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In this article we look into stability properties of strongly autonomous n-D systems, i.e. systems having
finite-dimensional behaviour. These systems are known to have a first-order representation akin to 1-D
state-space representation; we consider our systems to be already in this form throughout. We first define
restriction of an n-D system to a 1-D subspace. Using this we define stability with respect to a given half-line, and
then stability with respect to collections of such half-lines: proper cones. Then we show how stability with respect
to a half-line, for the strongly autonomous case, reduces to a linear combination of the state representation
matrices being Hurwitz. We first relate the eigenvalues of this linear combination with those of the individual
matrices. With this we give an equivalent geometric criterion in terms of the real part of the characteristic variety
of the system for half-line stability. Then we extend this geometric criterion to the case of stability with respect to
a proper cone. Finally, we look into a Lyapunov theory of stability with respect to a proper cone for strongly
autonomous systems. Each non-zero vector in the given proper cone gives rise to a linear combination of the
system matrices. Each of these linear combinations gives a corresponding Lyapunov inequality. We show that
the system is stable with respect to the proper cone if and only if there exists a common solution to all of these
Lyapunov inequalities.

Keywords: strongly autonomous n-D systems; algebraic analysis; stability with respect to proper cones;

Lyapunov theory

1. Introduction

Stability is one of the most important aspects in systems
and control theory. In almost every design problem,
stability remains one of the desirable criteria. While the
history of stability of 1-D systems is very old, the n-D
systems counterpart is quite recent. Stability is inex-
tricably related to the notion of causality and, therefore,
to a suitable partitioning of the domain space into two
disjoint sets: ‘past’ and ‘future’. Unlike the 1-D case,
where there is a natural choice for this partitioning,
there is still no unanimous such partitioning for the n-D
case. In Curtain and Zwart (1995), Sasane, Thomas,
and Willems (2002) and Wood, Sule, and Rogers (2005)
one of the independent variables was treated as ‘time’,
and thus, considering positive time as future, a
corresponding stability theory has been built. On the
other hand, in Valcher (Valcher 2001), the notion of
future ‘cone’ for 2-D discrete systems was defined
by introducing the idea of characteristic cones. Stability
with respect to this idea was also presented there.
Lyapunov theory of stability has been a corner stone
in 1-D systems theory for over a 100 years. It has
provided a radically new point of view of looking at the
notion of stability. Not only that, with the advent of
strong LMI solving tools, it has also provided much

more efficiently computable tests for stability.
Lyapunov theory of stability for 2-D discrete systems
has been done in Kojima, Rapisarda, and Takaba
(2010), which was built around Valcher’s theory of
characteristic cones. In this article we shall look into
a special kind of n-D systems and analyse its stability
properties in a Lyapunov theory flavour. The kind of
systems we shall look into are autonomous z-D systems,
with n > 2, with the property that they have a finite
‘characteristic variety’; such systems are called strongly
autonomous (Pillai and Shankar 1998). See Avelli,
Rapisarda, and Rocha (2011) for a recent paper that
deals with a similar problem for the special case of 2-D
discrete systems, although with an approach built on the
theory of quadratic differential forms. Strongly auton-
omous systems are closer to 1-D systems for they are
also finite-dimensional vector spaces like 1-D autono-
mous systems. Moreover, such systems allow a
first-order representation, albeit with n-tuple of system
matrices, like the state representation in 1-D case;
following the 1-D terminology we shall call such a
representation as a state representation. In this article we
exploit this finite-dimensionality and state representa-
tion to bring out results about conic stability properties
of strongly autonomous n-D systems.
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We start off by defining restriction of an n-D
system to a 1-D subspace in Section 2. Then, with the
idea of restriction we define stability with respect to a
half-line given by the non-negative span of a non-zero
vector in the domain. We show that the restriction of
a strongly autonomous system to a 1-D subspace is
governed by a certain linear combination of the n-tuple
of state representation matrices; the coefficients in
this linear combination are precisely the entries in the
vector that spans the given 1-D subspace. Next we
show (Theorem 2.4) how the eigenvalues of this
linear combination are related with the eigenvalues
of the individual matrices. This result, together
with a consequence (Lemma 2.5) of observability
assumption on the state representation, enables us to
give a geometric criterion equivalent to stability with
respect to a half-line (Theorem 2.6). In Section 3 we
extend this result further to the case when stability is
sought for a collection of half-lines, namely a proper
cone. Finally, in Section 4, we state and prove
a Lyapunov type equivalent criterion of stability with
respect to a proper cone. It is a consequence of our
results in the previous sections that corresponding to
each half-line in the proper cone there is a different
Lyapunov inequality, solvability of which is equivalent
to stability with respect to that half-line. In this section,
we show that stability with respect to the given proper
cone is equivalent to existence of a common solution
to all the Lyapunov inequalities given by the half-lines
in the cone.

