v

v function apply_right_householder!(A, row, col, beta, v)

n =

nction gehrd! (A)
"""Reduced square matrix A to upper Hessenberg form

PRACTI AL X R  HAlGO

size(A,1)

for k=1:n-2

# Compute Householder reflection for column k
beta, v = house(A[k+1:n,k])

# Apply the reflection on the left
apply_left_householder! (A, k+1, k, beta, v)

# Annly the reflection on the right

v
i |
apply_right_householder! (A, row, col, beta, v) _right_householder!(A, n, k+l1, beta, v EETEEIOr householder! (A, row, col, beta, v)
Apply a Householder reflection to the right of matrix “A". Apply a Householder reflection to the left of matrix “A".
‘row’ is the ending row index to apply the transform. “row’ is the starting row index to apply the transform.

“col’ is the starting column index. “beta’ and “v°
parameters for the Householder reflection.

n = size(A,1)
Av = zeros(n)
v = length(v)
# Apply transform to the right
# Av = beta * A x v
for j=colicol+lv-1
for i=l:row
Av[il += v[j-col+1] =% Al[i,jl
end
end
for i=l:row
Av[i] %= beta
end
# A - beta (Av) v*T
for j=col:col+lv-1, i=l1:row
Ali,jl -= Avl[i] % v[j-col+1]
end
end

are the “col’ is the starting column index. “beta’ and ‘v' are the
parameters for the Householder reflection.

v function apply_left_householder!(A, row, col, beta, v)
n = size(A,1)

» VA = zeros(n)
~ ,Q //( v = length(v)
# Apply transform to the left

# VA = beta * v°T *x A

Wé for j=colin
ﬁ @{ v for i=row:row+lv-1

<

VA[j] += v[i-row+1] *x A[i,j]

end
VA[j] *= beta

end

# A - beta v (v*T A)

v for j=col:n, i=row:row+lv-1

Ali,j] -= vIi-row+1] * VvAI[jl

end

end
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function gees!(A)~s——
’ n = size(A,1) ﬁ' /4 W\,ez//o te
if n==

return A[1,1] 7&%% ﬁ%%

end
D = zeros(Complex{Float64},n)

# Tolerance for deflation
tol = eps(Float64)

q = n # Size of the matrix we are currently working with

iter = 1 # Counter to detect convergence failure function reduce_eps!(A, tol)
iter_per_evalue = 0 # Used to trigger an exceptional shift # Zero Out( all small entries on the sub-diagonal
n = size(A,1)

PP~ for i=1:n-1

reduce_eps! (A, tol) #|Z ut small entries if abs(A[i+1,i]) < tol * (abs(A[i,il)+abs(A[i+1,i
L +1.1))
while q > © A[i+1,i] = @

if iter > 10%*n

@’’Code failed to converge’’
end

deflation = true # Were we able to deflate the matrix?
while deflation

"@’’Test for deflation and record eigenvalues if
converged’’

end

# If q <= 2 we compute the eigenvalues at the next
# iteration.
if q >= 3
@’’Perform Francis QR step’’
end
end
end
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function gees!(A)
n size(A,1)
if n==

4

# Definition of @”Test for deflation and record eigenvalues if converged”

return A[1,1]
end
D = zeros(Complex{Float64},n)

# Tolerance for deflation

tol = eps(Float64)

q = n # Size of the matrix we are currently working with
iter = 1 # Counter to detect convergence failure
iter_per_evalue = 0 # Used to trigger an exceptional shilft

reduce_eps! (A, tol) # Zero out small entries

while q > 0

if iter > 10%*n
@’’Code failed to converge’’
end

deflation true # Were we able to deflate the matriy?

while deflation
(PGTTTEEi for—deflation and record eigenvalues if

converged’’

N
end

# If q <= 2 we compute the eigenvalues at the next
# iteration.
if q >= 3

@’’Perform Francis QR step’’
end

end
end

deflation false
]
The 2 x 2 block case is as follows: \ \
[

@’Test deflation for the last 2x2 block”
@’Test deflation for the last 1x1 block”
# Definition of @' Test deflation for the last 2x2 block”
if q <= 2 || Alq-1,q9-2]
if q >= 2
# The last 2x2 block has converged
deflation = true # Deflating now
# Compute the eigenvalues

a = A[q-1,q9-1]; b = Alq-1,q9]; ¢ = Alq,q-1];
d = Alq,q]
htr = (a+d)/2; dis = (a-d)*2/4 + b*c

if dis > @ # Pair of real eigenvalues
D[q-1] htr - sqrt(dis)
D(q] htr + sqrt(dis)

else # Complex conjugate eigenvalues

D[q-1] = htr - sqrt(-dis)*im
D[q] = htr + sqrt(-dis)x*im
end
# Reduce the size of the matrix
q -= 2
if q>=1
A = A[1:q,1:q]
end
end
end
if q==
return D
end

