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1 Introduction

In this paper, we deal with the linear matrix inequality (LMI) that arises in
the well-known infinite-horizon linear quadratic regulator (LQR) problem.

Problem 1.1 (Infinite-horizon LQR problem) Consider a controllable
system X with state-space dynamics %x = Ax + Bu, where A € R*** B €
R**™. Then, for every initial condition xq, find an input u that minimizes the

functional
e [ [ oo

with limy_, o0 2(t) = 0, where {SQT }SJ >0 and R > 0.

It is known that for regular LQR problems, i.e., LQR problems with R > 0,
the input u that minimizes J(zo,u) in equation (1.1) can be obtained using a
static state-feedback constructed using the maximal solution of the algebraic
Riccati equation (ARE):

ATK + KA+Q+ (KB+S) R (BTK + S7) =0. (1.2)

However, for singular LQR problems, i.e., LQR problems with R singular,
the ARE does not exist due to non-invertibility of R. All LQR problems,
irrespective of being regular or singular, admit LMIs of the form:

ATK+KA+Q KB+ S
BTK + ST r |77 (1.3)

We call inequality (1.3) the LQR LMI. Interestingly, it has been established in
[19] that for any LQR problem, the optimal cost is given by o Kpaxzo, where
Kpay is the maximal rank-minimizing solution of the LQR LMI (1.3). Hence,
in order to compute the optimal cost of an LQR, problem, it is imperative that
the maximal rank-minimizing solution of the LQR LMI (1.3) be computed.
For a regular LQR: problem, the maximal rank-minimizing solution of the
LQR LMI is given by the maximal solution of the corresponding ARE. There
are numerous methods to compute the maximal solution of an ARE: see [1],
[4] for different methods.-However, these methods cannot be used to compute
the maximal rank-minimizing solution of an LQR LMI for the singular case
primarily due to the singularity of ‘R matrix. In this paper, we show that
for single-input systems, one of the methods to compute the maximal rank-
minimizing solution of an LQR LMI for the regular case (Proposition 2.5)
can be extended to the singular case. This method, for the regular case, is
based on computing a suitable eigenspace of the corresponding Hamiltonian
system [12, Chapter 5]. A direct extension of this method to the singular
case fails, since the dimension of the suitable eigenspace of the Hamiltonian
system in such a case is less than what is required to compute the maximal
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rank-minimizing solution of the LQR LMI (see Example 2.1). We show in
this paper that the Hamiltonian system based method for the regular case
can indeed be extended to the singular case by substituting the role of the
eigenspace of the Hamiltonian system in the regular case by the subspaces
namely weakly unobservable (slow) and strongly reachable (fast) subspaces of
the Hamiltonian system.

The idea of weakly unobservable and strongly reachable subspaces have been
known to be crucial in singular LQR problems (see [10], [11], [20], [21]). In
these works, the weakly unobservable and strongly reachable subspaces of a
system, on which the singular LQR problem is posed, have been characterized.
Recursive algorithms, to compute such subspaces for a system, have also been
provided in these works. We, however, apply these notions not to the system
itself, but to the corresponding Hamiltonian system that one may obtain di-
rectly by applying Pontryagin’s maximum principle (PMP) to the problem
(notwithstanding the fact that the impulsive nature of the optimal control for
singular problems makes application of PMP inappropriate). The singularity of
R (and hence of the LQR problem) manifests itself in causing the Hamiltonian
system to be given by a system of differential algebraic equations (DAEs); as
opposed to a system of differential equations in state-space form for the regular
case. The DAEs of the Hamiltonian system naturally give rise to its weakly
unobservable and strongly reachable subspaces. These subspaces ultimately
lead us to an algorithm to construct maximal rank-minimizing solution-of the
LQR LMI for a single-input system (Theorem 4.1).

In order to arrive at this algorithm, we first use the recursive algorithms to
characterize these special subspaces in terms of a suitable matrix pencil known
as the Rosenbrock system matriz (see Definition 2.2). These are the first two
main results of this paper; we develop them in Section 3 (Theorem 3.1 and
Theorem 3.2). The primary take away from the results in Section 3 is the
relation between the relative degree of the transfer function of a system and the
dimensions of its weakly unobservable and strongly reachable subspaces. We
make use of this relation and the fact that for autonomous systems the weakly
unobservable and strongly reachable subspaces are the direct summands of the
state-space to develop an algorithm to compute the maximal rank-minimizing
solution of the LQR LMI for the singular case. This is the third main result of
this paper (Theorem 4.1), which we present in Section 4. Another important
result crucial to the derivation of Theorem 4.1 is the disconjugacy property of
a certain eigenspace of a suitable matrix pencil called the Hamiltonian matrix
pencil. This is the fourth main result of this paper (Theorem 4.2) presented
in Section 4.

Application of the notion of slow and fast subspaces to the Hamiltonian sys-
tem not only leads to a method to compute the maximal rank-minimizing
solution of the LQR LMI, but also corroborates some of the findings in the
literature (see Corollary 4.3). Hence, the primary contribution of this paper is
the fact that, unlike the conventional approach ([10], [20], [21]) of applying the
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notion of slow and fast subspaces to the system, application of these notions
to the Hamiltonian system brings out further insight into the singular optimal
problem. Such an approach results in a methodology for designing feedback
controllers that solve the singular LQR problem: see [2]. In order to make
this paper self-contained, we present this result of obtaining such feedback
controllers in the form of an algorithm (Algorithm 5.1).

Another school of thought in the theory of singular LQR problems is based
on the notion of deflating subspaces; see [15], [17]. Numerical algorithms for
the computation of these deflating subspaces have been developed in [5], [16],
etc. The fundamentally different setup of our analysis does not allow for a
general comparison of our results with the results in [15] and [17]. Our results
carry forward the classical ideas developed by Silverman, Hautus, Willems, and
Kitapgi in [10], [20], and [21]. However, in Section 5.2, we provide a number
of examples that illustrate that our approach not only advances the theory
developed in [15] and [17] but also leads to practical improvements in cases
where the theory of [15] and [17] applies.

2 Notation and Preliminaries
2.1 Notation

The symbols R, C, and N are used for the sets of real numbers, complex
numbers, and natural numbers, respectively. We use the symbol R, and C_
for the set of positive real numbers and the set of complex numbers with
negative real parts, respectively. The symbol R**P denotes the set of n x p
matrices with elements from R. We use e when a dimension need not be
specified: for example, R¥*® denotes the set of real constant matrices having
w rows. We use the symbol I, for an n X n identity matrix and the symbol
Onn for an n x m matrix with all entries zero. The symbol {0} is used to
denote the zero subspace. Symbol-col(B1, Ba,...,By,) represents a matrix of
the form [Bf BY --- BnT]T. The symbol det(A) represents the determinant of
a square matrix A. Symbol rank A denotes the rank of a matrix A. We use
the symbol roots(p(s)) to denote the set of roots (over complex numbers) of a
polynomial p(s) with real or complex coefficients (counted with multiplicity).
Symbol num(p(s)) is used to denote the numerator of a rational function p(s).
The symbol o(I") denotes the set of eigenvalues of a square matrix I" (counted
with multiplicity). The symbol |I'| denotes the cardinality of a set I" (counted
with multiplicity). We use the symbol 0(A|s) to represent the set of eigenvalues
of A restricted to aspace S. We use the symbol dim (S) to denote the dimension
of a space S. The symbol img A and ker A denote the image and nullspace of
a matrix A, respectively. The space of all infinitely differentiable functions and
locally square-integrable functions from R to R™ are represented by the symbol
(R, R*) and £3,.(R,R?), respectively. We use the symbol €(R,R®)|g,

loc
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to represent the set of all functions from Ry to R® that are restrictions of
€ (R, R?) functions to Ry. The symbol ¢ represents the Dirac delta impulse
function and 6(9 represents the i-th distributional derivative of § with respect
to ¢.

2.2 Regular matrix pencils and their canonical form

Linear matrix pencils and their eigenvectors are crucially used throughout this
paper. Hence, we define eigenvalues and eigenvectors corresponding to linear
matrix pencils next.

Definition 2.1 Consider a regular matriz pencil (sUy — Us) € R[s]**®, i.e.,
det(sUy —Usz) # 0. Let A € roots (det(sUy — Us)). Then A is called an eigen-
value of (U1,Usz) and every nonzero vector v € ker (AU; — Us) is called an
eigenvector of the matriz pair (Uy,Us) corresponding to the eigenvalue A. Fur-
ther, every nonzero vector v € ker (A\U; — Us)", wherei € {2,3,...}, is called a
generalized eigenvector of the matriz pair (Uy,Us) corresponding to the eigen-
value \.

We use the symbol (U, Uz) to denote the set of eigenvalues of (Uy, Us) (with
A € 0(Uy, Us) included in the set as many times as its algebraic multiplicity).

In this paper, we extensively use one of the canonical forms of a linear matrix
pencil (see [6] for more on different canonical forms). We review the result that
leads to such a canonical form next [6, Lemma 1-2.2].

Proposition 2.1 A matriz pair (Uy,Us) is regular, i.e., det(sUyp— Us) # 0
if and only if there exist nonsingular matrices Z, and Zs such that Z,UyZy =
diag(ln,,Y) and Z1UsZy = diag(U, I,), where ny +ngs =n,U € R™*™ | and
Y € R®2X®2 g5 nilpotent.

A matrix pair (Uy,Us) in the form ({I“l Y} , {U L, D is said to be in a canon-

ical form. Further; note that det(sUi — Uz) = k x det(sl,, — U), where
ke R\ {0}.

In the sequel, we also use the notion of Rosenbrock system matrix. We define
this next [18].

Definition 2.2 Consider a system with an input-state-output (i/s/o) repre-
sentation of the form %w = Ax + Bu and y = Cx + Du. Then, the matrix

[SI:CA :g} is called the Rosenbrock system matriz.

Note that the Rosenbrock system matrix can also be written as s [{ §]—[4 B].
For the ease of exposition, we call the matrix pair ([{ 9], [4 B]) the Rosenbrock
matriz pair.
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2.3 (A, B)-invariant subspace and controllability subspace

The notions of (A, B)-invariant subspace and controllability subspace are es-
sential for this paper. We briefly review these notions next (see [22, Chapters
4 and 5] for more on these subspaces).

Definition 2.3 Consider A € R**® and B € R**"®. A subspace S C R® is said
to be (A, B)-invariant if there exists a matriz F € R™**® such that (A+BF)S C
S.

Following the notation in [22], we use the symbol J(A, B) for the family of
(A, B)-invariant subspaces. The notation F(S) is used for the collection of
matrices F' € R®*® such that (A + BF)S C S. The next proposition provides
a test for determining whether a given subspace is (A, B)-invariant [22, Lemma
4.2]. We use this test throughout this paper.

Proposition 2.2 A subspace S CR" is (A, B)-invariant if and only if AS C
S+ img B.

The notation J(A, B;ker C) denotes the family of (A, B)-invariant subspaces
that are contained in ker C', where C' € RP*®. Importantly, it is known in the
literature that the set J(A, B;ker C') admits a supremal element [22, Lemma
4.4], and we represent this supremal element by the symbol sup J(4, B;ker C).
Formally this means that for all & € J(A, B;ker C), we must have S C
sup J(A4, B;ker C'). Such a subspace is of importance to us in this paper:

Definition 2.4 Consider A € R**® and B € R**™. A subspace Z C R*
is a controllability subspace of the pair (A, B) if there exist F € R™® and
G € R*™*™ such that Z is the reachable subspace of the pair (A + BF, BG),

i.€.

% = img [BG (A+ BF)BG (A+ BF)?BG --- (A+ BF)*'BG].

