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Abstract—1In this paper we deal with the linear matrix
inequality (LMI) arising from a singular linear quadratic reg-
ulator (LQR) problem. The maximal rank-minimizing solution
Kpax of the LMI plays a central role in obtaining a proportional-
derivative feedback law for the optimal input. The optimal cost
of the LQR, too, depends on this solution K.x. In this paper,
we provide a method to compute this maximal rank-minimizing
solution K., of the singular LQR LMI. We compute this
solution using the notions of the weakly unobservable or the
slow space and the strongly reachable or the fast space of the
Hamiltonian system arising from the singular LQR problem.
In this process, we also provide a novel characterization of the
fast space in terms of the system matrices.

I. INTRODUCTION

In this paper we deal with the LMI arising from the
singular case of the infinite horizon LQR problem. Following
is the problem statement of an infinite horizon LQR problem:

Problem 1.1: Consider a stabilizable system with state-
space dynamics %x = Ax + Bu, where A € R**® B ¢
R®»*™  Then, for every initial condition xg, find an input u
that minimizes the functional

[T T T @ s] =
J (o, u) .—/0 OV (& 5] [m0] e )
e 1. . Q s
with lim;_, o, z(t) = 0, where ST m| = 0.

This is a regular LQR problem if the cost matrix R > 0, and
a singular LQR problem when R is singular. For the regular
problem, the optimal input u* is given by a state-feedback
law u* = —R™Y(ST + BT Kp.r )z, where Ky, is the maximal
solution of the algebraic Riccati equation (ARE):

ATK+ KA+ Q-

that is, K.y — K > 0 for any arbitrary solution K of the
ARE. The singular LQR problems do not admit the ARE due
to singularity of the matrix R. However, both the regular and
the singular LQR problems give rise to the following LMI:

(KB+S)RYBTK+58T)=0;, (@

) o= [ K] o g
For the regular case, K.y is the maximal rank-minimizing
solution of the LMI (3), that is rank £(Kpay) < rank £(K)
for any arbitrary solution K of the LMI. For singular LQR
problems, too, the maximal rank-minimizing solution K.y
of the LMI (3) is the key to obtain the optimal solution [1].
Singular LQR problem has been extensively studied in the
seminal paper [2]. But, a feedback solution has not been
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provided there. A linear implicit control law of the form
Px + Lu = 0 has been provided in [3]. But, unfortunately,
this law is not always feedback implementable. In [4] K.y
has been used to design a proportional-derivative (P-D)
feedback optimal control law for the single-input case. The
solution presented in this paper is expected to play a crucial
role in designing a P-D feedback law for the multi-input case.
We shall pursue this design problem elsewhere in future.
In this paper we transform Problem 1.1 to an alternative
formulation of the singular LQR problem, which separates
the regular part from the singular part of the problem. Since
R > 0, there exists an orthogonal matrix U € R™ " such that
UTRU = diag(0, R), where R € R*™* and r := rank R.
Clearly, R > 0. Define BU =: [ B B>] and SU =: [ 8 5],
where Bg, So € R***. Then, it is easy to verify that S1=0
([5, Lemma 1]). Thus, without loss of generality, we can
provide the following alternative formulation of the singular
LQR Problem (for more details see [5, Lemma 1]):
Problem 1.2: Let (Q € R**®, S5 ¢ R®** and R € R*™**

~ 0 Sa
be such that R > 0 and

0 Ogqa O
s o R
r. Consider a stabilizable system with state-space dynamics
;tl’ = Az + Biuy + Bous, where A € R**® B, € RnXd
and By € R***, Then, for every initial condition xg, find an
input u := col(uq, ug) that minimizes the functional:
X rz 0S T
J(z0, ) _/ 1;1 [;{TS IQ:] [gé] dewith lim @(t) = 0. (4)
Under this transformation LMI (3) takes the form:
ATK+KA+Q KBy KBy+5Ss
L(K) = |: :| >0

>0, where d :=m —

BT K 0 0

BY Kk+s¥ 0 R

(6))

It is easy to verify that K, is the maximal rank-minimizing
solution of LMI (3) if and only if K, is the maximal rank-
minimizing solution of LMI (5).

In [6], [7], [8], it has been shown that K., can be
found by solving the following set of equations known as
constrained generalized continuous ARE (CGCARE):

ATK + KA+ Q— (KBa + S2)R~Y(BYK + 54 )=0and KB; =0.