The notation we use is standard. We use R and C to
denote the fields of real and complex numbers,
respectively. The symbol €*°(R",[R") stands for the
space of smooth functions from R” to R". As a general
strategy, if we use some letter to denote a tuple, then
the same letter, but now indexed by natural numbers,
is used to denote the individual entries in it,
e.g. £=(£,&,...,&,). We also use col(&,4,,...,¢,)
when we want to stack up the entries one above the
other to make a column vector. The partial derivatives
% are denoted simply by 9; and the n-tuple
{0y, 05,...,0,} is denoted by 9. Thus R[d] denotes the
polynomial ring R[0;, d»,...,d,]. Finally, the number
of entries in a vector is denoted by the same letter as
the variable itself but in typewriter font, e.g. the
variable z takes values in R*.

2. Strongly autonomous #n-D systems and their
restrictions to 1-D subspaces

As mentioned earlier, we consider a special kind of
autonomous n-D systems, called strongly autonomous:
behaviours for which the characteristic variety is a
discrete set of finitely many points. It has been shown

in Pillai and Shankar (1998) and Rocha and Willems
(2006) that strongly autonomous systems are
finite-dimensional vector spaces over R. It can also
be shown that they admit a first-order representation
as follows:

01z =A,z,
0z = Arz,
: (1
0,z = Az,
w=Cz,
where {4y, A5, ..., A,} CR*** commute pairwise, and

CecR"™*. The set of all trajectories w € €*(R", [R")
that satisfy the above equation is called the behaviour
of the system, and we denote this set by *B.
In mathematical terms

B = {w e C(R",R") | 3z € €*(R",R")
such that (z, w) satisfy Equation (1)}.

We often identify a system with its behaviour and
call B a strongly autonomous system. Further, when
we write B € £" we mean B is a behaviour with w
number of manifest variables. In the sequel, we are
going to consider systems that are already given in the
first-order form as in Equation (1). Moreover, we may
also assume that the ‘state’ variables z are observable
from the manifest variable w. In terms of the above

{A,, A>,...,A,} and C matrices this is equivalent to
[&11— A, ]
&1— Ay
rank : =z forall (§,&,....§,)eC". (2)
Enl — A,y
L C -

The above state space description of strongly auton-
omous n-D systems reveals that all the trajectories
in such systems are exponential and they look like

w(x) = Cexp(A41x1 + Aaxs + -+ + Ayx)z(0),  (3)

where z(0) € R* is an initial condition.

At the heart of the question of stability of n-D
autonomous systems lies the idea of restricting a
trajectory in the system to a given half-line in the
domain space R". Presently, we look into this idea of
stability along a given half-line, then in Sections 3 and
4 we shall consider stability with respect to a special
collection of such half-lines, namely closed convex
cones. Suppose v e R” is non-zero, then by restriction
of a trajectory w(x) € €°(R",R") to the 1-D space
spanned by v we mean

w|, = w(rt) € (R, R"),
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where 7 € R is a real parameter. We now define stability
with respect to the half-line spanned by a given
non-zero vector v.

Definition 2.1: Given 0#veR”, an autonomous
system ‘B is said to be v-stable if for all w € B, w|,
approaches zero as ¢t becomes large; in other words,

lim w(vt) = 0.
—0o0

Now, Equation (3) can be used to deal with
restrictions of a strongly autonomous system. Putting
x=vt in Equation (3), we get

wl, = Cexp((viA; +vado + -+ +v,4,)H)z(0).  (4)

This is clearly a 1-D exponential trajectory determined
by the action of the matrix exponential exp((vi4;+
Ay + - +v,4,)) on the initial condition z(0). So, in
order to infer about v-stability of a strongly autono-
mous system, it becomes crucial to know where the
eigenvalues of the linear combination of the
A; matrices, that is (viA;+mndr+---+v,4,), are
located. Our main result of this section, Theorem 2.4,
answers this question. But, before we state and prove
Theorem 2.4 we need to review some background
theory from commutative algebra and algebraic
geometry.