We use the symbol €(A, B) for the family of controllability subspaces of (A, B).
The notation €(A, B;ker C') denotes the family of controllability subspaces
that are contained in ker C'. Similar to J(A, B;ker C), the set €(A, B;ker C)
also admits a supremal-element [22, Theorem 5.4]. We represent this element
as sup €(A4, B;ker C).

Define
B:={S€3(A,B,ker C)|IF € F(S) such that o (A+ BF)|s) S C_}.

We call any subspace in B a good (A, B)-invariant subspace inside ker C. As
shown in [22, Lemma 5.8], the set B admits a supremal element defined as
S; = supB, ie., for all elements S € B,S C S;. Hence, §; is called the
largest good (A, B)-invariant subspace inside ker C.
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Let S* := supJ(A4, B;ker C) and #* := sup €(A, B;ker C). Further, let F €
F(S*). Clearly, #* C S*, hence §* admits factoring by the subspace Z*.
Let (A + BF)|s+ denote the map induced by (A+ BF)|s+ on the factor space

S*/%*. Then, it is known that the set of eigenvalues o ((A + BF) 5*) remains

invariant for all F € F(S*). For a system with an i/s/o representation 4 =

Az + Bu and y = Cz, the complex numbers o <(A+ BF)|5*> are known

as the transmission zeros of the system. Note importantly that, for a single-
input controllable system, we have #Z* = {0}. Consequently, S*/Z* = S*,
and (A4 BF)|s« = (A4 BF)|s+. This means that for single-input systems,
o((A + BF)|s~) is the set of the transmission zeros. In other words, the set
0((A + BF)|s+) remains invariant for all F' € F(S*). Further, it can also be
shown that for a controllable and observable SISO system, o((A+ BF)|s~) =
rootsnum(G(s)), where G(s) = C(sI, — A)"1B (see [22, Section 5.5]). This
property of single-input systems is essential for the development of the theory
in Section 3 and Section 4.

2.4 Weakly unobservable and strongly reachable subspaces

Consider the system X with an i/s/o representation %z = Az + Bu and
y = Cx, where A € R** B € R*™® and C € RP*®, Associated with such a
system are two important subspaces called the weakly unobservable subspace
and the strongly reachable subspace. We briefly review the properties of these
subspaces next (see [10] for more on these spaces). Before we delve into the
definitions of these subspaces, we need to define the space of impulsive-smooth

distributions (see [10], [21]).
Definition 2.5 The set of impulsive-smooth distributions Cp 8 defined as:
Q:?mp = {f = freg + fimp ‘ freg S Q:OO(Rv Rw)hh and

k
fimp =y ;6" with a; € R", k € N}.
=0

In what follows, we denote the state-trajectory = and output-trajectory y of
the system X' that result from initial condition xy and input u, using the
symbols z(zg,u) and y(xq,u), respectively. The symbol z(07;zg,u) denotes
the value of the state-trajectory that can be reached from x( instantaneously
on application of the input u at't = 0.

Definition 2.6 A state 2y € R® is called weakly unobservable if there exists
an input u € €°(R,R™)|r, such that y(t;xo,u) =0 for all t > 0. The collec-
tion of all such weakly unobservable states is called the weakly unobservable
subspace of the state-space and is denoted by O, .
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The following property of the weakly unobservable subspace is crucially used
in this paper (see [10, Theorem 3.10]).

Proposition 2.3 The weakly unobservable subspace O, is the largest (A, B)-
invariant subspace inside the kernel of C, i.e., O, = supJ(A, B;ker C).

The other space that we are interested in, is the space of strongly reachable
states (see [10]).

Definition 2.7 A state 1 € R® is called strongly reachable (from the origin)
if there exists an input u € &, such that z(0%;0,u) = x1 and y(0,u) €
C®(R,RP)|g, . The collection of all such strongly reachable states is called the
strongly reachable subspace of the state-space and is denoted by Rs.

A method to compute the space R is given by the following recursion

Ro :={0} CR? and R;}1 := [A B] {(7/z ® X) Nker [C Op,m]} C Ry,
(2.1)

where #; == {[{] e R*™|w € R;} and & := {[J] € R*™ | € R"}. In Sec-
tion 3.1 we use this recursive algorithm to characterize the strongly reachable
subspace of a single-input system in terms of the Rosenbrock system matrix
(see [10] for more on the recursive algorithm).

Since the subspace O,, deals with inputs from the space of infinitely differ-
entiable functions, we call O,, the slow subspace of the system. Further, note
that since O,, is the largest (A, B)-invariant subspace inside the kernel of C,
such a subspace also admits largest good (A, B)-invariant subspace inside the
kernel of C'. We call such a space the good slow subspace of the system. On the
other hand, since the space Ry admits impulsive inputs, we call R, the fast
subspace of the system.

In the sequel, we use the notion of autonomy of a system and its relation with
the spaces O,, and R. Hence, we define autonomy of a system first and then
review the result [11, Lemma 3.3] that establishes a noteworthy property of
O, and R, for autonomous systems.

Definition 2.8 A system with an output-nulling representation of the form

%x = Ax + Bu and 0= Cz is called autonomous if for every initial condition

xo € Oy the system has a unique solution (z,u).

Proposition 2.4 Consider the system %1‘ = Az + Bu and 0 = Cx. Then the
following are equivalent:

1. The system is autonomous.

2. G(s) := O(sl, — A)~'B is invertible as a rational matriz.

3. Oy & Rs =R" and ker [OB,M] = {0}.
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Throughout the paper, we consider the matrix B to be of full column-rank
without loss of generality. Thus the second condition of Statement (3) is as-
sumed to hold true throughout the paper unless stated otherwise.

2.5 ARE and Hamiltonian systems

One of the widely used methods to compute the maximal solution of the ARE
(1.2) is to use the basis of a suitable eigenspace of the matrix pair (F, H),
where

I, 00 A 0 B
E:=|0L0|,and H:= | —-Q —AT —-§|. (2.2)
000 ST BT R

We call the matrix pair (E, H) the Hamiltonian matriz pair and the matrix
pencil (sE — H) the Hamiltonian pencil. The suitable eigenspace used to com-
pute the maximal solution of the ARE (1.2) corresponds to certain choice of
eigenvalues of (E, H). In order to understand this choice of eigenvalues the no-
tion of Lambda-sets is essential and hence we define Lambda-sets next ([13]).

Definition 2.9 Let p(s) be an even-degree polynomial with roots (p(s)) N
JR =10. A set of complex numbers A C roots (p(s)) is called a Lambda-set of
p(s) if it satisfies the following properties:

1. A=A,
2. AN(=A) =0
3. AU (—A) =roots (p(s)) (counted with multiplicity).

Now that we have the definition for Lambda-sets, we review the method to
compute the maximal solution of the ARE (1.2) (see [12] for more). Recall that
the maximal solution of an ARE is the maximal rank-minimizing solution of
the corresponding LMI (1.3).

Proposition 2.5 Consider the LQR Problem 1.1 with R > 0. Let the cor-
responding Hamiltonian matriz pair (E,H) be as defined in equation (2.2).
Assume o(E,H) N jR'= 0. Let A be a Lambda-set of det(sE — H) with car-
dinality n and A C/C_. Let Vip,Vop € R™*® and V34 € R™™ be such that
the columns of Vep = col(Via,Vau, Vsa) form a basis of the n-dimensional
eigenspace of (E, H) corresponding to the eigenvalues of (E, H) in A. Then,
the following statements hold:

(1) V14 is invertible.
(2) Kpax = VgAV;‘l 8 symmetric.
(3) Kpax is the mazimal solution of the ARE (1.2).
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(4) Kuax 18 the maximal rank-minimizing solution of the corresponding LQR
LMI (1.3).

(5) Kupax = 0.
Although Proposition 2.5 does not explicitly use invertibility of R while finding
the maximal rank-minimizing solution of the LQR LMI, yet the proposition

cannot be used to compute such a solution for the LQR LMI corresponding to
a singular LQR problem. We motivate the reason for this using an example.

Example 2.1 Consider a system with state-space dynamics

101 0
—x= 1012+ |1| w.
dt 110 0

For every initial condition xg, find an input » that minimizes the functional

o 000
/ ()T Qx(t) dt, where Q := {000
0 001

On construction of the Hamiltonian pencil pair (E, H) using A, By@; it can
be verified that det(sE — H) = 1 — s2. Hence, A = {—1}. The eigenvector
of (E, H) corresponding to —1,is [11-2200 O]T. Therefore, Vi4 = [11 —2]T
and Vo4 = [20 O]T. But Vi is not a square matrix. Thus, Proposition 2.5
cannot be used to solve singular LQR problems.

From Example 2.1, it is clear that Proposition 2.5 fails in case of singular LQR
problems because the degree of det(sE — H) is strictly less than 2n. This fall
in the degree causes a deficit in the cardinality of possible Lambda-sets of
det(sE — H). Indeed, a Lambda set of det(sE — H) can now have cardinality
only ng, which is strictly less than n. Consequently, the eigenspace of (E, H)
corresponding to such a Lambda-set would also show a deficit in its dimension
from being n. This deficit in the dimension of the eigenspace is required to
be compensated by (n — ng) suitable vectors. Of course, this compensation
cannot be done by arbitrary vectors. Our main result, Theorem 4.1, shows
exactly how this compensation is done.

Since we deal with the singular LQR problem for single-input systems, we
rewrite the LQR Problem 1.1 for the single-input case as follows:

Problem 2.1 (Single-input singular LQR problem) Consider a control-
lable system 3 with state-space dynamics %x = Az + bu, where A € R**™ and
b € R**L. Then, for every initial condition xo, find an input u that minimizes
the functional

J(xo,u) ::/0 ()T Qx(t) dt, where Q > 0. (2.3)
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Note that the LQR LMI (1.3) with respect to Problem 2.1 takes the following
form:

T ATK + KA >
ATK + KA+ Q Kb]%)@ { +KA+Q >0, 20

'K 0 Kb=0.

Further for a single-input singular LQR problem as defined in Problem 2.1,
the Hamiltonian matrix pair in equation (2.2) takes the following form:

I, 0O A 0 b
E:=|010|,and H:= |-Q —AT 0] . (2.5)
000 0 b0

Interestingly, the Hamiltonian matrix pencil (E, H) in equation (2.5) can be
associated with a differential algebraic system as given below:

I,b0O T A 0 b] [z
0,0 i —Q -AT 0| | =] . (2.6)
000 U 0 o’ 0] |u
——— —_————
E H

The system represented by this first order representation (2.6) is called the
Hamiltonian system; we use Xiam to denote this system (see [12] for more on
Hamiltonian systems).

Another representation of the Hamiltonian system (2.6) extensively used in
this paper is the output-nulling representation as given below:

a4 m _A m o, 0= am , (2.7)

where A := [_g —ZT}’ b= B] and ¢ := [0 b7]. Note that the Hamilto-

nian matrix pair (F, H) is indeed the Rosenbrock matrix pair for the system
X Ham- In what follows, we shall need the notion of disconjugacy related to the
Hamiltonian matrix pair [12, Definition 6.1.5]. We review this next.

