing

Also T R R B ACT A B

Reinterpretingmacaronis
Thin If At Mtn then F a unitary QE mns.t
seem
DYED

Q'AQ T D n
I

diagay AN strictly
appes triangular

Proffusingabove ideas True for n 1 Assume

foes n l



I Am Ase seto S sp 23 is inv subsp
Then by above FACT Of A

AH F E fees B
F unitary keen n sit

a an fate
Rest Exercise I

Q 59,1 19m in above Tim are called Schon
vectors
AQ QT Ag Arant Ening Kt n

Sp sp 99 9,3 k ith are invariant

If OKIE 191then X QI AQu 71 an

Q'AQ f g JAfor Qi

I EEAEF
ACT X Qiao

For each Ai In there is a k dim inv subsp
associated i e R Qu sp 9 an

Q Is this unique



QRIteration
How to without why for now

Given A fan and a unitary Uo fam
Set To v8Ado
for k 1 2

Un Rk Tk QR factorization of Tay
Tk Rudie Multiply Rn Un in

opposite order to get
end E

clearly Ta Ruda Mike Ray
UI Tu ill k
Roll Un A Moll Un

claim Tr which is unitarily similar to A
almost always converge to the Schur
decomposition upper triangular of A

Proof Over the next several results

Power Iteration and Invariant subspaces
Fangio a a fit Egg j v

94 Ayyy e sp Akau

dist sp 9473 sp x 04731



I
am H X 0444

Power Iteration generalizes to higher dimensional
invariant subspaces

Orthogonalfteration Let 15rem
Let A E fan Q E f with orthonormal
column

for K 1 2

Zk A Q K I
QuRk Zk QR factorization of Za

end optional
X QEAQn a am

For r 1 0.1 P I exactly
Even for a 1 the sequence Que is

exactly the seq produced by P I aint

941 Goes
For simplicity assume Asemisimple

Let the Schur decomposition of A fan
Q'AQ T day Ai N 11171217 77

Let Q Qa Qp
s n e

T

T Jr
me

If Art Arti ther
Dr CA R Qa is calledthedominantinvesubsp



I Dr A unique invariant subspace associated
with leg values 71 Ar

Time Let the Schur decomposition of A tenth
be given by above n 2 Assume

Hr lasts I and M o satisfies
HM Ar LINE

Suppose Qo Earth has orthonormal columns
and define

de list Dr A R Qr KIO
If do 41 then Qatgeneratatay 0.2

satisfies

KCMG.EE DtIIIIILIE
ar def 4

leftist
ME.lt E

a measure of the distance bothAG X Gan
smallest singular value of the linear

transformation X T X X T2



Ploof is skipped in this course Refer to
Cobb pg 368 for details

At the Kth step one can calculate
QI A Qu

fittingTak Tak

Under above assumptions 72,4 O

ACT d AM MS are

the estimates of A Ar at the
Kth iteration

If Hr Met I holds for all
I n then the above convergence
happens simultaneously for all r

eigenvaluesQian LEI can be read

off
Q What happens for complex conjugate

eigenvalue pairs

a I g EEQuRk Tk I
QuRk Zk Tk Ran

end



I

Assume Qo I in 0.1 Then

AI Z Q R A Q R A
Immediately estimate the eigenvalues

T QT A Q
Qi RDQ using 7
R QI

Optimistically this should be upper
triangular immediately
In 0 I we would have continued

as Ez AQ
Instead we do the same computation in

the coordinate basis of T similar to 17
Z OfZz Qi AQI L
Thempressed in basis of 7 07170

Next step 22 02122 QR fact in 07
is equivalent to T Q R2

Current guess of eigenvalues for the upper tr
T2 QE T Q2

matrix T

QÉ zRz Qz RzQz

QR Iteration is same as 0 I with

change of basis at each step



Alternate method to derive QR from 0.1
From 0.1 TK I QI e E QBRK

and TK QIAQEQEAQK.GEQn
QE nRn EkQx Rn In Qa

PropertiesofQRTteration

Ft TQR Qiao generated by 0.1

if bolt started from 00 2

R at htt step are same for both

QR 0.1

if QY.i.fr
In QR i A Q R

A Q R Q Q2 R R ERI

Am

Eye Rmjfe
QmRm

Hence QR is computing Ange en
and finding an orthonormal basis

using Em Power iteration