Recall the defining first-order equations of a
strongly autonomous system (Equation (1)), and con-
sider the equations involving only the state variable z:

ol — A
I — A>

R.(3) = : . )
9.0 — A,

We define the following complex affine variety:
V. :={§ € C" | rank(R-(§)) < z}. (6)

We also define Z. C R[d] to be the ideal generated by all
the z x z minors of R.(9). For the rest of this section we
are going to change our base field to complex numbers.
Although it is possible to carry on without this change,
the proofs become simpler and shorter with the base
field being C. In the subsequent sections we switch
back to the real field. The main result of this section,
Theorem 2.4, however, remains applicable in the sequel
irrespective of this change of the base field. Note that,
if 7 f: denotes the extension of Z. to C[d], that is,

7% :=Cllz.,
then it follows from the definitions of Z. and V. that

V. =WV(IE):={£eC" | f(§) =0 forall f(3) e IT}.

We now define another ideal of C[d], which will play an
important role in the proof of Theorem 2.4. Note that
the matrices {4y, A4,,...,4,} commute pairwise.
Therefore, it makes sense to talk about polynomials
in these matrices. It is straightforward to check that the
following subset of C[d] is in fact an ideal:

a:= {010, ....0,) € C[A] | (A}, A, ..., Ay)
=0 e C*?). )

We show in the following result how the two ideals Z&
and a, and the variety V. are related. The result is a
special case of a result regarding characteristic ideals
and annihilator ideals (Pommaret and Quadrat 1999;
Shankar 1999). However, we state the result in a form
more suited for our purpose, and we prove it here
to make our exposition self-contained.

Theorem 2.2: Let Z., a and . be defined as above,
then the following hold.

() IE Ca,

@ JI° = Va.
(3) V. =V(a):= (& € C" | /() = 0 for all /(3) € a}.

Our proof is via another claim: equality of the ideal
a to the annihilator ideal of a certain C[d]-module.
First, consider the free module C[d]* by taking z copies
of the polynomial ring C[d]; the elements in C[d]*
are written as rows of z-tuples of elements in C[d]. Let
R. denote the submodule of C[d]* generated by
the rows of the polynomial matrix R.(d) defined in
Equation (8), i.e.

ol — A
ol — Ay

. 1= rowspan ) . 8)
0,0 — A,

We define the following quotient module:
M: == C[3*/R.-. &)
and its annihilator ideal

ann(M.) : = {f(9) € C[9] | f(9)m(d) =0

(10)
for all m(3) e C[3]},

where f(9)m(d) denotes the class of f{d)m(d) in M..

Lemma 2.3: Let M. and ann(M.,) be as defined
above, and let a be as defined in equation (7). Then

a = ann(M.). (11)

Proof: First, note that the C-vector space CZ _, with

row?
elements written as rows of z-tuples, injects into M..
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Suppose now that the matrix A; for ie{1,2,...,n}
is given by

an,  apg ot Qlzi

apy; Ay - Az
Ai=| | L N

Az1,i Az - dzz

and let e;e C* be a column with all entries zero except
the jth position where it is 1. Now, since the equation
0] — A;=0 is satisfied in M., it follows that,

T T T T
die; = ajiey +apje; + -+ dp, i€,

This clearly implies that for vT e C?

row
vt =vT4,. (12)

There is, however, another more striking consequence
of the above observation: given any m(d) € C[d]?, it
can be written as

m(d) = f1(d)e] +/2(9)e3 + -+ [o(d)ey .
where {f1(9),/>(9),...,/.(d)} CC[d]. By Equation (12)

above, it follows that in M., m(d) must be equal to

e’-lrf‘l(AlaAZa"~:An)+egf2(A1:A29"'9A!1)+"'
+elfu(Ay, Aa, ..., Ay) € CE

TOW *

This identification gives an onto map from M. to CZ .

Thus the injection map CI , — M. is not only
one-to-one, but also onto and C-linear. This makes
M. isomorphic to Ci, as C-vector spaces,
where multiplication by 9d; in M. is represented by
right multiplication by 4, in C7 .

With the above observation, it is now straightfor-
ward to prove our claim. We first show a C ann(M.).
Let f(9) € a. This means f(4,, 4, ..., A,) is the zero

matrix. Therefore, for je{1,2,...,z},

f@)e] =elf(A1, A, ..., Ay)
= 0 since f (A4, Aa, ..., Ay) is the zero matrix.
Hence, f(d) € ann(M.).

Conversely, if f{(d)eann(M.), then for all
je{ljzﬁ"'ﬁz}ﬂ

e}rf(Als A2> R An) =f(a)e]T
= 0 because f(9) € ann(M.)
= o[ f(A1, A, Ay) =0,
Therefore, f(A, A>,...,A,) is the zero matrix, and

hence f(d) € a. Thus the claim a=ann(M,)
is proved. Ol

Equipped with Lemma 2.3, we now prove Theorem
2.2. Recall the definitions of R., M. and ann(M.)
defined in Equations (8), (9) and (10), respectively.