Definition 2.10 Let & be an eigenspace of (E, H), where (E, H) is as defined
in equation (2.2). Assume the columns of a matriz V, to be the basis of .
Conforming to the partition of H, let V. be partitioned as col(Vy, Vs, V3).
Then, £ is called disconjugate if Vi is full column-rank.
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3 Characterization of slow and fast subspaces in terms of
Rosenbrock system matrix

Consider X5 to be a system with an output-nulling representation of the form:

d
Z7@ =Pz + Lu, and 0 = Mz, where P € RY™N L, MT € R™1\ {0}. (3.1)

Define the matrix pair

Iy 0
00

P L

U1::|: MO

] e RFDXA+D and 1, = [ } e RHDx M+, (3.2)

Note that (sU; — Us) is the Rosenbrock system matrix for the system Xp in
equation (3.1) and (Uy, Uz) is the Rosenbrock matrix pair. In this section we
characterize the slow subspace O, and fast subspace R of the system 3p in
terms of the matrix pair (U, Us). Further, we also characterize the good slow
subspace of Xp in terms of the eigenspace of (Uy, Us). Hence, we have divided
this section into three subsections; the first being characterization of the fast
subspace of Yp. In the second and third subsection we characterize the slow
and good slow subspaces of Xp, respectively in terms of the eigenspace of the
Rosenbrock matrix pair (Uy, Us).

3.1 Characterization of fast subspace in terms of the Rosenbrock matrix pair

In order to characterize the fast subspace, we need certain identities related to
the Markov parameters of the system Xp. We present this in the next lemma
and follow it up with the first main result of this section.

Lemma 3.1 Consider the system Xp<as defined in equation (3.1), and the
corresponding Rosenbrock matriz pair (Uy,Us) as defined in equation (3.2).
Assume det(sUy — Us) # 0. Define degdet(sUy — Us) =: Ng and Ng := N — Ng.
Then, MP*L = 0, for k € {0,1,...,Ng¢— 2} and MPY“~1L # 0.

Proof: Define G(s) := M(sly — P)~'L. Using the notion of Schur comple-
ment we have det(sU; — Up) = —M(sly — P)"'L x det(sly — P). Since
degdet(sU; — Us) =: Ng and degdet(sly — P) = N, the relative degree of
G(s) must be N — Ng = N¢. Expanding (sly — P)~! in a Taylor series about
s = 0o, we have G(s) = ME  MEL %;L +---. Since the relative degree of
the rational function G(s) is N¢. Hence, we can infer from the Taylor expansion
of G(s)that lim,_, o s*71G(s) = 0= MP*L for k € {0,1,...,N¢ —2}. Further
since relative degree of G(s) is N¢, limg_, o, s"G(s) # 0. Hence, M PY~1L £ 0.
|
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Theorem 3.1 Consider the system Xp as defined in equation (3.1), and the
corresponding Rosenbrock matriz pair (Uy,Us) as defined in equation (3.2).
Assume det(sUy — Us) # 0. Define degdet(sU; — Us) =: Ng and N¢ := N — Ng.
Let Ry be the fast subspace of Xp. Then, the following statements are true:
1. Ry =1img [L PL --- P%~1L].

2. dim(R) = Ne.

Proof:  (1): From equation (2.1) in Section 2.3, the recursive algorithm to
compute the fast subspace of Xp is given by:

Ro:={0} CR", and R;y1 := [P L] {(# ® #)Nker [M 0]} CR,, (3.3)

where #; = {[§] € R"™!|w e R;} and & := {[J] € R"!|a € R}. Note
that since ZNker [M 0] = £, the recursion in equation (3.3) can be rewritten
as

Ro={0} CR" and Riy1 := [P L] {(#; Nker [M 0]) & 2} CR,. (34)

Now, we claim that Ry = imgL + img(PL) + --- + img (P*"1L) for k €
{1,2,3,...,N¢}. To prove this we use the principle of mathematical induction
along with Lemma 3.1.

Base case: (k = 1) Note that since (#y Nker [M 0]) = {0} C R¥?, we must

have from equation (3.4), Ry = [P L] {{0} & &} = img L.
Induction step: Assume Ry = imgL + img (PL) + --- 4 img (P*1L) for
k < Ng. We prove that Ry.; = img L + img (PL) + - - - + img (P*L).

From equation (3.4), we have

Ris1 = [P L] {(# Nker [M 0]) ® 2}

=[P L] {((kzlimg [PéL}) Nker [M 0}) @@}

i=0
k—1
=[P L] {Z(img[PéL]ﬂker[M 0])@9}. (3.5)
i=0
Since [ 0] [PL] = MP'L =0 for i < N¢— 1 (from Lemma 3.1), we must

have Zi:ol (img [PSL} Nker [Mm 0]) = Zi:ol (img [PSL]). Thus, from equa-

tion (3.5) we have

Ris1 = [P L] {ki (img [P;LD ® @}

i=0
= img L + img (PL) + - -- + img (P"L).

By the principle of mathematical induction, we conclude that

Ry, = img L +img (PL) + --- + img (P* L) for k € {1,2,3,...,N:}. (3.6)
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This proves our claim.

Next we claim that Ry, +1 = Ry,. From equation (3.4) and equation (3.6), we
have

Ru+1 = [P L] {(#4, Nker [M 0]) ® 2}

{Nf 1 1mg .L]ﬂker (M 0])@32}
)5 (i ] e )

| + (img {PNfolL] Nker [M 0}) ® 39} (3.7)

From Lemma 3.1, it is evident that MP%~'L # 0. Hence, img [PNfo_lL} N
ker [M o] = 0. Hence, from equation (3.6) and equation (3.7) we have Ry, 11 =
Ry,. Thus, from [10] (see discussion after equation 3.22), we infer that Ry,
characterized in equation (3.6) is the fast subspace Ry of Xp, i.e., Ry, = Rs.
From equation (3.6), Statement (1) of the lemma directly follows.

(2): Define W := [L PL --- PY*~1L]. We want to show that W is full column-
rank. To the contrary, let us assume that there exists a nontrivial vector
w € R%*! such that Ww = 0. Conforming to the partition of W let w :=
col(wg, Wy, ..., Wy,—1)-

Now, we pre-multiply W with M in the equation Ww = 0 and use the fact
that MP*L =0 for k € {0,1,...,N; — 2} from Lemma 3.1:

Wo
wi

(ML mpL . mpPeL]| - | =0= MP%“ 'Luy,_; =0

Wyg —1

= wy,_1 = 0 (since MPY“~1L +#0).

Next, we pre-multiply W with M P in the equation Ww = 0 and use Lemma
3.1 with the fact that wy,—1 = 0:

wo
w1
[MPL MP?L .MP% 'L MP%L| : =0= MP" 'Lwy,_»=0
Wy —2
0
= Wy;—2 = 0.
Continuing in the same manner, it follows that w; = 0 for ¢ € {0,1,...,N; —1}.

However, this is a contradiction since we assume w to be nonzero. Therefore,
there exists no nontrivial vector in the kernel of W, i.e., W is full column-rank.
Hence, from Statement (1) of the lemma, it directly follows that dim(Rs) = Ng.
O
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The fact that the fast subspace of a system is spanned by the columns of
a truncated controllability matrix has been alluded to in [20]. However, the
important takeaway from Theorem 3.1 is the relation between the degree of the
determinant of the Rosenbrock system matrix (sU; — Us), and the dimension
of the fast subspace. We use this relation crucially in Section 4 to compute the
maximal rank-minimizing solution of an LQR LMI.

3.2 Characterization of slow subspace as an eigenspace of the Rosenbrock
matrix pair

As motivated in Section 2.4, let O,, be the slow subspace of the system Xp
defined in equation (3.1). In the next lemma we establish that O, can be
characterized by the eigenvectors of (Uy, Us).

Theorem 3.2 Consider the system Xp as defined in equation (3.1) and the
corresponding Rosenbrock matriz pair (Uy,Us) as defined in equation (3:2).
Assume det(sU; — Us) # 0 and degdet(sU; — Uz) =: N5. Consider Oy to
be the slow subspace of Xp. Let Vi € RV gnd V, € RV be such that
col(V1, Vo) is full column-rank and

AR L o] |7
Vil _ Vil g 3.8
{M 0} Va [0 0} Vol (3.8)
—— ——
U2 Ul

where J € R¥*Y and o(J) = roots (det(sU; — Us)). Then, the following
statements are true:

1. O, = imgffl.
2. dim(0,) = N,.

3. \71 is full column-rank.

Proof: (1): From equation (3.8), it is clear that PVi+LVy =V J. Hence, by
Proposition 2.2, img 171 is a (P, L)-invariant subspace. Further, from equation
(3.8), MV, = 0. Therefore, img V4 €73 (P, L;ker M). We claim that imgV; =
supJ (P, L;ker M) = O,, (Proposition 2.3).

Let us assume to the contrary that imng is not the largest (P, L)-invariant
subspace inside ker M. Then, there exists a nontrivial subspace Ve such that
the space imgVy & V, = O, where dim(),) =: . Let V., = imgV,, where
‘76 € R¥ is a full column-rank matrix. Since img ‘71 ® Ve = Oy and O, is
(P, L)-invariant inside ker M, PV, C O,, + img L (by Proposition 2.2) and
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MYV, = {0}. Therefore, there exist T; € R Ty € R%*¢ and T3 € R*** such
that

PV, = LTy + [V V.| [ and MV, = 0. (3.9)

15

Therefore, writing equation (3.8) and equation (3.9) together we have

pL[Vi Vo] [wol[v V.| [Jm (310)
MO||Vo—Ty| |00]| [V —-Ty| |0Ts]" ’
~—— S——

U1 U2

Since (sU; —Us) is a regular matrix pencil, we can rewrite (U, Usz) in the canon-
ical form as motivated in Section 2.2. Therefore there exist nonsingular ma-

trices Z1, Zo € ROHFDXWHY) quch that Uy = Zy [§ 9] Z2 and Us = Z1 [ 9] Z,
where Y € ROHI=N)xWH+1-N.) jg 5 pilpotent matrix. Define Uy := [} ¢] and
Uy = [ 9]. Using this in equation (3.10), we have
J0l, Vi Ve 10 Vi Vo |[JTs
Z Zs =7 Zo | = . 3.11
1{01] Vo —T) 1[01/] N -1y [OTg] (3:11)

From equation (3.11) it is clear that img (Zg [‘21}) is the eigenspace of the

matrix pair (171, (72) Note that any eigenvector (or generalized eigenvector)
of the matrix pair (U1, Uy) will be of the form col(w,0) € ROFDX1 where
w € RY%*1 is an eigenvector (or generalized eigenvector) of .J. Therefore, there

%) e

RO+DXN Define Z, {Yi} =[], 71 € R%** and Ty € ROFL=NIXE Thyg,

from equation (3.11) we have
JO| [Ty, Tx _ |10 Ty, 11| [J T> . (3.12)
07110 1y 0Y| |0 7] |0T5
Thus, we have 1o = Y1515 = Y1 15 = Y2T2T32 = 75. Using this line of
reasoning, it is evident that Y*15TF = 71, for all k € N. Since Y is a nilpotent

matrix, there exists an ¢ € N such that Y? = 0. Therefore, we must have
Y5 = 0. Since, Ty, is a-nonsingular matrix, img 1y C Ty_. Thus, we have

must exist a nonsingular matrix Ty, € R%*¥ such that Zs [“;1} — [
2

img[%]:img[%] - 1mg[TNS]:>1mg{ } C img [Vl} = img‘/}E - img\/}l.

Therefore, there does not exist any nontrivial subspace V. such that img 171 &,
V. = O,. This is a contradiction to imgV; # supJ (P, L;ker M). Hence,
img Vi = O,.

(2): Define G(s) := M(sly — P)~'L. Further, note that det(sU; — Us) =
det(—M (sly— P)"'L) x det(sIy — P). Since det(sU; — Us) # 0, det(M (sIy —
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P)~1L) # 0. Hence, G(s) is nonzero rational function. Therefore from Propo-
sition 2.4 we have O, ® R = R". From Statement (2) of Lemma 3.1, we know
that dim(Rs) = N — Ng. Therefore, dim(O,,) = Ns.

