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Abstract

In this paper we analyze the ¢*-stability of infinite dimensional discrete autonomous systems whose
dynamics is governed by a Laurent polynomial matrix A(c,c~!) in shift operator & on vector valued
sequences. We give necessary and sufficient conditions for the ¢*-stability of such systems. We also
give easy to check tests to conclude or to rule out the ¢*-stability of such systems.
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1. Introduction

Infinite dimensional systems — that is, dynamical systems defined over an infinite dimensional state-
space — arise as a natural mathematical model for numerous engineering applications. In fact, any
system that is modeled by partial differential/difference equations (distributed parameter systems) or by
delay-differential equations can be cast as an infinite dimensional dynamical system [1]. Naturally, the
question of stability of such systems is an important issue. However, owing to the infinite dimensionality
of the state-space, extension of results on stability of finite dimensional systems is often not possible.
The question of stability of a certain special class of infinite dimensional systems has been dealt with in
the recent interesting work of Feintuch and Francis [2] concerning an infinite chain of vehicles. In [2],
the dynamics of the infinite chain of vehicles follows the nearest-neighbor interaction: let g, (t) denote
the position of the n" vehicle at time ¢, then

Gn = f(CInJrl —qn;qn—1 —Qn),

where f is the same linear function for all n. Note that, such a dynamical equation can be written
succinctly as:
q=(a_10"'+ag+ayo)q, (1

where ¢ denotes the entire sequence {...,q_1,qo,q1,-.-} and o is the (left or right) shift operator
with a_1, ag, a; being real numbers. The operator (a_16 ' + ag+ a; &) has the structure of a Laurent
polynomial operator in the shift o. In this paper, we deal with stability of dynamical systems whose
dynamics is governed by a generalized discrete version of (1): while (1) involves only scalar trajectories,
we consider vector trajectories and instead of just nearest-neighbor interactions, we consider an operator
given by a general Laurent polynomial matrix. Thus, the systems we are concerned with are governed
by the following type of discrete dynamical equation:

Xk-i-l(') :A(G,G_I)Xk(-), 2

where A(c,6!) is a square Laurent polynomial matrix in shift operator &, and x;(-) is a vector valued
sequence defined over integers.
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Unlike its finite dimensional counter-part, stability analysis of infinite dimensional systems depends
crucially on the normed space chosen as the infinite dimensional state-space. The two most prevalent
normed spaces in this regard are (¢2, || - ||2) and (£, ]| -||.). While working with (¢2, || - ||2) space is some-
what easier than with (¢, -||-) space, in many questions of practical significance, itis (¢, ||||«) space
that becomes the more realistic choice. For example, in the case of infinite chain of vehicles, ¢ pertur-
bation from an equilibrium means: for every € > 0, almost all the vehicles are within €-neighborhood of
their corresponding equilibrium positions. In a practical scenario, this may not be realistic. We, there-
fore, restrict ourselves entirely to the ¢*-stability analysis of systems governed by (2). Such stability
analysis over (£, ]| - || ) space falls under the general setting of stability analysis over an infinite dimen-
sional Banach space, which is a recent topic of interest (see [3, 4]). In this paper we provide elegant
necessary and sufficient conditions for the ¢*-stability of systems governed by (2) in terms of spectral
radius of A(e'® e~?) and operator norm. These necessary and sufficient conditions may not always be
easy to check; so, we also provide easily implementable necessary conditions and sufficient conditions
for ¢~-stability. These tests can be used to conclude or rule out £*-stability.

1.1. Notation

We denote the fields of real and complex numbers by R and C, respectively. We use the symbol
F to denote R or C in statements that hold true for both R and C. The set of integers is denoted by
Z; while the symbols N and N are used to denote the set of positive integers {1, 2, ...} and the set of
non-negative integers {0, 1, 2, ...}, respectively.

We use I to denote the identity operator. Transpose of a vector v (a matrix B) is denoted by Vv’
(B'). The symbol F=(Z,[F") is used to denote the space of F” valued bidirectional sequences; i.e.,
F=(Z,F") = {a: Z — F"}. To denote the zero element in F"* and F*(Z,[F") we use boldface 0; and we
expect it to be clear from the context. For x € F*(Z,F"), x() is used to denote the value of x at j € Z;
therefore, x(j) € F", V j € Z. We write X(j) = *, when the exact value of x(j) is irrelevant. Analogously
for v € F", v(j) is used to denote the j™ component of v.