But, [5] shows that such equations are generically unsolvable.
For a regular LQR problem, the maximal rank-minimizing
solution of the LQR LMI is given by the maximal solution
of the corresponding ARE. There are numerous methods
to compute the maximal solution of an ARE: see [9] for
different methods. However, these methods cannot be used to
compute the maximal rank-minimizing solution of an LQR
LMI for the singular case primarily due to the singularity
of R matrix. In this paper, we provide a novel method
of computing the maximal rank-minimizing solution of the
singular LQR LMI. This method, in principle, is an extension



of the Hamiltonian matrix based method prevalently used
for the regular case. However, one crucial distinction in our
approach is the substitution of the eigenspace of the Hamilto-
nian matrix in the regular case by the weakly unobservable
(slow) subspace of the corresponding Hamiltonian system
and the strongly reachable (fast) subspace of the primal.
This approach substantially helps in the design of the P-D
feedback for the optimal input ([4]).

II. NOTATION AND PRELIMINARIES

A. Notation

The symbols R, C, and N are used for the sets of real num-
bers, complex numbers, and natural numbers, respectively.
R and C_ denote the sets of positive real numbers and com-
plex numbers with negative real parts, respectively. R**P de-
notes the set of n X p matrices with elements from R. We use
the symbol I, for an nxn identity matrix and the symbol O, 5,
for an n X m matrix with all entries zero. col(Bj, Bs,...,By)
represents a matrix of the form [ 57 BY .- BT ]T. By img A
and ker A we denote the image and nullspace of a matrix
A, respectively. The symbol rank A denotes the rank of a
matrix A. det(A) represents the determinant of a square
matrix A. The symbols deg(p(s)) and roots(p(s)) denote
the degree and the set of roots (over complex numbers) of a
polynomial p(s) with real or complex coefficients (counted
with multiplicity), respectively. The symbol num(p(s)) is
used to denote the numerator of a rational function p(s). By
degdet(A(s)) we denote the degree of the determinant of a
polynomial matrix A(s) and by numdet(A(s)) we denote the
numerator of the determinant of a rational function matrix
A(s). The symbol o(A) denotes the set of eigenvalues of
a square matrix A (counted with multiplicity). The symbol
IT'| denotes the cardinality of a set I'. We use the symbol
o(A|s) to represent the set of eigenvalues of A restricted
to an A-invariant subspace S. We use the symbol dim (S)
to denote the dimension of a space S. The space of all
infinitely differentiable functions from R to R" is represented
by the symbol €*°(R,R?), while ¢>°(R,R*)|g, represents
the set of all functions from R to R" that are restrictions
of €*°(R,R") functions to R, . ¢ represents the Dirac delta
impulse distribution and 6(*) represents the 4-th distributional
derivative of 0 with respect to ¢.
B. Regular matrix pencils

Consider a regular matrix pencil (sU; — Uz) € R[s]**?,
i.e., det(sU; — Uz) £ 0. Let A € roots (det(sU; — Us)).
Then ) is called an eigenvalue of (Uy,Us) and every nonzero
vector v € ker (AUy — Uz) is called an eigenvector of
the matrix pair (U;,Us) corresponding to the eigenvalue .
Further, every nonzero vector © € ker (A\U; — Us)", where
i € {2,3,...}, is called a generalized eigenvector of the
matrix pair (Uy, Us) corresponding to the eigenvalue A. We
use the symbol o(U;,Us) to denote the set of eigenvalues
of (Uy,Uz) (with A € o(Uy, Usz) included in the set as many
times as its algebraic multiplicity).

C. (A, B)-invariant subspaces
Definition 2.1: Consider A € R**® and B € R*™ A

subspace § C R® is said to be (A, B)-invariant if there
exists a matrix F' € R®** such that (A + BF)S C S.

We use the symbol J(A, B) for the family of all (4, B)-
invariant subspaces for a given (A, B) pair. The notation
J(A, B;ker C) denotes the family of (A, B)-invariant sub-
spaces that are contained in ker C, where C' &€ RP*™,
It is known in the literature that the set J(A, B;ker C)
admits a supremal element [10, Lemma 4.4], and we rep-
resent it by the symbol sup J(A, B;ker C'). Formally this
means that for all § € J(A, B;ker C'), we must have
S C supJ(A, B;ker C). The notation F(S) is used for the

collection of matrices F' € R®** such that (A+ BF)S C S.
Another important concept is the notion of good (A, B)-
invariant subspaces. We explain this notion next. Define

B:={S€J(A,B,ker C) |3F €F(S) such that 0 ((A+BF)|s)CC_},

We call subspaces in B good (A, B)-invariant subspaces
inside ker C. As shown in [10, Lemma 5.8], the set 5 admits
a supremal element defined as Sg = supB, ie., for all
elements S € B,S C Sg . Hence, S; is called the largest
good (A, B)-invariant subspace inside ker C.