(3): From Statements (1) and (2) of this theorem, it follows that dim(O,,) =

dim ( img ‘71 = Ng. Therefore, 171 is full column-rank. O

Next we characterize the good slow subspace of the system Xp in terms of the
eigenspace of the Rosenbrock matrix pair (Uy,Usz). From Theorem 3.2 it is
clear that the columns of V; is the basis of @,,. Further, from equation (3.8)
we know that

~ ~

P L] |\ Iyo| |Vh
A~ = A~ . .1
{MO} Vs [0 0} |7 (8.13)

Assuming that o(J) N jR = 0, it is clear that o(J) can be partitioned as
o(J) = og(J)Uou(J), where o4(J) C C_, 0u(J) C C*. Therefore, there exists

Jg 0

a nonsingular matrix 7" such that T-1JT = { } where o(Jg) = 0g(J)

0 Jy
and o(J,) = op(J). Define Vi T = Vig Vv where the partitioning is
Va Vog Vap

done conforming to the partition in 7-1JT. Then, equation (3.13) takes the
following form:

~ ~

P L Vl IN 0 Vl 1
~|T= ~ |\ TTJT
[M 0} Va {0 0] Vs
P L f}lg Vi Iy0 ‘71g Vio Jg 0
= 5o | = 5° = : 3.14
[M 0} Vag Vo [0 0] Dig Van| |0 Jh (3:14)
Assume |og(J)| = |o(U1, U2)NC_| =: Ng. Obviously, from the discussion above

Vig € R¥ M. We claim in the next lemma that the good slow subspace of the
system Xp is given by img Vi,.

Lemma 3.2 Consider the system Xp as defined in equation (3.1) and the
corresponding Rosenbrock matriz pair (U1,Us) as defined in equation (3.2).
Assume det(sU; — Ug) # 0 and o(Uy,Us) N jR = (. Define the family of
subspaces:

B:={S €3(P,Lker(M)|3F € F(S) such that o (P + LF)|s) CC_}.

Let O,y = sup B. Consider IA/lg € R qs defined in equation (3.14), where
lo(U1,Up) NC_| =:Ng. Then, the following statements are true:

(1) \71g is full column-rank.
(2) img‘A/lg = Ouyy-
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Proof: (1): Since by construction IA/lT = [‘A/lg 1714 with T being nonsingular

and V; full column-rank (by Theorem 3.2), we must have ‘A/lg full column-rank,
as well. R

(2): Using Proposition 2.2, from equation (3.14) we can infer that img V), €
J(P, L;ker M). Further note that since ‘A/lg is full column-rank (from State-
ment (1) of this lemma), there exists F' € R*¥ such that ‘72g = F‘A/lg. There-
fore, from equation (3.14) it further follows that (P + LF)‘71g = Vngg =

((P—i—LF)|mg‘71 ) =0(Jg) € C_ and F € F(img ‘A/lg) Therefore, img ‘A/lg

B. Let us assume to the contrary that img Vlg C Ouwg. Then there exists a

nontrivial subbpace V such that img Vlg ® YV = Oyy. Define dlm(V) =: Ny.

Let V =: imgV, where V € R¥*¥ js full column-rank. Following the same

line of argument as in the proof of Statement (1) of Theorem 3.2, there exist

T, € RVNe T, € R%XNe and T € RYXNe gych that

PV = LT, + {f/lg 17} ,MV =0 and o(T3) C C_. (3.15)
3

Therefore, from equation (3.14) and equation (3.15) we have

N

Jg Ty

0 T3

Vig V
‘/2g _Tl

Vig V

do(Ty)Ua(,) CC..
Do and o(T3) Uo(Jg) &

(3.16)

Now there exist nonsingular matrices Z;, Zo € RMDXO+L guch that U; =
Z1 [ 0] Zy and Uy = Z1 [ 9] Zo. Therefore, equation (3.16) takes the follow-
ing form:

J 0 V1 1% 10 Vie V | [ T
Z Zo | e | =2z Z, | e V| |78 L 3.17
1[01} 2 Vg —Th 1[01/] ? | Vog —Th| | 0 T (3.17)
S—— ~——
(72 ﬁl

From equation (3.17) it is clear that img (Zg [:;15
2,

g

D is a subspace of the

eigenspace of the matrix pair ((71, ﬁg) Note that any eigenvector (or general-
ized eigenvector) of the matrix pair (U1, Uy) will be of the form col(w,0) €
RM+DX1 " where w € R%*! is an eigenvector (or generalized eigenvector)
of Jg. Thus, there exists a full column-rank matrix Ty, € RY>*N guch that

Zy [Ylg} = [ng} e RO+DXNe Define Z, {_‘Z } =: [%}, where 7] € RY-*"

Vgg Tl
and 7y € ROH1-N)xNs  Thys from equation (3.17) we have
J 0] | Ty, @ _[10]|T, @ Jg :@ (3.18)
0I]|0 2» 0Y| |0 Xu| |0 T3 '
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From equation (3.18), we have fg = Y?gf 5. Using the fact that Y is nilpotent
it can be shown, similar to the proof of Statement (1) of Theorem 3.2, that
75 = 0. Hence, equation (3.18) can be rewritten as

Jg Ty

I\, ) = |m T | il (3.19)

It follows from equation (3.19) that o(Jg) U o(T3) C o(J). But, recall that
o(J)NC_ = o(Jg), and o(J) N jR = (. Therefore, we must have o(Ts) C C+.
However this is a contradiction to the fact that U(fg) C C_ (see equation
(3.15)). Therefore, there exists no nontrivial subspace V such that img ‘71g &

V = Oyy4. Hence, ‘A/lg = Oyy- O

4 Constructive solutions of the LQR LMI for single-input systems

At the very outset of this section, we present the first main result of this section
that leads to a method to compute the maximal rank-minimizing solution of
an LQR LMI. As motivated in Section 1, the next theorem also provides a
method to compute the optimal cost for a singular LQR problem.

Theorem 4.1 Consider Problem 2.1 with the corresponding Hamiltonian ma-
triz pair (E, H) as defined in equation (2.6). Assumeo(E, H) N jR =0 and
det(sE — H) # 0. Define degdet(sE — H) =: 2ns. Let A be a Lambda-set of
det(sE — H) with cardinality ng < n such that A C C_. Let Vi, Vap € R2X2e
and Vzp € RY¥®s be such that the columns of Vep = col(Via, Van, Vaa) form
a basis of the ns-dimensional eigenspace of (E; H) corresponding to the eigen-
values of (E,H) in A, i.e.,

A 0 b|[Via I, 0 0][Via
—Q —AT 0||Vau| = |0 L, 0] [ Vau | T, (4.1)
0 b7 0][Vaa 0 0.0][Vsa

where o(I') = A. Construct V = col (Vi4,Vaa) and assume ng := n — ng.
Define W = [b Ab -+ gnf_lg] € R?™X%  ywhere 2,3 and € are as defined in

equation (2.7). Let X, = [VA W} = [ﬁ;ﬂ, where X114, Xoa € R*™®. Then,
the following statements hold:

(1) X1a isinvertible.

(2) Kuax := XQAXfAl is symmetric.

(8) Kupax is a rank-minimizing solution of LMI (2.4).
(4) For any other solution K of LMI (2.4), K < Kpax-
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(5) Kmax = 0.

We defer the proof of this theorem till the development of a few auxiliary re-
sults. Note the close parallel between Proposition 2.5 and Theorem 4.1. For the
case when ng = 0, i.e. the regular LQR case, Theorem 4.1 is indeed equivalent
to Proposition 2.5. Thus, Theorem 4.1 is a generalization to Proposition 2.5.
To demonstrate that Theorem 4.1 finds the maximal rank-minimizing solution
of the LQR LMI (1.3), we revisit Example 2.1 that we have previously failed
to solve using Proposition 2.5.

Example 4.1 Note that in Example 2.1, we have n = 3 and ny = 1. Thus,
ns = n —ng = 2. Therefore, using Theorem 4.1, we have
00

309

=1 200 :>Kmax:{
000
000

oo

00
00|.
00

It can be verified that LQR LMI (2.4) evaluated at Kp., turns out to be

vy W] = {VM b Ab}

Vaa 0 0

4020

999 8} > 0. Further, rank(Kp,;) = 1. This is the minimum rank achievable
0000

v t

by the LQR LMI (2.4) (see proof of Statement (3) of Theorem 4.1 in Section
4.3 for the justification of the LQR LMI’s minimum rank being 1 in this
case). Further, Ky, is also the maximal solution of the LQR LMI (2.4) (see
proof of Statement (4) of Theorem 4.1 in Section 4.3 for a justification of this
claim). Thus, from the example it is clear that Theorem 4.1 indeed provides
a method to compute the maximal rank-minimizing solution of an LQR LMI
corresponding to a singular LQR problem.

Now we relate the results in Section 3 with the Hamiltonian system Xyam
defined in Section 2.5. Using the parallel between the output-nulling repre-
sentations of Xp (in equation (3.1)) and Xyam, (in equation (2.7)), we de-
fine P := E, L = Z, M := ¢, Uy := E, and U, := H. Further, we have
degdet(sE — H) = 2ng. Therefore, Ny =2ng and Ny = N—Ng = 2n— 2n, = 2n;.
Hence, Theorem 3.1, Theorem 3.2, and Lemma 3.2 can be directly applied to
the system Y'pam-

Note that since |0(I")| = ns and o(E, H)NC_ =0(I), in terms of Lemma 3.2

we have N; = ng. Further, since [“gﬂ € R**?= we must have from Statement

(1) of Lemma 3.2 that [%3 ] is full column-rank. From Lemma 3.2 it is also evi-

dent that img [%2‘ } is the largest good (2, 3)-invariant subspace inside the ker-
nel of ¢. Hence, the good slow subspace of Xxam is given by O,g = img [&2 ]
Further, using Theorem 3.1, it is also evident that imgW C R, where W
is as defined in Theorem 4.1 and R, is the fast subspace of YXy,y. For easy

reference in the sequel, we formally state these implications as a lemma next.

Lemma 4.1 Let Via,Von, W be as defined in Theorem 4.1. Let Oy and R,
be the good slow subspace and fast subspace of Xyam, respectively. Then, the
following statements are true:
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(1) [&;‘] is full column-rank.

(2) Owy = img [[11].
(3) imgW C Rs.

Before we start developing the results required for the proof of Theorem 4.1,
we review a result that establishes the relation between the basis vectors of the
left- and right-eigenspaces of the Hamiltonian matrix pair (see [12] for more
on these properties).

Proposition 4.1 Let the columns of Vepg = col(Via, Vaa, V3a) be the eigenba-
sis of (E, H) corresponding to the eigenvalues in A, where E, H, Vi, Vaa, Vaa,
and A are as defined in Theorem 4.1. Then, the following statements are true:

1. Rows of [sz;l -V V;;l] form a basis of the left eigenspace of (E, H) cor-
responding to eigenvalues in —A.

2. ViyVan = Vi Via.

These properties of the eigenspaces of (F, H) is crucially used in the sequel.
Now we develop the results required for the proof of Theorem 4.1. The first
step in the proof of Theorem 4.1 is the following theorem:

Theorem 4.2 Let Vi 4 be as defined in Theorem 4.1. Then, V1 4 is full column-
rank.

Since the columns of V4 form a basis of an eigenspace of (F, H), in terms
of Definition 2.10, Theorem 4.2 establishes that the subspace img V.4 is dis-
conjugate. We develop the proof for the disconjugacy of img V4 in the next
section.

4.1 Disconjugacy of img Ve

We prove Theorem 4.2 using a few auxiliary results that we present next.