Laurent polynomial ring in a variable ¢ with coefficients from F is denoted as F[o,c~!]. We use i
to denote \/—1, unless specified otherwise. The unit circle, the closed unit disc and the open unit disc
in C centered at the origin are denoted as:

Sc(0,1):={ze€C : |z| =1}, (3a)
Bc(0,1):={ze€C : |z| < 1}, (3b)
Bz(0,1) :={zeC : |z] < 1}. (3c)

1.2. Objective, overview and motivation
Consider the left shift operator ¢ : F*(Z,F") — F=(Z,F"), which is defined as (ox) (j) :=x(j+1).

Its inverse is the right shift operator, denoted as ¢~'. It follows that a Laurent polynomial matrix

p .

Ao, 071 = ( Z Ajol | e R™"[c,67"], where A; € R™" for j € {—m, ..., p}, is a well defined
j=—m

operator on F*(Z,F"); i.e., A(c,0~ ") : F*(Z,F") — F>(Z,F"). In this paper, we study the following

infinite dimensional discrete autonomous system:

Xpr1(+) ::A(G’G_l)xk(')’ “)

where A(c,0°!) € R™"[6,67!] and x; € R*(Z,R"), Vk € Ny. The trajectories satisfying (4) can be
written as:
xi() == A(0,67") x0(-), (5)



where xg € R*(Z,R") is an initial condition.

Later in Section 2.2 we explain that, A(6,0~!) is a continuous linear operator on ¢*(Z,F"). In
this paper, we obtain necessary and sufficient conditions for the ¢-stability of systems given by (4).
We also give easy to check necessary conditions and sufficient conditions for the ¢*-stability of such
systems. Stability analysis of systems given by (4) is closely related to the stability analysis of discrete
2-D autonomous systems in general (see [5, 6]); and particularly to the stability analysis of time relevant
discrete 2-D autonomous systems (see [7]). When time relevant discrete 2-D autonomous systems are
brought down to the state space form, the dynamics is exactly same as the one given in (4).

2. Mathematical preliminaries

2.1. Bounded linear operators

Here we briefly mention some preliminaries from functional analysis; reader can refer to [8, 9, 10]
for a detailed treatment on these topics. We are interested in the normed subspace (¢*(Z,F"), || - ||«) of
F=(Z,F"); for x € £~(Z,F"),

[1X[|eo = sup {[Ix(j)[leo : j € Z}. (©)

Let (X,] - [|x) be any normed space over IF. Let T be a linear operator on a normed space X. The
linear operator 7 is continuous if and only if there exists & > 0 such that:

IT(y)|: < allyll, Yy€eX. (7

Therefore, continuous linear operators are also called as bounded linear operators. The space of
bounded linear (or continuous linear) operators on X is denoted as BL(X); it is a normed space with
the following induced operator norm: for 7' € BL(X),

1Ty = sup{[[T(y)llx : y€Xand [ly|, <1} (®)
= inf{aeR : [|[T(y)|: < a|lylls, forally € X}. 9)

The inequality,
ITW)lx < (1Tl [lylls, Yy e X (10)

is called the basic inequality. The operator T € BL(X) is said to be invertible (in BL(X)), if T is
bijective and the inverse map, T~', also belongs to BL(X). For T € BL(X), the eigenspectrum A.(T)x,
the spectrum A(T )y, the resolvent set A°(T)x and the spectral radius p (T )x are defined as follows:

Ao(T)x :={A € F| (Al —T) is not one-one }, (11a)
A(T)x :={A € F| (A —T) is not invertible }, (11b)
A(T)x :=F\A(T)x, (11c)

p(T)x :=max {|A] : L € A(T)x}. (114d)

It follows from the definition that, A.(T)x C A(T)x. If X is a finite dimensional vector space, then
A(T)x =A(T)x.