D. Weakly unobservable and strongly reachable subspaces

Consider the system with an input-state-output (i/s/o)
representation %x = Ax + Bu and y = Cz 4+ Du, where
AeR¥™ BeR¥™® C e RP*® and D € RP*™. Associated
with such a system are two important subspaces called the
weakly unobservable subspace and the strongly reachable
subspace. Before we delve into the definitions of these
subspaces, we need to define the space of impulsive-smooth

distributions (see [2], [11]). ) o
Definition 2.2: The set of impulsive-smooth distributions
&, is defined as:
Chnp = { f = Frog + fimp | frog € CF(RRY)x,

.
and fimp = > a;6%), witha; € R,k € N}.

In what follows, we denote the state-trajectory  and output-
trajectory y of the system 3, that result from initial condition
xo and input u, using the symbols x(zg, u) and y(xg, u), re-
spectively. The symbol z(07; xq, u) denotes the value of the
state-trajectory that can be reached from x( instantaneously
on application of the input w at ¢t = 0.

Definition 2.3: A state zy € R® is called weakly unob-
servable if there exists an input u € €*°(R,R")|g, such
that y(xo,u) = 0 for all ¢ > 0. The collection of all such
weakly unobservable states is called the weakly unobservable
subspace or the slow space and is denoted by O,,.

Proposition 2.4: The slow space O,, is the largest sub-
space V of the state-space for which there exists a feedback
F € R™**® such that (A+ BF)Y C Vand (C + DF)Y = 0. In
other words, O,, satisfies the above condition; and V C O,
for any subspace V satisfying the given condition.
Proposition 2.4 tells that O,, is the largest (A, B)-invariant
subspace inside ker (C+DF’) over all F' € R®*™. Therefore,
such a subspace also admits largest good (A, B)-invariant
subspace inside ker (C' 4+ DF') over all F' € R®*®, We call
such a space the good slow space of the system.

Definition 2.5: A state x1 € R" is called strongly reachable
(from the origin) if there exists an input u€&y, . such that
x(07;0,u)=z; and y(0,u) € €°(R,RP)|g, . The collection
of all such strongly reachable states is called the strongly
reachable subspace or the fast space and is denoted by R.



Proposition 2.6: The fast space Rs is the smallest sub-
space W of the state-space for which there exists G € R**P
such that (A + GC)W C W and img (B + GD) C W. In other
words, R, satisfies the above condition; and Ry C W for
any subspace W satisfying the given condition.

E. The primal and the Hamiltonian

Q 05 Q 05
Suppose p :=rank | 0 0 0 | Since | 0 00 | >0, it
PPOse P sToR sToRrR |~
. o Q 05 cr
admits a factorization given by | 0 0 0 0 | [coD:]
ST oR DT

where C' € RP*® and Dy € RP**, Using this factorization

in equation (4), it can be easily seen that the singular LQR

Problem 1.2 can be viewed as an output energy minimization

problem of the system Y defined as follows:

%x = Az + Biui + Bauz and y = Cz + Daus. 6)

We call the system X the primal for the given LQR Problem.
According to Pontryagin’s maximum principle, all the

smooth o?tlmal trajectories must necessarily be a trajectory
of the following singular descriptor system:

" A 0 Bi B
eoooldrE]_| -@ -aT o -5 | [ o
0000/ gz |% |~ o Bf 0o o ul |

0000 2 2

s BT o R
E

)

H

where col(zx,z) is the state-costate pair. The system de-
scribed by equation (7) is known in the literature as the
Hamiltonian system corresponding to the LQR Problem 1.2
and the matrix pair (E, H) is known as the Hamiltonian
matrix pair. The Hamiltonian system admits an output-
nulling representation given by

471 =A[2]+B[ul] ando=C[Z]+ D [4L], where

2::[_AQ _AT] ,é::[%l 73322] ,6::{50,{ ’;ﬂ ,andf)::[g }%] .(8)

It has been recently shown that not only the smooth optimal
trajectories, but also the distributional ones must necessarily
obey the Hamiltonian system’s equation distributionally [4].