Proof of Theorem 2.2: (1) Note that by Equation (11)
in Lemma 2.3, it is enough to prove that
Zf C ann(M;). Suppose f(9) eIZC. Since I_,C is
generated by all the z x z determinants of R.(9), it
easily follows that there exists a matrix E(9) € C[9]**"*
such that

E(9)R-(9) = f(9)1.
Going modulo R, we get, for all je {1,2,...,z},

f@ef =0,

which means f{d) € ann(M.).

(2) From statement 1 it follows by taking radicals
that \/?f C Jann(M;). We want to show that
\/I? D ann(M.;), and this will prove statement 2 by
Equation (11). It is enough to show that \/ITD 2

ann(M.) (because \/E =,/Z5). Suppose f(d)e
ann(M.). This means, for all je {1,2,...,z},

f@el = 0.

Lifting this to C[d]*, we get that there exists
E(9) € C[9]**" such that

E(9)R(9) = f (1.

By taking determinants on both sides and using
Cauchy—Binnet formula, we get

F € IE = f(0) € |/TE.

(3) This is equivalent to statement 2 by
Hilbert’s Nullstellensatz (Cox, Little, and O’Shea
2007). ]

Remark 1: The upshot of Theorem 2.2 is statement 3.
It relates the affine variety V., which is defined to be
the collection of n-tuple of complex numbers where the
matrix R_(§) loses rank, with the affine variety
of the ideal a of C[d], which is the collection of all
complex polynomials wherein if 9;s are replaced by the
real square matrices A4;s then the zero matrix results.
This result to n-D strongly autonomous system is
what the famous Cayley—Hamilton theorem is to 1-D
autonomous systems.

We are now in a position to state and prove our main
result of this section: it tells us that the eigenvalues
of the linecar combination of A, that is (vi4;+
voAs+---+v,4,), where v=col(vi,vs,...,v,)€R" is
non-zero, are given by projecting the affine variety V.
onto the complex 1-D subspace spanned by v.
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Theorem 2.4: Let {Ay, A, ..., A,} CR**% be a collec-
tion of pairwise commuting matrices and let V. and a
be as defined by Equations (6) and (7), respectively.
Suppose 0#£v=col(vy,vs,...,v,) €R" is given. Define
the following two sets of complex numbers:

M,(V.):={reC|r=v"E eV},
eign Ay +vady+---+v,A,) :={A € C | rank(Al— (vi 4,
+ V2A2 +---+ VnAn)) < Z}~
Then

HV(\/Z) = eig(lel + v Ay + -+ v, A4y).

Proof: We first show the inclusion T1,(V.)C
eiglvi Ay +vaAdr+---+v,4,). Suppose rell(V.).
This means there exists £€V. such that A=v'é&
It follows from the definition of V. that

&1— 4,
&l — A

rank ) < z.
é/-:nl_ An

This implies that there exists 0 #« € C* such that

&1— A4,
&1— A
a=0
: (13)
%_nl_An

= (EI—A)a=0forallie{l,2,...,n}.
It now easily follows from Equation (13) that

Vl(%-l]_ A])Ol + VZ(EZI_ AZ)Ol +- Vn(énl_ An)“ =0
= [(m&1+ b+ + vl
—(nAdr+ndr+--+v4)]a=0
= [MM—nA +vAr+--+v,A4,)]e=0, (14)
which means A € eig(vi4| + v24>+ -+ v,4,).

We prove the converse, that is IT,(V.) Deig(vi4; +
v2Ar+---+v,4,), by contradiction.  Suppose,
reeigviA +vadr+- -+ v,4,), but A¢IT,(V.). Since
A¢I1,(V,), the linear polynomial f(d)=A—(v,9;+
V20> + - - - +,0,) i1s non-zero on V_, that is

f(E)#£0 forall &£eV..

This implies that V(f(9))NV.=@. Since V. = V(a),
as shown in Theorem 2.2, by the weak form of
Hilbert’s Nullstellensatz (Cox et al. 2007), we get that
there exist g(d) € C[d] and A(d) € a such that

1'=¢(3)/(0) + h(9) = g(0)/(9) — 1 € a.