2.2. Laurent polynomial matrix operator

P .
Consider a Laurent polynomial matrix A(c,0~!) = ( Z Ao’ ) € R™"[¢,6 "] in the shift op-
Jj=—m
erator ¢. For ease of notation, we use L, to denote the linear operator on F*(Z,[F")! corresponding to
the Laurent polynomial matrix A(c,c~!). Now, the trajectories satisfying (4) can also be written as:

x¢ = LK xo, (12)

where xg € R*(Z,R") is an initial condition.
Note that, for a given x € ¢*(Z,F"),

(Lax)(r) = A(o, Gfl)x(r)

P
= Z Ajx(r+j)

j=—m
x(r—m)
(r—m+1)
= [A<7m) Ay = Ao - Apoi Ap] X(:’) ) (13)
X(r—&-:p—l)
x(r+p)
for all » € Z. Let us define G € R (m+p+1)n 5g
G:= [A(—m) A(—m-H) A e Ap—l Ap]- (14)

It follows from (13), basic inequality and (6) that; for all r € Z,

[(Lax) ()]l < [|Gll max {[[x(r+ j)llw : jE{—m, ..., p}}
< [|Glleo [[]]eo- (15)
Therefore,
[Lax[lw = sup {[|(Lax)(r)w : r€Z}

IN

1G]l (x|, Vx € £7(2,F"). (16)
As a consequence, Ly € BL({*(Z,F")) and ||Lal| < ||G]|co-
Remark 2.1. Note that:

1. ||La|| is the induced operator norm, as defined in Section 2.1, of Ly € BL(¢*(Z,F")).

2. |G|l is the oo-norm of matrix G € R"™ " tP+0n \which is equal to the maximum absolute row
sum.

Remark 2.2. The algebra R""[c, 0] is isomorphic to the sub-algebra of BL (¢*(Z,F")), where mul-
tiplication operation is given by composition of maps.

"Though A(c,6~!) € R™"[5,05~'], later for ¢~-stability analysis of the system given by (4), we consider A(c,6~!) as
an operator over C*=(Z,C") also.



For G € R™(m+P+ D1 there exists y € R+ with ||y||.. = 1 such that:
1GYlee = [|G|eo- (17)
Using this y € R(+P+1D7 one can easily construct’> x* € £°(Z,F") with ||x*|| = 1 such that:
1ZAX" oo = [|Glo- 21
As a consequence, ||L4 ||« = ||G||c-

Remark 2.3. One can view Ly as a doubly infinite banded block matrix given by,

La(j.K) :={ 0 e (22)

0, otherwise.

For example, when A(o, 6*1) =A_16"'4+Ap+A,0, Ly would be as follows:

(k=0)
1
Afl A() A] 0 0
La= 0 A, Ay A 0 —(j=0)

3. (~-stability
Definition 3.1. The system given by (4) is said to be {*-stable, if

lim [[xel|ee =0, Vo € £7(Z,R"). (23)
—»00

2For k € {0, ..., m+ p}, define V(—m+k) € R" as follows:

y(kn+1)
y(kn+2)
V(Cmik) = : . (18)
y(kn—+n)
Define x* € £*(Z,F") as follows:
i J vy, ifje{-m,..,0,. p}
x'(J) _{ 0, otherwise. (19)

Note that, ||x*|l =1 and (L4 x*) (0) = Gy. Therefore,

[Glleo = | (Lax*) (O)flec < [[LaX"[|eo < [[Laflee < [|Glee- (20)



3.1. Spectrum of Ly as an element of BL({*(Z,C"))

In order to find necessary and sufficient conditions for £*-stability of the system given by (4), we
first prove one result related to A (L )¢~ in Theorem 3.5. This result will be used later to prove our main
result of this section, Theorem 3.12, which gives necessary and sufficient conditions for /*-stability of
the system given by (4).

Consider the left shift operator ¢ : F*(Z,F") — F*(Z,F"). When n = 1, i.e. for scalar valued
sequences, the spectrum of ¢ as an element of BL(¢*(Z,C)) has been shown to be equal to Sc(0,1)
in [2]. As stated in the Lemma 3.2 below, same result holds when n > 1, and its proof follows on the
similar lines. This result is required for proving Theorem 3.5.