Due to non-singularity of R, we can further reduce the
Hamiltonian system to obtain an equivalent system described
by the following differential algebraic equations:

Looldre A—BoR™'ST —ByR™'BY B1]:
01,0 { ] —Q+82R71sT —(A-B>R71sIHT o [ z ] .(9)
060 dtlur T u1

0 Bj 0

E, "
r

We call the system described by equation (9), the reduced

Hamiltonian system, and the pair (F,, H,) the reduced
Hamiltonian matrix pair. The reduced Hamiltonian system
admits an output-nulling representation Xy, as follows:

D=4 5]+ Blmando=[o57][2], (0)

—-Q —AT

where A=A- B2 R8T, C~2 =Q - Szﬁf
ByR- BT, and B:=B;.

The following lemma relates the transfer function matrices
of the primal and the Hamiltonian [12, Lemma 4.4].

Lemma 2.7: Consider the primal 3, the Hamiltonian
matrix pair (E, H), the reduced Hamiltonian matrix pair
(E,,H,), and the matrices A, B,C, D defined in equation
(6), equation (7), equation (9), and equation (8), respectively.
Define G(s) := C(sl, — A)~![B1 B2] + [0 D2 ]. Then,

18T A, =

1. G(=$)TG(s) = C(sly — A)~'B + D.
2. numdetG(—s)TG(s) = det(sE — H) =

det(sE, — H,.) for some k € R\ {0}.
Remark 2.8: Due to Statement 2 we can infer that if
A is a root of det(sE, — Hy) (that is, A € o(E,, H.)),
then — )\, too, is a root of the same. Of course, the roots
also appear along with their complex conjugates. Therefore,
the roots are symmetric about the origin. Consequently,
det(sE, — H,) is an even degree polynomial. Statement 1
and Statement 2 together imply that for a singular LQR prob-
lem degdet(sE, — H;) =: 2ng, where ns < n (because D is
singular). In this paper we assume that det(sE,— H, ) has no
root on the imaginary axis. Hence, |o(Ey, Hy) N C_| = ns.
It also implies that G(s) is left-invertible as rational function
matrix, that is, the primal ¥ is a left-invertible system. [

k x

F. Characterization of the good slow space of the Hamiltonian

The following lemma provides us with a characterization

of the good slow space of the Hamiltonian (see [13]).

Lemma 2.9: Consider the reduced Hamiltonian matrix
pair (E,, H, ) as defined in equation (9). Assume that
o(Ey, H.) N jR = (). Define degdet(sE, — H,) =: 2n,
and A := o(Ey, Hy) N C_ (recall from Remark 2.8 that
|[A| = ng). Let Via, Vop € R®X® and V34, € R be
such that col(Via, Vaa, Vapa) is full column-rank and the
following holds:

A -A, B| [Via I, 0 07 [Via
_G—AT o||Vaa| =01 0| |Ven|T, (11)

o BT o \ZIN 000 Vaa

where o (I")=A. Then, the following are true:

1. [%2] is full column-rank.

2. The good slow space of Xgam =: Oy = img [Vl"}
The following lemma ([13, Lemma 14]) shows that the good
slow space, V,, of the primal ¥ is embedded into the good
slow space, O,,4, of the Hamiltonian Ypam.

Lemma 2.10: Let V, and O,  be the good slow spaces of
the primal ¥ and the Hamiltonian >y,,,, respectively. Define
the subspace Veman := {[§] € R*™ | v € V,}. Then, Vesan € Ousg.

Remark 2.11: Suppose V, € R**€ be such that V, is
full column-rank and imgVy = V,, where g := dim(V).
Then, from Lemma 2.10 it is evident that there exist

Vie, Voo € R2*(2:—8) gych that [ Ve ‘\2} is full column-rank
and img [0 g ‘\ge} = O.y. Hence, w1th0ut loss of generality,

in this paper we assume that [O‘fgg “;;J = [%2 . ]
The following lemma ([13, Lemma 17, Theorem 18]) plays
a pivotal role in the proofs of the main results of this paper.
Lemma 2.12: Consider Via, Vaa as defined in Lemma 2.9
and V; as defined in Remark 2.11. Let Vi, Vo, € R**®=~€) be
such that [ Ve \‘;;J is full column-rank and img [0 g ge} =
Ouwg. Then, the following statements are true:
1. Vae is full column-rank.
2. ViiVern = VAVia (equivalently, ViV, =
VigVae = Vo Vie).
3. VaeVie > 0.
4. Vin = [V Vie is full column-rank.
III. THE FAST SPACE OF THE PRIMAL

0 and

In this section we provide a characterization for the fast
space of the primal. As mentioned earlier, it is more conve-
nient to carry out the analysis with the reduced Hamiltonian



Y 1am, Which comprises of the matrices K, B , @, and A.. Thus,
we represent the fast space of the primal in terms of these
matrices. The next lemma becomes useful in order to do so.