But, from the definition of the ideal a the
above equation says that

g(A1, Az, A — (vi Ay +v2As + - -+ v Ay))
—1=0¢e C**?,

which means (A 1 — (vi A+ v24;+---+v,A4,,)) is inver-
tible — this is a contradiction to our assumption that
re Cig(VlAl +vAr 4+ VnA,,). Thus Hv(\/Z)D
eiglvi Ay +vods+---+v,4,). O

From Equation (4) it follows that for a strongly
autonomous system %5 to be v-stable, it is sufficient
that the eigenvalues of (viA4; +v,4>+---+v,4,) have
negative real parts. Our next main result, Theorem 2.6,
shows that this is even necessary. In order to prove
this result we require the following lemma.

Lemma 2.5: Let B € £ be a strongly autonomous
system,  described by  Equation (1). Suppose
(C,{A4y,A45,...,A4,}) is observable in the sense of
Equation (2), that is

&1 —4,]
&1 — 4,
rank =z forall (§,5&,...,&) € C".
&l — A,
- C -
Further, let v=col(v, vs,...,v,) € R" be non-zero. Then

Jorevery L eeig (viA +v,Ax+ - -+ v,A,) there exists a
non-zero «a€C?  which is an eigenvector of
(nAdy+vrAr+---+v,A,) corresponding to eigenvalue
A, such that Ca#0.

Proof: It follows from Theorem 2.4 that every
eigenvalue of (vi4;+v,4>+---+v,4,) is obtained
by projecting the points in V. onto the complex
1-D subspace spanned by v. Therefore, if A eeig
(nAy+vA>+---+v,A4,), then there exists &:=
col(&1,&5,...,&,) €V, such that A=v&+
&+ - -+ v,&,. Now, observe that since £€V..,

&1 — A4,
&1 — A
rank ) < z.
é/-:nl_ An
This means there exists a non-zero o € C* such that
&11— A,
&1 — A
a=0

Snl - An

= (E1— A)a =0 forallie{l,2,...,n).
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As we have already seen in Equation (14), if we now
take a linear combination of the equations
(&1 — Ao =0, we get

[)‘-1_ (VlAl +vdy+ -+ VnAn)](x =0.

Therefore, o« is an eigenvector of (vi4,+
Ay +---+v,4,) corresponding to eigenvalue A.
However, because of observability assumption,
Ca #0. This proves the existence of the desired «. [

We are now in a position to state and prove
Theorem 2.6. The theorem gives a geometric criterion
equivalent to stability with respect to a given half-line.
In what follows, by Ir(V.) we mean the real part
of the complex affine variety V..

Theorem 2.6: Let B € £¥ be a strongly autonomous
system described by an observable state equation (1).
Further, let v=col(vi,vs,...,v,) €R" be non-zero.
Define the following open half-space:

H,={yeR"|v'y<0}.

Then B is v-stable if and only if Ir(V.) C H,.

Proof: (If): First, note that we have the following
equivalence as a consequence of Theorem 2.4:

H[R(\/z) CH, & (VlAl +vy Ay 4+ VnAn) is Hurwitz.
(15)

Indeed, suppose E=Ec+ibimag € V.o, where
&re-imag €R" are real and imaginary parts of &,
respectively. Then (V.)€ H, means v'&. < 0. This
in turn means v'& e C has negative real part. It now
easily follows by Theorem 2.4 that if IT(V.) € H, then
every eigenvalue of (vi4;+v,4>+---+v,4,) has
negative real part, and conversely. Now from
Equation (4), if (v A1+ v,4>+---+v,A4,) is Hurwitz,
then lim,_ . w(t)=0 for all we 9. Therefore,
by Equation (15), Mr(V.) C H, implies B is v-stable.

(Only if): We prove this part by contradiction.
Suppose Mpr(V.) £ H,, we will show that this implies
the existence of a w € B such that lim,_, . w(vt) #0.
Since Mr(V.) £ H,, we must have £€V, such that
y'& ¢ C. By Theorem 2.4 this v'& is an eigenvalue of
(mAdy+vA,+---+v,4,), and by Lemma 2.5 there
exists 0#aeC® which is an eigenvector
of  (nA;+wvwA,+---+v,4,) corresponding  to
this eigenvalue, such that Ca#0. Let o = ot + ittimag,
where ®ye,timag € R* are the real and imaginary parts
of «, respectively. Then substituting z(0) =
in Equation (3), we get w=Cexp(4;x;+Aryxo+---+
ApXp)oe € B. Because e + itim,e 18 an eigenvector of
(mAdy+vAr+---+v,A4,), the restriction of this w

is such that

wvt) = Cexp((viA) + vaAy + -+ + v Ap)t)ate
= Ce)wt((cos()\imag[))are - (Sin(}\imagt))aimag)a

where ng‘:ArevLi)»imag. Now since Ca #0, the right-
hand side of the above equation is non-
zero. Moreover, since v'£€¢C~, which means A. > 0,
we have lim,_, ,,w(vt) #0. Thus, B is not v-stable. []

3. Conic stability of strongly autonomous systems

One prime difficulty in defining the stability of an n-D
autonomous system, with n > 2, stems from the fact
that there is no well-defined direction of evolution. As
discussed in the last section, one can look for stability
in a given direction. An obvious next step would be to
look for stability with respect to a collection of
half-lines. In this section, we look for a special class
of such collections, namely closed convex cones.