Lemma 4.2 Define the following family

Bs :={V C R*|IF € R"*® such that (A+bF)V CV,QV =0,
o((A+bF)ly) S C_}.

Then, Bx, has a unique supremal element.

Proof: 1t directly follows from [22, Lemma 5.8]. O

Note that the unique supremal element of By is indeed the largest good (A4, b)-
invariant subspace inside the kernel of @. In the next lemma we establish the

relation between this subspace and the subspace O,,, = img [&ﬂ of Zram.
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Lemma 4.3 Let V, := sup Bx. Suppose Vy € R**€ be such that Vg is full
column-rank and imgVy, = V. Define Vgpan = img [J:ﬂ. Let Vip,Vop €
R**= be as defined in Theorem 4.1. Then, Vegan C img [“gﬂ In particular,

if g = dim (V) = ng then Vegan = img [%2‘ ]

Proof: Since Vg = img Vi € By, there exists F' € F(V,) such that (A+bF)Vg =
VgJg, where J; = (A + bF)|y, and QV = 0. On defining V3, := F'V we can,
therefore, have the following equation:

A0 ][V L 0 0][ Vg 2l el o1 Ve
—Q —AT 0 Ong| = |0 L0 |Ong| Jg = 50 Ong| = { én 0} Ong | Jg-
0 b7 0] Vs 0 0 0] [V Vg Vag

(4.2)
Thus, 0(Jg) € o(E, H). Using Proposition 2.2 in equation (4.2) we can infer
that Vggan = img [O‘f‘g} is an (E,Z)—invariant subspace. Further, using the fact

that ¢ [O‘Sﬂ = 0 in equation (4.2), it is evident that Vggan is indeed an (A;D)-

invariant subspace inside ker¢ with o(Jg) € C_. Since O, is the largest

good (g,g)—invariant subspace inside ker ¢, we have Vggan C O,y = img [“gﬂ
(Statement (2) of Lemma 4.1).
If g = ng, then Vgpap = img [“2;‘] is trivially true. O

Since img [(ng] C img [%ﬂ and [“22] € R#X®: ig full column-rank (State-

ment (1) of Lemma 4.1), it is evident that there exists a full column-rank
matrix [“29] € R?x(®:=8) guch that img [o‘fg 5:] = img [%3] The next

lemma deals with such an extension.

Lemma 4.4 Let Vi, Voo € R**(®~8) be such that [0‘:1 é} is full column-
rank and img[o‘fg “ﬁ;} = Oug, where Opy = img[“gﬂ with Vi, Vap as

defined in Theorem 4.1 and Vg is as defined in Lemma 4.3. Then, the following
statements are true:

1. Vi is full column-rank.

2. [Vg Vle] 1s full column-rank.

Proof: (1): Since img [\gg “2} is an (ﬁ,g)-invariant subspace inside ker ¢,

there exist Vie € R1*®:=8) T, ¢ ReX(=8) and Ihy, € R®—8)x(n—8) gych
that

~ [ V1e o ‘/g Vie 7 | Vie o
A |:‘/2e:| = [0:| Is + |:‘/2e:| I — bV3e, and ¢ |:Vge:| =0. (43)
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Now writing equation (4.2) and equation (4.3) together, we have

A 0 b] Ve Vie I 0 0] [V Vie

I
—Q-ATO0| | 0 Vool = |0 1,0 | 0 Vae [‘ég F”} . (4.4)
0 b7 0] [Vag Vae 0 00] [Vag Vae 2

Since img [o‘fg “ZJ = Oyyg, from equation (4.4) we have o ({‘ég ll:;z]) cC. =

o(I53) € C_. From equation (4.4) we have the following equations:
AVie +bVae = Vegl'io + Vielna, (4.5)

—QVie — ATVae = Voo Iys,
b Voo = 0.

From Statement (2) of Proposition 4.1, we can infer that

Vi Ve =0,

4.8
V27;V1e = VlzejVZe ( )

072" [V Vel = [ Vi) [0 V2] = {

Now pre-multiplying equations (4.5) and equation (4.6) with VoL and —ViL,
respectively and adding, we get
Voe AVie + VoobVae + Vi,QVie + VigAT Vae
=V VeI'io + Vo VieI sy — VL Vae Iy (4.9)
Using equation (4.7), equation (4.8) in equation (4.9) , we have
Vi AVie + ViEQVie + VIEAT V), = 0. (4.10)

Now we prove that Vs, is full column-rank by contradiction. Hence, to the
contrary, let us assume V5, is not full column-rank. Therefore, there exists a
nonzero w € R(®~8*1 guch that Vaew = 0. Pre- and post-multiplying equation
(4.10) with w” and w, respectively, we get w? VLQVi,w = 0. Since Q > 0, we
must have

QView = 0 =ker Vo, C ker(QV1e). (4.11)

Post-multiplying equation (4.6) with w and.using the fact that Vaew = 0 and
QView = 0, we have

—QView — AT Vagw =VoeIoow = 0= VagInow = ker Vo, is Ihp-invariant.
(4.12)

Therefore, from equation (4.12) it follows that there exists a full column-rank
matrix 7 € REs—8)%® guch that, Vgef =0 and Fggf = Tf, a(f) Co(Iy) €
C_. Further, from equation (4.11), we must have QVlef = 0. Post-multiplying
equation (4.5) by T, we get

AVlef + bV3eT = ‘/gplgf + Vlepggj: = A‘/lej: + b‘/gef = va[‘12j: + ‘/Yleff.
(4.13)
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Using Proposition 2.2 in equation (4.13) combined with the fact that img Vj is

a good (A, b)-invariant subspace and o(I") C C_, we infer that img {Vg Vlef}
is also a good (A,b)-invariant subspace. Further, @ [Vg Vlef} = 0. Thus,
img [Vg Vlef} € By, where By is as defined in Lemma 4.2. Since Vg = sup By,
and imgV, = Vg, we must have img [Vg Vlef} = V,. Therefore, there exist

a1 € R&! and a nonzero ap € R**! such that Vyay + VieTas = 0, ie.,

[‘gg “2} [7322] = [Vga‘l/j%éj”} = 0 (Recall that VaeT = 0). Note that since

T is full column-rank, Tag = (0. Thus, we have a nonzero vector [; ;2} inside

ker [‘6% “29} This is a contradiction to the fact that [

rank. Thus, V5. must be full column-rank.

Ve Vi

o sz is full column-

(2): To the contrary, assume that [Vg Vle] is not full column-rank. Then, there
exist /1 € R&*! and By € R@~8)*1 gych that [’g;} # 0 and VgB1 + Viefla = 0.

Now pre-multiplying equation (4.5) with V5L and adding it to the transpose
of equation (4.6) post-multiplied with V., we have

VaeAVie + VagbVse — VigQVie — Voo AVie
= Vb Vel + Vb VieTog + TH VA Vi (4.14)
Using equation (4.7) and equation (4.8) in equation (4.14), we have
I3 VaeVie + Vo Vielns = —Vi QVie. (4.15)

Now we assume that there exists a nonzero y € ker (ViLVj,). Pre< and post-
multiplying (4.15) by y7 and y, respectively and using equation (4.8) we have
YT I5VoeViey + 47 VogViel ooy = =4 VieQViey = y" VieQViey = 0

= QViey = 0. (4.16)

Now, post-multiplying equation (4.15) with y and using equation (4.16), we
have

Vit Vielaoy = 0 = kex (VL Vi,) is Ip-invariant. (4.17)
Therefore, using equation (4.17) and the fact that o(I32) € C_, we have

3 a nonzero ¢ € C®78*1 guch that Vit Vieq = 0 & I'noq = pgq, where € C_.
(4.18)

Post-multiplying equation (4.6), by ¢, we have —QVieq— AT Voeq = Voo Inaq =
ATVieq = —uVaeq. If Vaeq is nonzero, then it is a left-eigenvector of A. How-
ever, from equation (4.7) we can infer that (Vaeq)”b = 0. This means that the
system (A,b) is uncontrollable. This is a contradiction. Therefore, V2oq must
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be a zero vector. Now from the fact that V5, is full column-rank (Statement
(1) of this lemma), it is evident that ¢ = 0, which contradicts equation (4.18).
Thus, our initial assumption that there exists a nonzero vector y € ker (Va Vie)
is not true. Hence, ker(VLVie) = {0}.

Recall that we have assumed V31 + VieB2 = 0. Pre-multiplying this equation
with Va4, we have VA VyB1 + VoL VieB2 = 0. Using equation (4.8) and the fact
that ker(VoLVie) = {0}, we have ViLVi.s = 0 = B2 = 0. Thus, we have
VeB1+ VieB2 = 0 = VgB1 = 0. However, since V4 is full column-rank, we must
have 5; = 0. This is a contradiction to the fact that [g;] # 0. Hence, [Vg Vle]
is full column-rank.

Now using Lemma 4.4, we proceed to prove Theorem 4.2.

Proof of Theorem 4.2: Since img [“22‘] = img [‘(/)g é}, where V, € R**€, and

Vie, Voo € R2*(@:-8) is as defined in Lemma 4.4, we must have imgVi, =
img [Vg V1e]- Note that the number of columns of Vi, and [Vg V1e] are the
same. Therefore, using Statement (2) of Lemma 4.4 it follows that V1,4 is full
column-rank. (]
Since V14 is full column-rank, it follows from Definition 2.10 that img Vi, is
disconjugate. This property of disconjugacy is crucially used to prove Theorem
4.1. Apart from this property, there are a few more identities that are required
to prove Theorem 4.1. We present these identities as two lemmas in the next
section.

4.2 Auxiliary results for the proof of Theorem 4.1

In this section, we present two lemmas that establish a few identities involving
the system matrices (A, b), cost matrix @) and a solution K of the LQR LMI
(2.4). These identities are crucially used in the proof of Theorem 4.1.

Lemma 4.5 Let (E,E, ¢), Q and ns be as defined in Theorem 4.1. Then, the
following statements are true:

(1) EA¥b =0 for k € {0,1;...,2(ng — 1)}.
(2) QA =0 for £ €40,1,...,n¢ — 2}.
(3) Al = col(AD,0) and ¢A* = [0 (—1) (AD)T] for £ € {0,1,...,n; — 1}.

Proof: (1): We define P := A\, L := 3, M :=¢ U := F,and Uy := H in
Lemma 3.1. Further we have degdet(sE — H) = 2ng. Therefore, Ny = 2n,
and N = N — Ng = 2n — 2ng = 2n;. Therefore from Lemma 3.1 Statement (1)
immediately follows.

(2) and (3): Now, we use induction to prove these statements.
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Base step: (¢ =0) Using Statement (1) of this lemma we have

cAb=0= [0b"] [_AQ _I(H m =bTQb = 0. (4.19)

Since @ > 0, using the property of positive-semidefinite matrices in equation
(4.19) we get Qb = 0. Further, b = col(b,0) and ¢ = [0 b7] by definition.
Induction step: Assume

QA% =0,A = col(A%,0), and CA! = [0 (—1)T(AT)*], where {<n;—2.
We prove that

QA 1p =0, A1 = col(A"1,0), and A = [0 (—1)T1pT (AT)EH] .

Note that
A+ — A 0 Al _ Aty _ A1y
—Q —AT 0 —QA% 0 ’
T A0
CA" = [0(—1)*(A"D)T] {—Q—AT}

_ [(71)Z(QA£Z))T(71)Z+1(A£+1b)T:|: [0(71)Z+1(AZ+1b)T] .