In the 1 x 1 case, we perform similar operations:

W

# Definition of @’Test deflation for the last 1x1 block”
if q <=1 || Alq,q-1] == 0
deflation true
DLql = Alq,q]
q -=1
if q>=1
A

Al1:q,1:q]

A

if q==
return D
end

if deflation
iter_per_evalue

@ # Reset the counter
end

lugest oioss Zrigr ot
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# Definition of @”Test for deflation and record eigenvalues if converged”
deflation = false

@’Test deflation for the last 2x2 block”
@’Test deflation for the last 1x1 block”

The 2 x 2 block case is as follows: \ \
[

# Definition of @ Test deflation for the last 2x2 block”
if q <= 2 || Alq-1,q9-2] ==
if q >= 2
# The last 2x2 block has converged
deflation = true # Deflating now
# Compute the eigenvalues
a = Alq-1,q9-1]; b = Alq-1,q]; ¢ = Alq,q-1];
d = Alq,q]
htr = (a+d)/2; dis = (a-d)*2/4 + b*c
if dis > 0 # Pair of real eigenvalues
D[q-1] = htr - sqrt(dis)
D(q] = htr + sqrt(dis)
else # Complex conjugate eigenvalues
D[q-1] = htr - sqrt(-dis)*im
D[q] = htr + sqrt(-dis)x*im
end
# Reduce the size of the matrix
L —q -= 2
if q>=1
A = A[1:q,1:q]
end
end
end

if q==
return D
end

In the 1 x 1 case, we perform similar operations: 'Qb

# Definition of @’Test deflation for the last 1x1 block”
if 9 <= 1 || Alq,q-1] ==

deflation = true

D[q] = Alq,q]

. q -= 1
if q>=1
A = A[1:q,1:q]
|
/A if q==
- return D
end
if deflation
iter_per_evalue = 0 # Reset the counter

nd

o




function gees!(A)

n = size(A,1)
if n==

return A[1,1]
end

D = zeros(Complex{Float64},n)

# Tolerance for deflation
tol = eps(Float64)

q = n # Size of the matrix we are currently working with
iter = 1 # Counter to detect convergence failure
iter_per_evalue = 0 # Used to trigger an exceptional sNift

reduce_eps! (A, tol) # Zero out small entries

while q > 0

if iter > 10%*n
@’’Code failed to converge’’
end

deflation = true # Were we able to deflate the matrix?

while deflation
"@’’Test for deflation and record eigenvalues if
converged’’

# Definition of @’Perform Francis QR step”

# Searching for the smallest unreduced sub-block

P =q

while p > 1 && A[p,p-1] != 0
p o=

end

# If the unreduced sub-block has size 2 or less, we move on
# to the next iteration.
if q-p+1 >= 3
B = A[p:q,p:q] # Extract sub-block
exceptional_shift = ((iter_per_evalue%5) == 0 &&
iter_per_evalue>0)
# Francis QR step
gees_single_step! (B, exceptional_shift)
# Reduce matrix
reduce_eps! (B, tol)
Alp:q,p:q] = B # Copy the resulting matrix back
iter += 1 # Increment iteration counter
iter_per_evalue += 1 # Counter for exceptional_shift
end

end

end

# If q <= 2 we compute the eigenvalues at the next
# iteration.
if q >= 3
@’’Perform Francis QR step’’
end
end




function gees!(A)
n = size(A,1)
if n==
return A[1,1]
end
D = zeros(Complex{Float64},n)

# Tolerance for deflation
tol = eps(Float64)

q = n # Size of the matrix we are currently working with
iter = 1 # Counter to detect convergence failure
iter_per_evalue = 0 # Used to trigger an exceptional shift

reduce_eps! (A, tol) # Zero out small entries

__’? while q > @
if iter > 10%n
@’’Code failed to converge’’

end

deflation = true # Were we able to deflate the matrix?
while deflation

@’ ’Test for deflation and record eigenvalues if
converged’’

end

# If q <= 2 we compute the eigenvalues at the next
# iteration.
if q >= 3
@’ ’Perform Francis QR step’’
end
end
end

# Definition of @”Perform Francis QR step”
# Searching for the smallest unreduced sub-block
P =q
while p > 1 && A[p,p-1]1 != 0
p =1
end