Lemma 3.1: The fast space R ; of the primal X is the same
as the fast space of the system Q) defined as follows:

4 = Ao+ Bu andy = Cz, where C := C — DoR™'ST. (12
For proof of Lemma 3.1 please refer to the appendix.

Lemma 3.1 along with [14, Theorem 4.2, Theorem 4.7]
enables us to write the following proposition which provides
a closed-form expression as well as the dimension of the fast
space of the primal 3.

Proposition 3.2: Consider the primal ¥ and the ma-
trices A, B,C as defined in equation (6) and equation
(10), respectively. Recall from Remark 2.8 that 2n, =
deg{numdet(G(—s)TG(s))}, where G(s) is the transfer
function matrix of . Let R be the fast space of X. Then,

1. dimR,; = n¢, where n¢ :=n — ng.
2. Ry = img W, where
W:=[BAB .. A—4B|N (13)

such that the columns of the matrix N € Ra(re—d-+1)xns
form a basis for ker My, _q41 with M defined as

Op,a ifj=1
0 0 0 0
0 0 0 CB
= CAB . 14
M 0 0 CB CAB if§>2 (14)
0 CB CA—3B CA?B

3. W is full column-rank.
We call the matrix M j the Markov parameter matrix. In [14,
Lemma 4.1 and Theorem 4.2] it has been shown that the fast
space of the primal X (which is the same as the fast space of
) having its dimension equal to n; is equivalent to saying
that dim(kerMp, _qy1) = dim(ker My, _442) = ng.

IV. CONSTRUCTIVE SOLUTION OF THE LQR LMI

In this section we provide the main results of this paper.
The first of these results provides us with a method to
compute a symmetric matrix /., that satisfies the LQR
LMI (5). Two subsequent results show that K,y is, indeed,
the maximal rank-minimizing solution of the LMIL.

In order to prove the main results we need a couple of
identities that we state as lemmas next. We provide the proofs
of these lemmas in the appendix.

Lemma 4.1: Let K € R*™® be an arbitrary solution of the
LQR LMI (5). Then, KW = 0, where W is as defined in
equation (13).

Lemma 4.2: Recall Vo5 and W from Lemma 2.9 and
Proposition 3.2, respectively. Then, VQRW:O
Now we provide the first main result of this paper. This result
enables us to compute a solution of the LQR LMI (5). In the
subsequent results we establish that this solution, indeed, is
the maximal rank-minimizing solution.

Theorem 4.3: Consider the LQR LMI given by equation
(5). Recall from Lemma 2.9 that the good slow space of the
Hamiltonian Sy, is given by O,y = img [V“} Further
recall from Proposition 3.2 that the fast space of the primal
is given by R, = img W. Define X := [ {12 '] = [§14 ],
where X1, Xop € R®*®, Then, the following are true:

1. XA is invertible.
2. Kpay i= Xop Xy, is symmetric.
3. Kyay satisfies the LMI (5).
Proo{ 1. Recall from Remark 2.11 that there exists Vi, €
R2*(1:=8) guch that Vi, = = [Ve Vie], where columns of Vj
form a basis for the good slow space Vg of the primal X and
g = dim (V). To the contrary we assume that X, is not
invertible. So, there exist z; €R&, zo e R(®~8) s e R™ with
col (z1, 22, 23) 70 such that

Vgz1+Vieza+ W =0=ViL V21 + Vi Viezo + VEE W 23=0,  (15)

where [0ng V2o ] = Vo5 (see Remark 2.11). From Lemma
42, we get that VLW = [VOT} W =0 VIW =

Further, by Statement 2 of Lemma 2.12, we have VQT;Vg =0.
Consequently, from equation (15) we get that VQZVlezQ =0.
But, from Statement 3 of Lemma 2.12, we know that V;;Vle

is non-singular. Thus, zo = 0. So, equation (15) reduces to
Vegz1 + Wz = 0. (16)

Recall from Remark 2.8 that the primal X is a left-
invertible system. So, by [2, Theorem 3.26] it follows that
imgV, N imgW = {0} because the columns of V; and
the columns of W form bases for the good slow space Ve
and the fast space R, of the primal X, respectively (see
Proposition 3.2). Thus, we concF de from equation (16) that
z1 =0,23 =0. ‘This is a contradiction, because we have
assumed that col (21, 29, 23) #0. Hence, X1, is invertible.