Definition 3.1: A subset S of R” is said to be a cone if
for all ve S, we have A ve S for all A >0.

All the cones that we shall consider here are closed
in the Euclidean topology of R", and convex, meaning
for all v, €S,

A+ (=2 eS  forall A €]0,1].

For our purpose in this article, we need the cone S to
satisfy one more condition: the lineality space SN(—=S)
consists of only the origin. Such a cone, which
is closed, convex and with only the origin as its
lineality space, is said to be a proper cone. We
shall consider only proper cones. With this, now we
define the conic stability of an n-D autonomous system
as follows.

Definition 3.2: Given a proper cone SCR”, an
autonomous system B € £" is said to be stable with
respect to S (or simply S-stable) if for all non-zero ve S
and w € B, we have

lim w(vt) = 0.
1—00
In other words, % is S-stable if for all 0 £ve S, B is

v-stable.

Theorem 3.3 is a straightforward extension of
Theorem 2.6 to the case of conic stability. The crucial
part here is the fact that if S€R" is a proper cone,
then the following set is non-empty:

(). :=={yeR" | v'y<0 forall ve S} #0.



Downloaded by [Debasattam Pal] at 21:51 15 November 2011

for all non-zero col(vy, v, . . .,

International Journal of Control 1765

The set (S)- is called the polar cone of S. We now state
and prove the main result of this section. We denote by
int (S)- the interior of the set (S). in Euclidean
topology.

Theorem 3.3: Let B € £ be a strongly autonomous
system given by an observable state equation (1) with V.
the corresponding complex affine variety as defined by
equation (6). Further, let S CR be a proper cone and let
MR(V.) denote the real part of V.. Then B is S-stable
if and only if

Mr(V:) € int ()<

Proof: Following exactly the same chain of
arguments as in the proof of Theorem 2.6, it can be
shown that

Nr(V,) Cint (S) . & (A +vado+-+-+vudy)
is Hurwitz for all non-zero v =col(vy,vs,...,v,) € S.

(16)
Once again, by making use of Lemma 2.5, it follows
that B is v-stable for all non-zero ve S, if and only
if (nA;+v4A,+---4v,4,) is Hurwitz for all non-
zero v € S, which in turn is equivalent to TTr(V.) Cint
(S)~ by Equation (16). L]

4. Lyapunov theory of stability of strongly
autonomous systems

In Lyapunov theory of stability of 1-D linear systems,
we look for a positive definite storage function, then its
rate of change being negative along all trajectories is
equivalent to the system being asymptotically stable.
We mimic this idea in the n-D case. We look for a
positive definite storage function, and then (in)stability
with respect to a half-line can be inferred by looking
into the sign of the directional derivative of this storage
function along that half-line. Our main result shows
that stability with respect to a proper cone is equivalent
to the existence of a common storage function whose
directional derivative along every half-line in the cone
is negative. Sufficiency of this storage function
condition is not difficult (as we shall see in the
proof), what is more striking is that it is necessary
too. We now state this result below. We postpone the
proof till we state and prove an auxiliary lemma.

Theorem 4.1: Let B € £ be a strongly autonomous
system given by an observable state equation (1). Further,
let SCR" be a proper cone. Then B is S-stable if and
only if there exists P=P' e R**% and P > 0, such that
v,) € S we have

(Z v,-A,T)P + P(Xn: V,A,-) <0. (17)

i=1 i=1

As mentioned earlier, the if part of the above
theorem 1is easier than the only if part. One of the
difficulties for the only if part arises out of the
requirement to obtain a common solution to a possibly
(uncountably) infinite number of simultaneous
Lyapunov inequalities. However, it so happens that
the finiteness of the variety V. renders the situation
down to a question of solving only a finite number of
Lyapunov inequalities. A crucial observation that
plays a key role in this reduction is the fact that for a
strongly autonomous system the proper cone S can be
assumed to be polyhedral without loss of generality.
A proper cone is said to be polyhedral if it can be
written as a finite intersection of half-spaces of the
form H={yeR"|B"y =0} for some given BecR".
Equivalently, a polyhedral cone is one which is
generated as a non-negative hull of finitely many
vectors in R”.