Lemma 3.2. Consider ¢ as an operator on (*°(Z,C"). Then,

Ae(0) > = A(0)= = Sc(0,1). (24)

1

Corollary 3.3. Consider 6~ as an operator on {*(Z,C"). Then,

A0 ) = Al )= = Sc(0,1). (25)

Following Lemma is also used in the proof of Theorem 3.5; this Lemma can be easily proved using
the uniqueness of inverse.

Lemma 34. Let (X,||-||) be a normed space. Suppose Ty, T, € BL(X) satisfy the following conditions:
1. Ty and T, are invertible in BL(X).

2. Ty and T, commute with each other.

Then, Tl_1 and T2_1 also commute with each other.

Let us define a two variable Laurent polynomial p(-,-) and a set Q as follows:

p(§,n) :=det(§1—-A(n,n")) (26)
Q = {A€C | 3we0,2x) such that p(4,e'®) = 0}
= U AAEe?)e 27)
0el0,2m)

Theorem 3.5. Let Ly be the operator corresponding to the Laurent polynomial matrix A(c,671) €
R™"[¢,6~"]. Consider Ly as an operator on {*(Z,C"). Then,

ALy)- = Q = U A(A(ef“’,e-"w))cn. (28)
0e[0,2)

Proof. Claim-1: Q C A(Lp)=. .
Take an arbitrary A € Q. For this 4, there exists @y € [0,27) such that, p(4,e'®) =0. Let v €
C"\ {0} be an eigenvector of A(e'™, e~ '™) corresponding to eigenvalue A. Define x € ¢=(Z,C") as,

x(j) = (™) v, VjeZ (29)

From equation (13) and the fact that v is an eigenvector of A(e'® ¢~®) corresponding to eigenvalue A,
it follows that:
Lax=Ax. (30)



Therefore, A € Ao(La)¢~ C A(L4) . This proves Claim-1.
Claim-2: Q¢ C A°(Lp) .

For every z € C, (zI — Ly) is a well defined operator in BL(¢**(Z,C")) corresponding to the Laurent
polynomial matrix (z/ —A(c,07 ")) € C*"[6,06']. We define Adj (z/ —A(c,0™ ")) to be the trans-

pose of the cofactors’ matrix of (z/ —A(c,67')), and p(z,0) :=det (z/ —A(c,67")). Let Ladj(c1-a)

be the operator corresponding to the Laurent polynomial matrix Adj (z/ —A(c,0 ")) € C*"[c,0'].
Define L, as, L, := (zI —Ly) Ladj ) By Remark 2.2 it follows that, L, is the operator corresponding

to the Laurent polynomial matrix

(zI-A

(zI—A(0,67")) Adj (zI =A(0,07 ")) = p(z,0)1. 31)
Now, take an arbitrary z € Q. For this z, we can factorize the Laurent polynomial p(z, o) as follows:
p m 1
p(z,0)=a](c—a)[](c™" b, (32)
j=1 k=1

where o € C\ {0}, aj € C for j=1,...,p and by € C for k = 1,...,m. Note that, ai,...,a, and
by,... b, are the roots of the Laurent polynomial p(z,0), where z € Q°. Therefore,

laj| #1, for j=1,...,p (33a)

lbe| #£1, fork=1,...,m. (33b)

This can be proved by contradictio_n. Suppose either condition in (33a) or (33b) is violated. Then, there
exists @y € [0,27) such that p(z,e'®) = 0. This means z € Q, which is a contradiction. Following are
the consequences of (33a), (33b), Lemma 3.2 and Corollary 3.3:

1. (o —aj)is invertible in BL (¢*(Z,C")) for j=1,...,p.
2. (6! —by) is invertible in BL (¢*(Z,C")) fork=1,...,m.