2. We need to show that Xop X1p ! = (XoaXia~ 1)T &

X AX1 A — X1 X2A = 0. It follows from the definitions of
XlA and XQA
VLV, VL Vop VAW
XQAXM—XIAXQA = [ 2A71V/‘>TV;2 24 . 17)

By Lemma 2.12 and Lemma 4.2 we get Vg\VM = ‘/17;\‘/2/\

and V., W = 0, respectively. Thus, from equation (17), we

get X5, XA — XlTAXQA = 0. Hence, K,y is symmetric.

3. By taking Schur complement with respect to R, we g

that K is a solution of the LMI (5) if and only if K satisfies
(ATK+KA+Q—(KBa+S2)R~Y (BT K+5T))>0, and KB; = 0,
o L(K)=ATK + KA+ Q- KA.K >0, and KB=0, (I8)

where A, B, Q and A, are as defined in equation (10).

Note that Kp.. X1po = XQAXlA XA = Xop. Therefore,
XlA(ATKmax + KmaxA + Q - KmaxAszax)XlA

=XTNAT Xon + XL AX 4 + X QXA — XTI A2 X0

—[xZ, -XT, ] A —A N[ Xa] _ | Vaa VA || A -4 ][Via W
2A 1A Q _AT || X2n o —wT -Q _AT Vopn O

[ Avip-A, V2A Aw ]
—QVip—AT Vo —QW

T T
— | Vaan —Via
o —wT

Further, using equation (11) in the above equation, we have
XlTA (ATKmax + Kmaxg + Q - KmaxAszax)XlA

_ [VzTA —Vﬂ} [vmrfév3A Aw ]

o —wT VoAl —QW
_ | VAvia=vRvan)r 1T VR W (19)
—WTyyaT wTQw

Application of Lemma 4.2 and Lemma 2.12 further yields

XT3 (AT Knax+ Knax A + Q — Knax Az Knax) X14 = [“ (20)

0
0 WTQW] :
Since @ 2z 0 and X,LA is non-singular, we conclude that
(ATKmax + KmaxA + Q - KmaxAgvaax) 2 0
Next, by equation (11), we have BTV,, = 0. Therefore,
ETKmax = §T)(QA)(IA_

1 ET [VQA O}XlA_l =0.



Hence, K.y is a solution of the singular LQR LMI (5). OJ

The following theorem shows that /., is a rank-minimizing
solution of the singular LQR LMI.

Theorem 4.4: Ky, is a rank-minimizing solution of
the singular LQR LMI (5); that is, rank Ly(Kpax) <

rank £ (K) for any K that satisfies L (K) > 0.
Proof ue to the notion of Schur complement, there

exists a non-singular matrix U € R®®*@+m) guch that
~ ~ L£:(K) KB 0 . .
UL (KYU= BTK 0ol where £,(K) is as defined in
equation (18). ] Further for any K satisfying L,(K) > 0, we
must have KB = 0. So, for an arbitrary solution K of LQR
LMI (5), we have rankl,(K) = rankl,(K) + rankR. So,
it suffices to show that rankL,(Kpay) < rankl,(K). Now,
rank £, (K) > rankW7T L, (K)W

= rank{WT(ATK + KA+ Q- KA, K)W}. @l

By equation (20) and non-singularity of X;,, we infer that
rankL, (Knax) = rank X iy Ly (Knax) X14 = rankW ! QW.

Thus, using Lemma 4.1 in equation (21), we conclude that

rankl; (K) > rankW? QW = rankly; (Knax).

This completes the proof. (]

Following theorem shows that K,y is the maximal solution
of the singular LQR LML
Theorem 4.5: Assume that K is an arbitrary solution of

LQR LMI (5). Then, K < Koay.
Proof We first claim that A := VlA(K Kmax)VlA < 0.