Lemma 4.2: Suppose B € £%, a strongly autonomous
behaviour given by an observable state equation (1), is
S-stable for some proper cone S CR". Then there exists
a polyhedral cone S12S such that B is stable with
respect to S;.

Proof: In order to show the existence of the desired
Sy, it is enough to show that there exists a proper
polyhedral cone, say § contained in the polar cone
(S)<, such that the real part of V. is contained in the
interior of S. In that case the polar cone (S) <

going to be nonempty because S is proper. Moreover
(S) - will be polyhedral because S is. We can take this
polar cone (S)_ as a candidate for S;. Here, since

(S =((8)-)< =S5,

we have TIr(V.)Cint (S;)- by construction.
Thus stability with respect to S; will follow from
Theorem 3.3.

We now show existence of the above-mentioned S.
By assumption 9B is S-stable. Therefore, by Theorem
3.3, the real part of V. is contained in the interior
of (S)-:

Mr(V.) < int S)<.

This implies that for each point in IMRr(V.) there exists
a closed hypercube, containing the point in its interior,
small enough to be fully contained in (S).. We take
the convex hull of the vertices of these hypercubes.
Since V. (and therefore, IT(V.)) contains only finitely
many points, this convex hull, say P, is a convex
polytope. Note that it follows from the construction
of P that

Mr(V:) € int(P).
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We consider the cone obtained by taking the
non-negative hull of the vertices of this convex
polytope, and call it S. This cone is clearly closed
and convex, and polyhedral by construction.
Moreover, since P is contained in (S)-, the cone S
too is contained in (S)-. This is because all the vertices
of P are contained in (S)., which is a convex cone.
Therefore, the non-negative hull of these points is also
contained in (S)-. But this means S must also have
SN (=S)={0}. Thus S is proper. Further, note that
the way S is constructed, it contains the convex
polytope P. But this polytope in turn contains
IMr(V.) in its interior. Thus

Mr(V.) C int(P) C int(S).

Now, by the discussion at the beginning of this proof
it follows that S; := (S). meets the requirement of
the lemma. O

We have mentioned that the above lemma enables us
to look for a common solution to a finitely many
Lyapunov inequalities. In the following proof we utilise
Lemma 4.2 to first bring down the situation to a finitely
many Lyapunov inequalities and then we give a con-
structive solution to this simultaneous inequalities.

Proof of Theorem 4.1: (If): Suppose thereisa P > 0
such  that (X0, vd] )P+ P(X 1L, vid;) <0  for
all 0#£v:=col(vi,vs,...,v,)€S. We want to show
that 9B is S-stable, that is, for all 0#veS,
lim,,ow(vt)=0 for all we®B. Recall that B
admits an observable state representation given by
Equation (1).

We first define a quadratic form on the state
variable z by V(z):=z"'Pz. Note that when evaluated
along a trajectory z € €°(R",R"), the quadratic form
V(z) becomes a smooth function from R” to R. In other
words, a smooth 0-form. Then it makes sense to talk
about the directional derivative of this 0-form along a
non-zero v € R". Moreover, derivative of V(z(vr)) (i.e.
the restriction of V(z(x)) to the 1-D subspace spanned
by v) with respect to ¢ is equal to the directional
derivative of V(z) along v:

[(01V(2)(v1)

(VN0
Sveom=[n v wl]

L (3, V(2))(v1)

[ (@ 2) Pz + 2T Py z](ve)

[v ) ) [(322)TPZ+ZTP322](VI)
=V 2 o Wy

| [(8,2)" Pz+2T P8,z (v1)

[ZTA]TPZ + ZTPAlz](Vl‘)
[ZTA;PZ + ZTPAzz](Vl)
= [ Vi 1) cee Vi ]

[ZTAEPZ + ZTPA,,Z](VI)

=z(v)" |: (i vl»AiT> P+ P(Xn: v,A,-)]z(vt).
=1 i=1

Now, for all non-zero v € S, by assumption we have
[, vid] )P+ P(X, vid:)] < 0. So, for all reR,
we get

% V(z(vt)) = z(ve)" [(g v,-Al.T> P+ P(Z v,-A,->:|z(vt)

< 0.

A straightforward application of the fundamental
theorem of integral calculus to the above inequality
shows that V(z(vf)) is a monotonically decreasing
positive function of ¢. Therefore, V(z(vf)) goes to zero
as ¢ tends to infinity. Since V(z) is positive definite, the
last assertion implies z(vf) itself tends to zero as ¢ goes
to infinity. Thus lim,_, ,ow(vf) =0, in other words, B is
v-stable for all non-zero v € S. Therefore B is S-stable.