It follows from Lemma 3.4 that: (6 —a;)~!,...,(6 —a,)~',(c7 ' =by)7',...,(c7 ' —b;)~! commute
as bounded linear operators on ¢**(Z,C"). Therefore,

o <Ip"[(o—aj)—1n(o—1—bk)—1> =L (34)

It then follows that:

((ZI*LA) Ladj(zlfA)) (al (ﬁ((yaj)l ﬁ(o*l bk)1>> =L, L;l =] (35)

j=1 k=1

In other words, for an arbitrary z € Q°, the bounded linear operator (z/ — L, ) is invertible in BL(¢*(Z,C"))
with its inverse being

P m
(ZI—LA)il = Ladj (zI—A) a! <H(G—aj)1 H(671 —bk)1> . (36)

Therefore, z € A°(La)¢~. This proves Claim-2. O



Remark 3.6. 1. Let Lo be the block Laurent operator® on £2(7,C") obtained from the Fourier coef-
ficient matrices (see [11, 12]) of a continuous function ® : Sc(0,1) — C"™". The set

{®:8¢(0,1) = C™" | ® is continuous }, (37

forms a Banach algebra®*. Using Fourier expansion and Banach algebra techniques, it has been
shown in [11, Theorem 3.2] that,

Ala)p= | A(PE)) e - (38)
0e(0,27)

2. Recall from Remark 2.3 that, the operator Ly corresponding to the Laurent polynomial matrix
A(o,07") € R™"[o,67 1] is in fact a banded block Laurent operator. In Theorem 3.5, we have
extended the above result ([11, Theorem 3.2]) for banded block Laurent operators on £ (Z,C").
Note that, Banach algebra techniques used in [11] are not applicable in this case.

3.2. Necessary and sufficient conditions for {=-stability

We give below some known results from functional analysis ([9, Theorem 7.3-4] and [8, Theorems
9.3, 12.5 and 12.6], respectively) for easy reference later in the proof of Lemma 3.11. This lemma is
used in the proof of Theorem 3.12, which gives necessary and sufficient conditions for ¢*-stability of
the system given by (4).

Proposition 3.7. Let (X, ||-||x) be a Banach space over C. Then, for every T € BL(X); A(T)x is a closed
and bounded subset of C. Moreover; the spectral radius of T satisfies the inequality: p(T)x < ||T||x-

Proposition 3.8 (Resonance Theorem). Let (X, || - ||x) be a normed space over C, and E be a subset of
X. Let X' denote the space of bounded linear functionals on X. Then, the set E is bounded in X if and
only if f(E) is bounded in C, for all f € X'.

Proposition 3.9. Ler (X, || -||x) be a Banach space. The set of all invertible operators is open in BL(X);

and the map T — T~ is continuous on this set with respect to the topology induced by operator norm
on BL(X).

Proposition 3.10 (Neumann Expansion). Let (X, || - ||x) be a Banach space over C, and T € BL(X). Let
z € C be such that, |z|" > ||T" || for some n € N. Then, z € A°(T)x and:

I Tk
-T)"=Y 4. (39)

=072

Lemma 3.11. Let Ly be the operator corresponding to the Laurent polynomial matrix A(c,c7') €
R™"[6,6~ . Consider Ly as an operator on {**(Z,C"). Define,

E:={z€C : |zl >p(La)e=} CA(Lp)¢=- (40)
Then, for every z € E, there exists &« > 0 such that:

LK ]l < ot]z*t!, VkeN. 1)

3 A bounded linear operator L on a separable Hilbert space (¢2(Z,F"), || - |») can be represented by a doubly infinite block
matrix L = [L(},k)]7_ ... where L(j,k) € F"", V(j.k) € Z?. A bounded linear operator L is said to be a block Laurent
operator, if its matrix elements L(j,k) depend only on the difference (j — k).

4Banach algebra is a Banach space which is also a ring.



Proof. Let (BL(£*(Z,C")))’ denote the space of bounded linear functionals on the normed linear space
BL(¢*(Z,C")). Further, let f € (BL({*(Z,C")))". We define B : A°(Ls )¢ — C as follows,

Br(z):==f((zI—La)™"), V2 €A (La) . (42)

As a consequence of the fact that f is a continuous linear functional and Proposition 3.9, we have 3, as
an analytic (holomorphic) function® on A¢(Ls )¢~ C C.
We define set D as follows,
D:={ze€C : |z] > ||Lal|w}- (43)

As (=(7Z,C") is a Banach space, by Proposition 3.7, p(L4)¢ < ||Lal||. Therefore, D C E. For every
f € (BL(t*(Z,C")))’, the corresponding By is analytic on E. However, if z € D, then by Neumann
expansion (see Proposition 3.10 ):
v L
I-Ly) ' =) 4. (44)
=0<