Since £ < ng —2 = 2 + 3 < 2n; — 1, using Statement (1) of this lemma and
the induction hypothesis, we have

CA Y = 0 = (GATA(ATD) =0

e[ 5[5

= (A1D)TQ(A™ b)) = 0= QA*Tb = 0 (Since Q > 0).
This completes the proof of Statements (2) and (3) for £ € {0,1,...,ns — 2}.
In what follows we complete the proof of Statement (8) by proving the iden-

tity for the case £ .= n; — 1. An—1p — {7‘4@ 72T?| [AnfO_Qb] = [Anfo_lb] (Since

QA™~2p = 0 from Statement (2) of this lemma). Similarly,
’C\IZ[Ilf—l _ [(_l)nf—l(Anf—2b)TQ (_1)nf—1(Anf—1b)T]
= [0 (1)t (A1) T

This completes the proof of Statement (3) of this lemma. O

Lemma 4.6 Let K be any solution of the singular LQR LMI (2.4) with
degdet(sE — H) = 2ng and ny := n — ng, where (E,H) are as defined in
Theorem 4.1. Then, for any « € {0,1,...,n; — 1}, KA*b = 0.
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Proof: We prove this using induction and Lemma 4.5.

Base case: (a = 0) Since K is a solution of the LQR LMI (2.4), Kb = 0 is
trivially true.

Inductive step: Suppose o < ns — 1. Assume KA©@~Dp = 0, we show
that KA%b = 0 . Pre- and post-multiplying £(K) := ATK + KA + Q by
(AC=DUP)T and A=V, respectively, we get (A@~Dp)TL(K) (A= Db) > 0.
Opening the brackets and using the inductive hypothesis this inequality be-
comes (AVp)TQ(AC=Db) > 0. Further, using Statement (2) of Lemma
(4.5) in this inequality, we get (A<a*1>b)T Q (Al=Vp) =0 = L(K)A Db =
0 (Since L(K) > 0). Therefore, (AT K+KA+Q)A Vb =0 = ATKAle=Dp4
KA“b + QA“~Dp = 0. Using inductive hypothesis and Statement (2) of
Lemma 4.5, we therefore have K A%b = 0. O

Now that we have developed all the crucial results required to prove Theorem
4.1, in the ensuing section we prove Theorem 4.1.

4.3 Proof of Theorem 4.1

Proof of Statement (1) of Theorem 4.1: Partition W =: [%; |, where W1, W5 €
R**2: Using Statement (8) of Lemma 4.5, it is evident that

W1

W=

}=[3213... gnf13]:'bAb...Anf1b]:>{W1_[bAb,,, Anf_lb}’

00 -+ 0 Wo =04 r,.
(4.20)

[ X
Therefore, X, = [XA W] = Via Wl} = [ 14

_Vv2/1 On,nf X2/1
that X154 = [VM Wl] is invertible.

]. Then, we need to prove

Note that since Vi, is full column-rank (Theorem 4.2), there exists F' € R1*®
such that V54 = FVj4. Thus, from equation (4.1), (A+bF)Vis = Vial. Define
Wig := [b (A+bF)b --- (A+bF)*~1b]. Then, clearly imgW; = img Wir. Since ¥
is controllable, Wy is full column-rank <> Wi is also full column-rank. Thus,
proving X 4 is invertible is equivalent to proving Xy := [Via Wir | is invertible.

Now, we extend the columns of V14 to form a basis of R®, say B. Without loss
of generality, we assume that the matrices A, b are represented in the basis B.
Since Vi 4 is (A, b)-invariant, in the new basis (A+bF) must have the following

structure A + bF = [’%1 f}ii }, where Ay; € R®*2 and A,y € R®0a)x(m0s)

Conforming to the partition in A 4+ bF', we partition b =: [g; ] Note Vj4 in
the basis B is of the form [IBS]. Further, Wir in this new basis B has the

following structure Wi = [51 * where % are suitable matri-

*
by Aaaby - Anf*152:|’
ces with elements from R. Since the system is controllable, we have (A,b)
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controllable < (A + bF,b) controllable = (Ags, bs) is controllable. Therefore,

T = [bs Assbs - A '] € R™*™ is a nonsingular matrix. Now, note that
the matrix X1, = [Via Wir] in the basis B takes the form [’ *]. Thus, X,

is a block upper-triangular matrix with the diagonal blocks I,,, and T' being
nonsingular. Therefore, X1, is invertible and hence X7, is invertible. O

Proof of Statement (2) of Theorem 4.1: To prove XQAXl_Al = (XQAXl_Al)T is
equivalent to proving XlTAXgA = XQTAXM. Hence instead of proving X2/1X1_A1
= (XQAXl_Al)T we prove that X7 Xo4 — XZ, X114 = 0. Now, using equation
(4.20) to evaluate X7, Xo4 — X1, X14, we get

T T Vi Vi
XipXoa — X9 X140 = W [Vaa Ogm, | — 0 [Via WA
1 ng,n
— Vl,I.;XVQA; ‘/27;1V1A 7‘/27;1W1 . (421)
W1 VZA Onf,nf

From Proposition 4.1, we have V{}, Vo4 = V31, V4 4. Hence, to prove X{, Xo4 —
XTI, X14 =0, we need to prove that V,, W; = 0. From equation (4.1), we have

—QVip — ATVoy = Voul' = VEQ + VLA = —T'TV]. (4.22)

We first prove that V;; A¥b = 0 for k € {0,1,...,n; — 1} using mathematical
induction.

Base step: (k= 0) V,[,b =0 follows from equation (4.1).

Induction step: Let V2TAAkb = 0 for k < ns —1. We prove that VQTAA’“‘Hb =0.
Post-multiplying equation (4.22) with Ab gives VL, QA*b + VL AkF1y =
—I'TVH A*b. Since k < ny — 1, we know that QA*b = 0 (Lemma 4.5).
This equation along with the inductive hypothesis imply that V27;1Ak+1b =0.
Hence, by mathematical induction, we have proved that ‘/'27;114’“1) = 0 for
k€{0,1,2,...,n; — 1}. In other words, we proved that

Vi [b Ab -+ Am=1p] = 0= Vi, Wy = 0. (4.23)

Thus, from equation (4.21), we have X1, Xo4 = XI, X1 4. Therefore, XQAXl_Al
is symmetric. ([l

Proof of Statement (3) of Theorem 4.1: Define £(Kpayz) := AT Kpax + Kpax A+
Q. Evaluating X7, £(Knax) X124, We get

Vlj;lc(KmaX)‘/lA VE}AC(Kmax)Wl

XT L(Kuax) X14 =
i Ream) 00 =40 1 1 Vg WL (Kwe) W

(4.24)

Note that KusVis = Xoa X Via = [Vaa Wa] [Via Wi] ™' Via = Vaa, and
KausW1 = [Vaa W] [Via Wi] ™ Wi = Wy = 0 (From equation (4.20)). Using
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the fact that KpaxVia = Vaa and evaluating VI £(Kpax)Via gives

Vlz;l‘c(Kmax)VlA = VIA(ATKmax + KmaxA + Q)Vl/l
A 0 Via
= [VQT;l 7V17/1J |:_Q _AT:| |:‘/2A:| (425)
Using equation (4.1) and Proposition 4.1 in equation (4.25), we have

V; b
Ve Vin = [V Vi) ([122] 2= [o] vaa) = —viiomas o

(4.26)

Using the fact that KuayVia = Vau and Kpax W1 = 0 to evaluate Vi £( Kpax) W1
gives

VI L (Fax) W1 = VAT Koax W1 + Vi Koy AW+ VI QW
= Vap AW1 + VL QW1 (4.27)

Post-multiplying equation (4.22) by W; and using it in equation (4.27) gives

VIAL(Knax) W1 = VQQWi + V3 AWy = TV W (4.28)
From equation (4.23), we have VL, W1 = 0. Thus, V{5 £(Kpax) W1 = 0.
Since Kp.xW7 = 0, we must have

W L(Knax) W1 = Wi AT Knaa W1 + Wi Koax AW1 + W QW = W QW1
Now, using Statement (1) of Lemma 4.5, we have
Wl QWr = {O“g::_“fl)‘“ ( Anf?‘,;‘;;gjlnflb] :

Thus, equation (4.24) becomes

0 n— n— 0 n—1),
e { (oli)’fnl) (Anf—lz(a)Tlc)zan—lb} B

Since @ > 0, we have (A2~ 10)T QA ~1b > 0. Therefore, X{, £(Kpax)X14 = 0.
Since X7, is invertible, we must have £(Kgay) > 0. Next using Statement (2)
of this theorem and the fact that V;},b = 0 from equation (4.1) we have

_ _ v [V
Kaaxb = Xoa X700 = (X )T X500 = (X )T { (Q)A] b=0. (4.30)

Thus, Kyax is a solution of the LQR LMI (2.4). From equation (4.29), we infer
that rank(L(Kpax)) is either 0 or 1.

Note that rank(L(Kp.)) = 0 is equivalent to £(Kgax) = 0, i.e., AT Kpay +
KpaxA+Q = 0 and Kpaxb = 0. The equations ATK +KA+Q =0 and Kb =0
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are the continuous generalized constrained ARE (CGCARE) corresponding to
the LQR Problem 2.1 (see [7], [8], [3] for more on CGCARE). Interestingly,
from [3, Corollary 1] it is evident that a necessary condition for solvability of
CGCARE is det(sE — H) = 0. Since in this theorem det(sE — H) # 0 by
assumption, CGCARE is not solvable here. This implies that £(K) = 0, i.e.,
rank(L(K)) = 0 is not possible in our case. Therefore, the minimum rank that
can be attained by LQR LMI (2.4) is 1 and £(Kpay) attains this rank. O

Proof of Statement (4) and (5) of Theorem 4.1: Note that proving Statement
(4) of this theorem is equivalent to proving that K — K.y < 0 for all K that
satisfies the LQR LMI (2.4). We prove this in two steps. First, we prove that
for V14 defined in the theorem, A := Vi, (K — Kpay)Via satisfies a suitable
Lyapunov inequality (see equation (4.37) below). Then, using this Lyapunov
inequality we finally show that K — K., < 0 for all K that satisfies the LQR
LMI (2.4).

Step 1: Note that for all (x,u) that satisfies %m = Ax + bu, evaluation of
d

T (T Kz) + 2T Qx results in the following equation:

d
i(acTKw) +2'Qr=i"Ke + 2" Ki + 2" Qux

= (Az + bu)" Kz + 2T K(Ax + bu) + 27 Qx

_ mT {ATK+KA+QKZ)

V'K 0

] [I} , for allt € R.
u u

(4:31)

Since K is a solution of the LQR LMI (2.4), using the LMI {ATK;;};{A"’Q Igb} >

0 in equation (4.31), we have

dt V'K 0

i(xTKx)+xTQx = F]T [ATK+KA+Q Kb} {x
u u

] >0, for all t € R.
(4.32)

From equation (4.1), we know that AVi 4 +bVay = Vi, Further, since Vi 4 is
full column-rank (Theorem 4.2), we infer that there exists F' € R*® such that
FVi4 = Vay. Therefore, we have (A + bF)Vi4 = VisI'. Thus, corresponding
to an initial condition xzy = VjB, where 8 € R**1 7, := Vi el'B, g :=
FVi1e B must satisfy %x = Az + bu. Using Z; in equation (4.32), we have

d d

%(ESTK@) +25Q7. > 0= %(a‘cSTKjS) > —27'Qz,, forallt € R. (4.33)
Note that 75 = Vial'el 8 = (A + bF)Vi4el3 (Since (A + bF)Viy = Vial).
Since Kpax is a solution of the LQR LMI (2.4), using the fact that Ky.xb =0
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we have for all ¢t € R.

d ,_ _ o . T _ _ . N
o (2] KpaxTs) 7L QT = s KnaxTs + Tt KnaxTs + T2 Qs

= BT VT (A + bF)T Kyax Vine B
BTl W Kpaw (A + bF)Vigel 18 + 27 Q74
= BT VT (AT Koy + Knax A + Q) Vi B. (4.34)

From equation (4.26), it is evident that the right hand side of equation (4.34)
is 0. Therefore,
d

7 (21 KpaxZs) = —Z1 QZs, for all t € R. (4.35)

Subtracting equation (4.35) from inequality (4.33) gives

d . .
= (T (K — Kuas)2) = Fo ! (K — Kyax)Ts + 7L (K — Knax)3s > 0, for all t € R.