To prove this claim, we evaluate the quantity t( 2TKx) +

z 1T [ @ 052
[u1:| 0 00
u2 sToR

that belongs to the primal X (see equation (6)) to get:

seerwor+ 5] [$57]16)

x
{51} for all trajectories col (x,uq,us)
2

u1] forall t > 0.

u2

ATK+KA+Q 0 K}32+s2 [ z
BTK+ST 0 R

Ly(K)

Since L (K) > 0, from the above equation it is clear that

d T Q 0 S3 T
000 > > 0.
G K:v)+[u1] {sgoé} [3;]/Of0rallt/0 22)

Due to equation (11), it is straightforward to verify that
corresponding to the initial condition zgs = Vipa, where
o € R® is arbitrary, zs = Vipelta, us, = Vspella,
and us, = —R7NSTViy + BI'Vop)elta satisfy @, =
Az s+ Biug, + Baus,. Thus, the trajectory col (s, us, , Us,)
belongs to 5. So, by equation (22), we have

zs 17T 7 Q 082 Ts
{“51} { 0.0 0} |:u31} forall t > 0. (23)

a
—(z; Kxs) > —
dt( s :) 2 Usg sToR Usg

Next, by simple algebraic manipulations using the defi-
nitions of x,, us,, and ug, along With equation (11) and

the identities KpaxVipa = Vor, KnaxB = 0, and VE Vo =
V2 AVia we get that

d T Ts Q 0853 Ts
E(:ps Knaxxs) + [z:;] [S(;Tg %] {22} =O0forallt > 0. (24)

Subtracting equation (24) from equation (23), it follows that

{ T(K — Knax)zs} > Oforall t > (25)

We substitute 2, = Vipe' "o and iy = VipTe! *ov in equation
(25) and then evaluate the expression at { = 0 to yield

aT(I'TA + AD)a > 0, where A = V{4 (K — Kuax)Via-

Since o € R™ is arbitrary, we must have ITA+AT >0
In view of the fact that o(I") C C_, we conclude that A =

VA (K — Kpax)Via < 0. This proves the claim.

Now, we prove that K — Kyax < 0 for all K satisfying
Ly(K) > 0. Due to the non-singularity of X7,, it suffices
to show that X7 (K — Kpax)X1a < 0. Now,

T T
XTI\ (K — Kopar) Xyp=| p U KoV VIA“*K*““)W] (26)

WT(K—Knax)Via W (K —Kna)W |

From Lemma 4.1, we have KW = K, .,W = 0 and thus
from equation (26) we get X7\ (K — Kpax) X1 = [49].
But, since A < 0, it is evident that X7, (K — Kpax) X14 <0.
Hence, K — Kyax < 0 for any arbitrary solution K of the
singular LQR LMI (5). This completes the proof. (]

Corollary 4.6: K., satisfies the property K., = 0.
Proof As 0 € R**® solves the LQR LMI (5), by Theorem
4.5 it evident that K., > 0. U

Remark 4.7: From the definition of X7, and Remark 2.11
we know that X;p = [V Vie W]. By Theorem 4.3, X, is
non-singular. Consequently, the state-space R™ admits the
direct-sum decomposition R* = img V; ® img Vi, & img W.
Now, from [1, Theorem 2] we know that the optimal cost
for the singular LQR Problem 1.2 must be Jy = 28 KyaxZo
for a given initial condition xg. Thus, if x( is from the good
slow space of the primal, that is, zo = Vg for an arbitrary
a € RE, then the cost incurred by the optimal input is Jy =
ATV Kyax Vet But KpaxVy = [0 V20 0] [Ve Vie W]V =
0. Therefore, the optimal input incurs zero cost. Similarly,
if zg is from the fast space of the primal, that is, zg =
W~ for an arbitrary v € R™, then the optimal cost Jy =
AVTWT Kpax WA = 0. So, if 29 = [V Vie W] m with o €

Re 3 € R(®—8) and v € R™ is an arbitrary initial condition,
then the optimal cost Jy = BTV KnaxVieS. But, KpaxVie =
[0 Vee 0] [Ve Vie W] ™' Vi, = Vio. Hence, the optimal cost for
an arbitrary initial condition is given by Jo = 8TV Vaef. O

V. CONCLUSIONS

The method to compute the maximal rank-minimizing
solution Kp,, of the singular LQR LMI provided in this
paper shows that K, is intimately related to the slow and
the fast space of the Hamiltonian system. For single-input
systems it has been shown in [4] that K., plays a pivotal
role in order to design a P-D feedback law for the optimal
input. The main advantage of using this Hamiltonian system
based approach is that it enables us to solve the singular
LQR problem for arbitrary initial conditions. It is well-
known in the literature that for arbitrary initial conditions the
optimal trajectories are, in general, impulsive in nature. This
Hamiltonian system based method is able to handle these
impulsive optimal trajectories as well. In [15] a method to
design a P-D feedback controller has been provided under
certain assumptions by using behavioral theoretic ideas. In
our forthcoming work we wish to provide a P-D feedback



solution for the multi-input case of the singular LQR problem
using the results that have been developed here. We expect
that such a solution will be devoid of such assumptions.