# If the unreduced sub-block has size 2 or less, we move on
# to the next iteration.
if q-p+1 >= 3
;B_:_A'm:q] # Extract sub-block
exceptional_shift = ((iter_per_evalue%5) == 0 &&
iter_per_evalue>0)
# Francis QR step
gees_single_step! (B, exceptional_shift)
# Reduce matrix
reduce_eps! (B, tol)
ALp:q,p:q] = B # Copy the resulting matrix back
iter += 1 # Increment iteration counter
iter_per_evalue += 1 # Counter for exceptional_shift
end
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AL1,2]
A[2,1]

= A[2,2]
= a+d # sum
= axd - bxc # product
eturn s,t

[
function double_shift_st(A
a = A[1,1] ™ [

b
Cc
d
S
t
r

ab
e AL
end
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function gees_single_step! (A,
n = size(A,1); tol = 0.01
# This tolerance is used to test for early convergence of the last
# 2x2 or 1x1 block.

exceptional_shift)

ich shift should we apply?
if abs(A[n-1,n-2]) < tol * (abs(A[n-2,n-2])
+ abs(A[n-1,n-11)) ||
< tol * (abs(A[n-1,n-1])
+ abs(A[n,n])) )
# If either (double-shift test) == true
# or (si —shi == false, do a double shift:
s, t 7 double_shift_stzA[n-1:n,n-1:n])

! ( abs(A[n,n-1])

else # Single shift should be used
s = 2xA[n,n]

t = Aln,n]*2

end

if exceptional_shift
@’’Exceptional shift’’
end

@’/ Apply the Francis QR step’’ r—‘:lp

end

# Definition of @’Apply the Francis QR step”

# Assembling the first column

v = [ A[1,1]%xA[1,1] + A[1,2]1*xA[2,1] - sxA[1,1] + t;
AL2,1]x(A[1,1]1+A[2,2]-58);
A[2,1]%A[3,2] 1]

beta,

v = house(v)

apply_left_householder!( A, 1, 1, beta, v)

apply_right_householder! (A, min(4,n), 1, beta, v)
for k=2:n-1
beta, v = house(A[k:min(k+2,n),k-1])
apply_left_householder!( A, k, k-1, beta, v)

apply_right_householder! (A,
end

min(k+3,n), k, beta, v)

wl. oD Apebde - st Y
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function double_shift_st(A)_\)A/f" / 7

‘ a = A[1,1]
£ S b = AL1,2]
= A[2,1]
<, 2 AL
d = A[2,2] -~

_/ Z s = a+d # sum [ /

’,Z’ f t = axd - bxc # product

S - g //&/ M retu?n s,t ¥ s fud d
end




# Definition of @’Apply the Francis QR step”
# Assembling the first column

v = [ A[T1,1]*%A[1,1] + A[1,2]*xA[2,1] s*xA[1
AL2,1]x(A[1,1]+A[2,2]-5);
A[2,11*xA[3,2] 1]

beta, v = house(v)

apply_left_householder!( A, 1, 1, beta, v)

11 + t;

v

apply_right_householder! (A, row, col, beta, v)
Apply a Householder reflection to the right of matrix “A".

“row’ is the ending row index to apply the transform.
‘col’ is the starting column index. ‘beta' and ‘v' are the

M A t f the H hol. flection.
apply_right_householder!(A, min(4,n), 1, beta, v) parameters for the Householder reflection
_ v function apply_right_householder!(A, row, col, beta, v)
for k=2:n-1 . n = size(A,1)
beta, v = house(A[k:min(k+2,n),k-11) Av = zeros(n)
apply_left_householder!( A, k, k-1, beta, v) W = length(v)
apply_right_householder! (A, min(k+3,n), k, beta, N) # Apply transform to the right
end # Av = beta *x A x v
— v for j=colicol+lv-1
v for i=l:row
o nun Av[il += v[j-col+1] =% A[i,j]
e householder! (A, row, col, beta, v) d end
en
Apply a Householder reflection to the left of matrix “A°. e for i=l:row
Av[i] *= beta
‘row' is the starting row index to apply the transform. end R
‘col’ is the starting column index. “beta’ and ‘v’ are the # A - beta (Av) v°T
v for j=col:col+lv-1, i=l1:row

parameters for the Householder reflection.

v function apply_left_householder! (A, row, col, beta, v)
n = size(A,1)
VA = zeros(n)
v = length(v)
# Apply transform to the left
# VA = beta * VAT x A

v for j=col:n
v for i=row:row+lv-1
VA[j]l += v[i-row+1] * A[i,j]
end
VA[j] %= beta
end
# A - beta v (v~T A)
v for j=col:n, i=row:row+lv-1
Ali,jl -= vli-row+1] * vA[jl
end
end

oo diot é?f?s%/—/f]j 7
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Ali,j] == AvI[i]l x v[j-col+1]