(Only if): We assume that B is S-stable and show
that there exists P=P'ecR*% P >0, satisfying
inequality (17) for all 0#v=col(v,vs,...,v,) ES.
First, note that by Lemma 4.2, there exists a polyhedral
cone S;2S such that B is S;-stable. We shall
show that there exits a P that satisfies inequality (17)
for all 0#veS,. Since SCS;, this P will satisfy
our requirement.

Now, the advantage of working with S;, rather
than S itself, is that S; is polyhedral, and therefore,
there exist vectors {v',v%...,Y}CR" whose non-
negative hull is S;. For each je {1,2,...,r}, we define

n
Aj = Z VZA, € RZXZ,
i=1
where V = col(v], v}, ...,v]). Thus we get a collection
of r pairwise commutative square z x z real matrices

{Al,Az,...,,Z,A}. If we look for a simultaneous
solution P for the inequalities

ATP+P4;<0 forallje{l,2,.....r},  (I8)

then it follows that a solution P, if it exists, works
for all non-zero veS;. To see this let 0#

v=col(vi,vs,...,v,)€S;. Then, because S; is the
non-negative hull of the vectors {v',v* ...,V'}, there
exist non-negative real numbers {oy, a0y, ..., .}, not all

zeros, such that v=a;v' + > +---+a,v". Let P be a
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solution to the simultanecous Lyapunov inequalities
(18). It then follows that

<XI: VjA;»r) P+ P(X’: Vl'Al)
i=1 i=1

- al(ZlTPJr P}L)
+ar(ATP+ PA) + -+ o (ATP+ PT,).

Since P is a common solution to the simultaneous
inequalities (18), the right-hand side of the above
equation is a non-negative combination of negative
definite matrices with at least one of the «;s non-zero.
This forces the right-hand side to be negative definite
because the set of negative definite matrices is a convex
cone.

Thus, for the purpose of this proof it suffices to show
that we have a common solution to simultaneous
inequalities (18). Since B is S;-stable, in particular, it
is stable with respect to v for all je{l,2,...,r}.
We have already seen in the proof of Theorem 2.6
that this is true if and only if the matrices
{A1,A>,...,A,,} are Hurwitz. We now define the
following real symmetric z x z matrix P that satisfies
the simultaneous inequalities (18):

00
Pj = /0 é:Xp(%T 7j) exp(4;7;)dT,

Pi= ﬁ Py,
j=1

where {7y, 7,...,7,} are auxiliary variables of integra-
tion. Note that since each A4; is Hurwitz, for all
JE{1,2,...,r}, P;is real symmetric positive-definite
matrix. Moreover, since 4;s commute with each other,
so do the Pjs. Therefore, the product P is also real
symmetric and positive-definite. We now show that
P satisfies the simultaneous inequalities (18).
The following is a consequence of the fact that Pjs
commute with each other and with 4s.

AP+ PA; = (AT P+ PA) [ ] P
i

= (/O‘OO%(exp(;‘i?z'j)exp(%tj))dti) HPi
J

i#]
= (exp(zzjT ;) CXP(ZJTJ )|ff:°°

— exp(4] ) exp(4;7; )lr/:()) l_[ P

i
R
i#]

5. Concluding remarks

In this article we looked into stability properties of
a special kind of autonomous n-D systems, called
strongly autonomous systems. We started with the fact
that our systems are given by an observable first-order
representation with n-tuple of real constant square
matrices which commute pairwise. It is already known
that strongly autonomous systems admit such a
representation. A straightforward consequence of this
representation is that now restrictions of trajectories to
1-D subspaces are given by matrix exponentials of
certain linear combinations of these n-tuple of system
matrices. In order to relate stability with respect to a
half-line with the eigenvalues of these matrices, we
showed in our main result, Theorem 2.4, how the
eigenvalues of the linear combination are related with
the eigenvalues of the individual matrices. As a natural
consequence of this, we showed in Theorem 2.6, that,
stability with respect to a half-line is equivalent to the
real part of the characteristic variety being contained in
the half-space polar to the half-line of stability. We
then extended this result to the case for stability with
respect to a closed convex pointed cone (which we have
called a proper cone). Our next result provides a
Lyapunov theory for strongly autonomous systems.
We showed that stability of such a system with respect
to a proper cone is equivalent to existence of a real
symmetric positive definite matrix which satisfies
simultaneous Lyapunov inequalities obtained from
non-zero vectors in the given proper cone.
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