APPENDIX
A. Proof of Lemma 3.1

Proof We denote the fast space of the system (2 by ﬁs.
Rs C Rs: By Proposition 2.6, there exists G ¢ R**P such that
(A4+ GC)Rs C Rs and img [ B1 Ba+GD2 ] C Rs. 27

Next, notice that (A + GC) = (A + GC) — (B2 + GD3)R~15T.
From equation (27), we know that img(B2 + GD2) C Rs.
Therefore, (A + GC)Rs C Rs. Again, since B = Bj, from
equation (27), we further get that img B C R,. Hence, by
Proposition 2.6 we conclude that R, C R..

Rs € Rs: By Proposition 2.6, there exists GeR=*P such that
(A+ GC)Rs C R, and img B C R.. (28)

Define G;:=(G—GDyR~1DT — B,R-1DY). Then, (A+GC)=
(A+G1C) and (Bg + G1D2)=0. So, by equation (28) we get
that (A+G16’)RS C Rs and ing [ B1 Bo+G1D>] C Rs. Thus, we
infer that R, C R,. Hence, Rs = Rs. O
B. Proof of Lemma 4.1

Proof Recall from equation (18) that K is a solution of LMI
(5) if and only if it satisfies:

L:(K)=ATK+ KA+ Q—-KA.K >0and KB = 0. (29)
Assume that the columns of col(No,Ni,...,No;—a) := N
form a basis for kxerMy,_q+1, Where Ny, Ny,..., an d €

Rdxn:, Define W; :=[5 45 ... 4'B]col(Nn;—a—i,.-- i€
{0,1,...,(n¢e — d)}. Then, we claim that KW; = 0. Wje prove
this claim by induction. N
Base case (1 = 0): KWy = KBN,,_q. But, since K satisfies
equation (29), we have KB = 0. Hence KWy = 0.
Inductive step: Assume that KW;_; = 0 for some 1 < i <
—d. We need to show that KW; = 0. Using KW;_1 =0, we
have that WT | £.(K)W;_1=WT ,QW;_,. Now,
CW;_1=C[BAB.. Ai—'B]|col(Nnp;—da—i,. -

= [Opa(ag—a—s) CB CAB ... CAI1B]col(No,...

I NDf —d)
 Nug—a)-

Notice that, for 1 <i <nt —d, [0p4n;—a_s) CB CAB ... CA'~1B]

is the (i +1)% block row of My, —at1. Thus, using imgV =

ker My, _a+1 in the above equatlon we get that CW,;_1 =0
=W, .CTOW;_1 = WL QW1 = W | L(K)W;_1 = 0.

Since L:(K) > 0, this further implies that £.(K)W;_; = 0.
Using the inductlve hypothesis and QW;_; =0, we have
Lo(K)Wi_1=KAW;_1 =0
& K[BNy o1 AW, 1] =KW; =0 (- KB=0).

This proves the claim. Next, since Wy,_q = W, it is clear

that KW = 0. This completes the proof. O
C. Proof of Lemma 4.2
Proof First, we claim that V5A'B =
(=1 DR ET)RVE QAG=1-MB for all i € N. We
Brove this usm]g mathematlcal induction.
Base case (i= I): Recall from equation (11) that
~VEQ - VREA=TTV] and (30)
VEB=0 (€)Y

We post-multiply ¢ equatlon (30) by B and then use _equation
(31) to get VLAB = —VLQB ~ TV, B = v @B. This
proves the base case.

Inductive step: Assume

that VRA'B =

o (D)FLIT)RYVT QAG-1=R B, We need to show
that VEAHIB = Y& _ (- DEFIT)RVE QAR B, Post-
multiplying equation (30) by A‘B and then using the
inductive hypothesis, we have

VL AIB = —VIAQA"B -rTvi A'B
-7 Z

= DRI VR QA B,
k=0

_ _Vlz;\@gi 1)k+1 FT)kVT OAG—1-k) j

This proves the claim. Using this claim along with the fact
that CTC = Q we get that

VoAW =V [B 4B ... z—<4B]N

= [0-VERGE - S -1k TRy GAG —a-t-0 5| N

= [O_Vl’l;\CNvTCB Do 2( DEFLET kYT 6T & Al —a—1— k)B]N
=[o (-pre=d@T)me—d=ty L T . TV T v 6T ] Mn; —at1N.

But, since My, _q+1N = 0, it is evident that V,, W = 0. O
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