On using Ts = Viae'?8 and s = Viale!* 3 in this inequality, we get

(Viae'TB)T (K — Kpax)(Viael'B8) + (Viae" B)T (K — Kpax) (Vine ') > 0,
(4.36)

for all ¢ € R. Since inequality (4.36) is true for all ¢, evaluating it at ¢t = 0,
in particular, we get BT (I'TV (K — Kpay)Via + V(K = Kupax)ViaI)B =
BT(I'TA+ AI')B > 0, where A := VL, (K — Kpax) Vi 4. Since this inequality is
true for all 8 € R**! we have

I'TA+4 A >0, where A = VL (K — Kpax)Via. (4.37)

This ends the first step of the proof.

Step 2: Note that since X;, is nonsingular, proving K — K. < 0 is equiv-
alent to proving that X 1T A (K — Kpax)X14 < 0 (by congruence transformation
property). Hence, we prove X1, (K — Kpax)X14 < 0/in the sequel.

Note that X4 = [VM Wl], where W, is as defined in equation (4.20). On
evaluating X7, (K — Kuax)X14, we therefore have

VT(K—K Wia VT(K—K YW
XT (K — Kpax) X114 = | A max 14 max ) 4.38
1 a % {W}”(K — Kae)Vit WK — K] 45
Since Wy =.[b Ab--- A"~ 1b] (equation (4.20)), we have from Lemma 4.6,
KW, =0 and Kpay W1 = 0. Therefore, (K — Kpayx)W1 = 0. Thus, from equation
(4.38) it follows that

(4.39)

T J—
XT (K — Kpay) X14 = [VM(K Kuax)Via 0] B {A 0] |

0 o] (oo
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Since o(I") € C_, from equation (4.37), we have A < 0. Using this negative-
semidefiniteness property of A in equation (4.39), we infer that X{ (K —
Knax)X14 €0 < K — Kpax < 0. This completes the proof of Statement (4) of
the theorem.

Note that 0 is a solution of the LQR LMI (2.4). Thus, from Statement (4) of
Theorem (4.1) we must have 0 < Kyax. Thus, Statement (5) of the theorem is
proved. ([

Now that we have proved Theorem 4.1, using the main results of this paper,
we present a few corollaries next. These corollaries reaffirm some of the well-
known findings present in the literature: see [14], [9], [10], [21].

Recall from Statement (1) of Theorem 4.1 and equation (4.20) we know that
Xa =[] = [V4 L] Thus, we have Xia = [Via Wi] and Xaa =

[VQA O}. Further, from Lemma 4.4, we know that img [0‘:1 g;:} = img [“21‘]

and [Vg Vle] is full column-rank. Hence, the matrix X; 4, without loss of gen-
erality, is given by X4 = [Vg Vie Wl} and the corresponding X5, matrix is
then X5, = [OH,g Vae Onynf].

Since X1, is invertible (Statement (1) of Theorem 4.1), it is /evident that
the columns of X;,4 can be assumed to be a basis for R*. Hence, any initial
condition zg of the system X can be decomposed as

T =: Tgs + Tes + Toz, Where xgg € img Vg =: V;, Tes € img Vi =: Ve,
ZTos € img Wy =: W. (4.40)

Now we have the following corollary.

Corollary 4.1 Consider the LQR Problem 2.1 and let K.y be the mazimal
rank-minimizing solution of the corresponding LQR LMI (2.4). Assume xo =:
Tgs +Tes +Tos to bean initial condition of the system X as defined in equation
(4.40). Then the following statements hold:

(1) 2} Knaxgs = 0.
(2) 2t Kpaxros = 0.
(3) The optimal cost of the LQR problem is 21, KpaxTes-

Proof: (1): Let g := Vgar, where o € R€*!. Note that

Kmaxxgs = Kmax‘/ga & XQAX;/]l‘/gO‘ = [On,g ‘/Qe On,f} [‘/g Vle Wl]_l Vga =0.
(4.41)
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Therefore, xgsKmaxxgs = ozTVgTKmaXVéoz =0.
(2): Let zos := W13, where 3 € R**1 Note that

KraxTos = KmaxWIB = [On,g Vae On,f] [va Vie Wl] - Wlﬁ =0. (442)

Therefore, 18 Kpaxtos = BT Wi Kpax W18 = 0.

(8): From [19], it is known that the optimal cost corresponding to the LQR
Problem 2.1 is given by ngmaxxo, where K.y is the maximal rank-minimizing
solution of the LQR LMI (2.4). Hence, using equations (4.41) and (4.42) and
evaluating the optimal cost for the LQR Problem 2.1, we have

ngmaxxo = (xgs + Zes + mOf)TKmax(xgs + Xes + wOf) = xZ;Kmaxxes- (443)

This completes the proof of the corollary. O

From Corollary 4.1 it is evident that if the initial condition of the system is from
W or Vg then the cost incurred by the system is zero. Thus, the optimal cost
of an LQR problem depends only on the maximal rank-minimizing solution of
the corresponding LQR LMI and the projection of the initial condition of the
system onto the subspace V.

Next we look at a special case of LQR Problems when the system admits the
zero matrix as the only solution to the corresponding LQR LMI.

Corollary 4.2 Consider the singular LQR Problem 2.1 with assumptions as
given in Theorem 4.1. Suppose dim (sup By ) = ns, where By is as defined in
Lemma 4.3. Then, Kpax = Oy n.

Proof: Since dim(supBx) = ns and dimO,, = ng, from Lemma 4.4 it is

evident that img {Oﬁ} = img [“gﬂ Therefore, Vo4 = Oy, . Further, from

equation (4.20) we have Wy = 0. Therefore, Xs4 = 0 and hence using Theorem
4.1, we must have Kpay = Opp. O

The next corollary states that if the transfer function induced by the cost-
matrix Q and the system X is minimum-phase', then the optimal cost of the
corresponding LQR, problem is zero.

Corollary 4.3 Consider the singular LQR Problem 2.1 with rank @ =1 and
(Q, A) observable. Let c € R be such that Q = cTc. Define G(s) := c(sl, —
A)7Lb. If the system G(s) is minimum-phase, then the optimal cost of the LQR
problem is zero.

Proof: Recall A, b, ¢ are as defined in equation (2.7). Define det(sl, — A) =:

d(s). Therefore, det(sla, — A\) = d(s)d(—s). Further, since the system is (A, b)
controllable and (Q, A) observable, there exists a real-polynomial n(s) such

that G(s) = ng; with n(s) and d(s) are coprime.

1A transfer function G(s) = % is said to be minimum-phase if roots(n(s)) C C_.
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Note that det(sE— H) = det [312252 *03} = C(slon— A) " Tbx det(slp— A) =
p(s).

Further, by simple multiplication it can be seen that

Gl0)its) = sk~ 2715 IS d(fiffusy

Therefore, p(s) = n(—s)n(s). Since |o(E, H)| = 2ns = \rcotsp(s)| s =
|roots (n ( ))| = ns. Since G(s) is minimum-phase, roots(n(s)) ¢ C_

Consider the system dtm = Az + bu and y := cx. Note that this is a SISO
system which is (4, b) controllable and (Q, A) observable = (¢, A) observable.
Therefore, as discussed in Section 2.3, 0((A + bF')|syp B5,) = roots num (G(s)).
Therefore, dim (sup Bx) = ns. Hence, by Corollary 4.2 we have Kpay = Oy n =
the optimal cost is zero. [l

Note that Corollary 4.3, albeit for single-input systems, corroborates the find-
ings on minimum-phase systems in [9, Theorem 2| and [14].

5 Application of the main result and comparison with results in
literature

In this section we present an algorithm to design proportional-derivative (PD)
state-feedback controllers that solve singular LQR problems and tabulate the
optimal trajectories related to Problem 2.1. Further, we also elaborate on the
restrictions of the deflating subspace method presented in [17] with the help
of suitable examples.

5.1 Algorithm to compute PD-controllers for single-input singular LQR
problems

Using Theorem 4.1 and the results in [2], we now present an algorithm to
design PD state-feedback controllers to solve a singular LQR problem.

Algorithm 5.1 Algorithm to compute the gain matrices (proportional and
derivative) to solve a singular LQR problem

Input: (A, b, Q) matrices corresponding to a singular LQR problem.
Output: K = KT € Roxn,
1: Construct (E, H) as defined in equation (2.5) and compute ng = {degdet(sE — H)} /2.
2: Use generalized real-Schur decomposition algorithm on (E,H) to compute basis of
eigenspace corresponding to all eigenvalues of (E,H) in C_. Let columns of Vo4 €
R(22+1)X0s he the basis.
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3: Partition Vo4 =: col(Via, Vaa, Vaa) where Viy, Vo, € R2%%s V3, € R and construct
the matrix V, := col(Via, Vaa).
4: if ng # n then

5: Compute nf = n — ng and construct
W= [E Ab A% ... Enf—lﬁ] € R0t
6: Construct X := [VA W} € R2nxn
7: else
8: Construct X := V, € R2»xn
9: end if

X14

10: Partition X as X =: |:X ] where X1 4, Xo4 € R2X2,

2A
11: Compute K := XQAXfAl € RaXn,
12: Construct

Fp:=[Vaa fo f1 - fae—1] Xi4  Fai=[O1n, 1 —fo -+ —far—2] X7 4,

where fo, f1,-- -, fa;—1 € R such that det (s(Iy — bFg) — (A + bFp)) # 0.

Step 1 to Step 11 of Algorithm 5.1 is based on Theorem 4.1. The final step
(Step 12) of the algorithm involves computation of matrices F, and Fg. On
using these gain matrices in a feedback law given by v = Fyx + Fd%:m one
gets a control law that solves the corresponding singular LQR problem. This
result has been proved in [2] (see Theorems 2 and 3 there).

5.2 Comparison with deflating subspace method

In this section we present a few instructive examples that demonstrate the
restrictions of the results in [17]. For the ease of reference, we present the
LQR problem dealt with in [17] next.

Problem 5.2 Consider a differential-algebraic system of the form:
d

E%x = Az + Bu, where’A, E € R** and B € R™™. (5.1)

Find an input u that minimizes the cost-functional
oo T
[0S 5] )
o |lu@®)] ST R] |u(t)

subject to (z,u) € Byg, 4,5 with Ex(0) = Exo and lim;_,o Ex(t) =0, where

Bip.a,p ={(r,u) eL? (R,R®) x L£?

loc loc

d
(R,R™) |Eax € L2 (R,R*) and

loc

(z,u) satisfies equation (5.1) at almost all t € R}.
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Note that unlike Problem 1.1, the inputs and states in Problem 5.2 are con-
sidered to be from the space of locally square-integrable functions. Further
Problem 5.2 also imposes restrictions on the initial conditions of the system.
Such restrictions, specially the ones on the initial conditions, are not desirable
for a system, since a state-space system can always have arbitrary initial con-
ditions. In this paper we do not impose any such restrictions on the function
space or initial conditions. In the next few examples we highlight the advantage
of using the results in this paper by illustrating the restrictions of the results
in [17] and demonstrating how our methods can overcome these restrictions.

In the first example we consider a single-integrator system. Such systems find
widespread application in the field of multi-agent systems. The same example
had also been used in [10] to demonstrate the importance of &y, functions in
singular LQR problems. The next example illustrates that the singular LQR
problem admits no solution if the results in [17] are used. However, the same
problem does admit a solution using the results in this paper.

Ezxample 5.3 Consider the system %x = u. Let the performance index be J :=
o T2 (t)dt.

Corresponding to an arbitrary mon-zero initial condition o € R, the state of
the single-integrator system is given by x = o + fot u(T)dr. It is evident that
J can be made arbitrarily small using an input u € L3, (R,R). However, J

can never be made zero unless we chose u = —ad ¢ L3, (R,R). Hence, by
the theory provided in [17] the problem does mot have an: optimal solution.
However, using the theory developed in this paper one can find the optimal

input to be —ad.

Note that the state-space system in Example 5.3 can trivially be written as a
differential-algebraic system as follows.

10| d |z 0 1| |z 0
{0 0} dt [p} a [0 —1] [p} i H ! (52)
—— ——
E A
Since all state-space systems can always be rewritten as differential-algebraic
systems, from the example above it becomes clear that the consideration of
differential-algebraic state-space systems as in [17] does not provide addi-
tional tools for solving this particular issue. Here, the restriction of inputs
to £2,_(R,R) prevents the theory of [17] from providing an optimal solution.
A related and similarly significant restriction is posed by the consistency re-
quirement on parts of the initial conditions of the underlying system [17]. We

elaborate on this next.

Note that in Problem 5.2 the initial conditions corresponding to the system
are subjected to the constraint Ex(0) = Exy and the continuity of Ex. In the
context of a state-space system with E' = I, this transfers to the continuity of
x at.t = 0 or, in other words, the initial conditions are restricted to be such
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that the states of the system do not exhibit any jump at ¢t = 07. We explain
next, with the help of an example, the implications of such a restriction on
the initial conditions of a system in the context of an LQR problem.

Example 5.4 Consider the following system:

i 1| 0 1 T1 + 0 u
dt |wo] |-1-1] |22 1
Let the cost-functional be [°(x% + x3)dt.

1
For this example, using Theorem 4.1 we have V4 = [ J. Further, here

ver-f]

Using our results in [2, Theorem 1], the optimal input corresponding to an

1 0
arbitrary initial condition xg = Vip8 + Wia = [ 1] b+ L] « is given by

Uopy = € "B —0cr, where o, f € R. The optimal states would then be: [Ih’pt] =
T20pt

1
[ 1] e tB. (see [2, Theorem 1] for method to compute optimal inputs).
For initial conditions with o = 0, it is evident that ©(0) = xg. This satisfies
the constraints on initial condition as given in Problem 5.2. However, if § = 0

and o # 0, then we have £(0) = 0 # xo. This is a violation of the constraint
z(0) = xg.

Note that if one imposes the constraint ©(0) = xo as in Problem 5.2, then the
optimal input would be u = e~tB and the corresponding optimal state would be

[_ﬂ e~tB. This conforms with the results in [17].

Note that from our results in [2] it follows that whenever the initial conditions
of the system are from img(V} ), the optimal inputs/states are exponential in
nature. On the other hand, if the initial conditions are from img(Wi), then
the optimal inputs/states are impulsive. Thus, the restriction z(0) = z in
Problem 5.2, when rewritten in terms of the notions developed in this paper
is equivalent to z(0) € img(V14). Evidently, any singular LQR problem that
admits a trivial img(Vi4), i.e., img(Vi4) = {0}, does not admit any optimal
input according to the results in [17]. A typical example of such a system is
Example 5.3. In case of Example 5.3, it can be verified that det(sE— H) =1
and therefore ng = 0 and ny = 1. Thus, img(V34) = {0} in Example 5.3. Hence,
for such a singular LQR problem, there exists no locally square-integrable
input that can attain the minimum cost of 0 for arbitrary initial condition.
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Even if a singular LQR problem admits a non-trivial img(V1,4), like that in
Example 5.4, it is evident that Problem 5.2 in the state-space setting does
not cater to all initial conditions; in particular it does not cater to the initial
conditions in the non-trivial subspace img(Wi). In this respect, the results
of this paper cover a problem class that exceeds the theory of [17], since the
results in this paper consider arbitrary initial condition.

A fundamental advantage of our theory over [17] is evident from an engineering
viewpoint. In [17] the authors show that an optimal control law corresponding
to a singular LQR problem fulfills an implicit control law of the form Px+Lu =
0, where P and L are solutions of the Luré equations involved with the LQR
LMI: see [17, Sec. 7] for the details. Thus, even if we allow for restrictions on
initial conditions of the system as given in Problem 5.2, the implementability of
the control law is a concern. We elaborate on this with the help of Example 5.4.
Using Algorithm 5.1 we can compute the maximal stabilizing rank-minimizing

solution of the corresponding LQR LMI to be Ky = [1 0

0 0] . The corresponding
LQR LMI then becomes

AT K+ Kase A+ Q KewcB) _[110| _ [
BT | =110l =1 [110]
e 000 0

Hence, P = [11] and L = 0 and the control law proposed in [17] becomes

[1 1] |:i1:| +0u=0= 2, +25=0.
2

Note that the optimal states in Example 5.4 do satisfy x; + xo = 0. However,
from an engineering perspective the implementation of this control law, in its
current form, is not possible as no information about the input is divulged in
such a law. In other words, this controller is not feedback implementable in
its current form. On the other hand, application of Algorithm 5.1 based on
Theorem 4.1 provides us with an explicit state-feedback control law of the form
u = Fyx + Fy-%x. In case of Example 5.4 one of the control laws (on choosing

fo = —1in Step 12 of Algorithm 5.1) would be u = [0 —1] [“] +[11] 4 {”1} :
X9 T
This is a PD state-feedback control law and is implementable.

In the above example, an optimal control that fulfills the requirements of
the theory [17] exists and such an optimal control can be recovered from the
implicit relation together with the state equations. However, in the case of
Example 5.3 where it does not, the implicit relation gives x = 0 but no further
indication on the (non)existence of u.

Thus, the theory developed in this paper is suitable from an implementation
point of view as well.
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Summing up, one of the primary advantages of the method developed in this
paper is the use of the notion of strongly reachable subspaces. The defini-
tion of a strongly reachable subspace inherently uses the function-space of
impulsive-smooth distributions that are excluded in the £2 . theory of [17].
With L3, restrictions, optimal solutions that feature impulses in the control
or jumps/impulses in the states do not qualify as admissible solutions by the
theory in [17]. Moreover, since such solutions can be approximated arbitrarily
closely by £2, . functions but never reached, the corresponding optimal control
problems are not solvable using the theory in [17].

6 Conclusion

In this paper, we presented a method to compute the maximal rank-minimizing
solution of an LQR LMI corresponding to a single-input system (Theorem 4.1).
We have developed this method using the notion of fast subspace (strongly
reachable subspace) and slow subspace (weakly unobservable subspace) of the
Hamiltonian system. We have shown that augmenting the basis of the good
slow subspace of the Hamiltonian system Xy, with the basis of a subspace of
the fast subspace of Xyan, is the crucial idea that leads to the method. While
developing this method, we also showed that the fast subspace and the slow
subspace of a SISO system can be characterized in terms of its Rosenbrock
system matrix (Theorem 3.1 and Theorem 3.2). Further, we showed that the
good slow subspace of the Hamiltonian system is disconjugate (Theorem 4.2).
Using the results in this paper, we also inferred that the optimal cost of an
LQR problem depends on the maximal rank-minimizing solution of the corre-
sponding LQR LMI and the projection of the initial condition of the system
onto the subspace V, only. The theory in this paper finally leads to a method
to design PD state-feedback controllers to solve singular LQR problem for
single-input systems (Algorithm 5.1).

Although this paper deals with singular LQR problems for single-input sys-
tems, the results presented in this paper will form the bedrock for solving
such problems for the multi-input case. The key idea of weakly unobservable
subspace and strongly reachable subspace used in this paper are valid for the
multi-input systems as well and hence it is a matter of extending the con-
cepts developed in this paper for the multi-input case. Since the results for the
single-input case itself provide great insights into the working of a single-input
singular LQR problem, we present the results for single-input systems only in
this paper. An extension of the results of this paper to the multi-input case
will be a matter of our forthcoming paper.

Present results in the literature, in particular the ones in [17], consider the case
of a singular LQR problem but are not sufficient to treat truly singular control
problems with impulses in the input or jumps/impulses in the state. This work
provides singular solutions to corresponding LQR problems based on the ideas
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introduced in [10], [20], [21] that used impulsive-smooth distributions as the
function-space for the states and inputs. Such a setting seems particularly
advantageous for differential-algebraic systems, since such systems inherently
admit impulsive states. Hence, the approach adapted in this paper to solve
singular LQR problems for state-space systems have the potential of being
generalized to differential-algebraic systems as well. This will be a matter of
our future research.
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Almost every single-input LQR optimal control problem admits a PD
feedback solution: An addendum

Chayan Bhawal and Debasattam Pal

Abstract

In this technical note we present an example to demonstrate the method to design PD controllers that solve singular LQR problems.

Consider a system with state-space dynamics

d 1 0 1 0
%xz 1 0 1lxz+ |1|lu
1 1 0 0

For every initial condition xg, find an input » that minimizes the functional

_ o O

oo 00
/ (2" Qz) dt, where Q := [0 0
0 00

Stepl (Computation of eigen-basis of (E, H) corresponding to A C o(FE,H) C C_):
The Hamiltonian pencil pair (E, H) for this problem is

[1 0 0 10 1 0 0 00O

01 0 1 0 1 0 0 0 1

0 0 1 11 0 0 0 0 0

E = 1 00 andH:=(0 0 0 -1 -1 -1 0
010 0o o0 0 0 -10

0 0 1 00 -1 -1 -1 00

I 0] oo 0 0 1 0 0

It can be verified that det(sE — H) = 1 — s%. Hence, A = {—1}. The eigenvector of (E,H) corresponding to —1, is

1 1 —2 2 0 0 0] Therefore, Viy = [I 1 —2]", Voo =[2 0 0]" and Vs = 0. Here, n = 3 and s = 1.

Thus, f = n — s = 2. Therefore, we have

—

1 0 0
X1A:[VlA b Ab]: 1 1 0
-2 0 1
Step2 (Computation of the controller matrice [, and Fy):
We compute Fj, and Fy using the following equations:
Fpi=[Van g0 1] X1\ (D
Fa=[01s 1 —go] X1y, )
Assigning gop = 0 and defining g; =: g in equation (1), we have
10 0]"" 10 0
Fp:[OOg] 110 :[OOg} —110:[2909]
-2 0 1 2 01
Similarly, from equation (2), we have
10 0]
Fe=1[0 1 0| 1 1 0 =[-1 1 0
-2 0 1
Thus,
1 00 1 0 1
Is—BF;=1(1 0 0|, and A+BF,= 1429 0 14g¢g
0 0 1 1 1 0

Note that det (s(I3 — BFy) — (A + BF;)) = —g(s+1). Thus, if we chose any g € R\0 then det (s(I5 — BFy) — (A + BE;,)) #
0. Hence, for any value of g € R\ 0, we have a PD-controller that solves the singular LQR problem. Note that there are
uncountable numbers of PD-controllers that solve this singular optimal control problem.

1 0 0 :
For initial condition ¢y = [ %] B+ [(1)} ap + {(1)} a1, the optimal input for this problem is @ = —2e™¢8 — agd — a1 0.