Therefore, by continuity and linearity of f, we obtain the following Laurent expansion of 3y over D:
o f(L)

Br(z) =) =74~ Vz€D. (45)
k=0 <

By uniqueness of the Laurent expansion® and the fact that By is analytic on E, it follows that: the
expansion of B given in (45) is valid over E.

f(LY)

Zk+ 1

Now fix an arbitrary z € E. For this z, the series Z is summable in C, Y f € (BL(¢*(Z,C")))’.

k=0
As a consequence, for this arbitrarily fixed z € E, the sequence ( F(LE )1 )) is bounded in C, V f €

k
(BL(¢>(Z,C")))". Therefore, by Resonance Theorem (see Proposition 3.8), the set {Zf% | k € N} is
bounded in BL(¢*(Z,C")); and hence there exists & > 0 such that:

L4l < |z, VEkEN. (46)
O
Theorem 3.12. Following are equivalent:
1. The system given by (4) is {*-stable.
2. p(A(e®, e7®)) ., <1, Yo €0, 27).
3. lim L. =0.
Proof. (1) = (2): Suppose not, i.e. there exists y € [0, 27) for which p (A(ei"’, e‘“”))(C > 1.

Let (A1, v;) be an eigenpair of A(e'¥, e~'¥) such that, p (A(ei"’, e‘“”))cn = |Ay]; therefore, |A;| > 1.
Take yo € ¢(Z,C"), which is defined as,

yo(j) == (Y)Y v, VjEZ. 47)

SThis can be proved on the similar lines of Theorem 7.5-2 in [9] and Theorem 5.1-C in [10].
6See [13, 14] for the result about uniqueness of Laurent expansion.



From equation (13) and the fact that v; € C" is an eigenvector of A(e'¥,e¥) corresponding to eigen-
value A1, it follows that:
Layo=A1Yo- (48)

As A > 1,
lim || yoll-o = lim [A1][[vi ]l # 0. (49)
k—roo k—roo

Using the real or the imaginary part of yo € £*°(Z,C") one can construct Xy € £*°(Z,R") such that:

lim ||LX xgl| # 0. (50)
k—yo0

Hence a contradiction to the statement (1).
(2) = (3): As a consequence of Theorem 3.5,

p (A, e))m <1, Yo €0, 2r) (51)
)
A <1,VA e A(Lp)p (52)

It follows from Proposition 3.7 and Weierstrass extreme value theorem that, there exists A; € A(Ly )¢~
such that p(La )¢~ = |A1|. Therefore,

A <1,VA €A(La)» = p(La)=<1. (53)

If p(La)s~ < 1, then 3 z € E for which |z| < 1, where E is defined as in (40). It follows from Lemma
3.11 that, for such z € E with |z| < 1, there exists @ > 0 such that:

LAl < el (54)
As |z] < 1, taking limit as k — oo we get:
Jim |} [l = 0. (55)

(3) = (1): The trajectories satisfying (4) can be written as:
x¢ = LX xo, (56)

where xg € R*(Z,R") is an initial condition. For ¢*-stability analysis, we restrict initial condition X to
the subspace ¢~°(Z,R") of R*(Z,R"). Now, using basic inequality we get:

%lleo < L[l [%0]l-s, VA € N. (57)

Therefore, taking limit as k tends to infinity we get:

fim [|xg oo < Jim Lo [[X0]|-» - (58)
k—yoo k—yo0
Therefore, if klim [|LX || = O, then the system given in (4) is (*-stable. O
—»00

Remark 3.13. 1. Condition-2 in Theorem 3.12 can be checked using LMI approach given in [7].

2. Condition similar to condition-2 in Theorem 3.12 is a sufficient condition for the (*-stability of
time relevant 2-D systems (see [7, 15]).
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4. Stability Theorems

In this section we give some tests for checking ¢*-stability of the system given by (4). We first
discuss block circulant matrices which are to be used later in this section. Consider a block circulant
matrix C € R™* given by,

By By - - Bi—> Bi_\
By—y By -+ - Bi—3 By

C:= R : ’ (59)
B, By - By B
By By - - By—1 Bo

where B; € R"" for j =0,1,...,(k—1). We state below a result from Section 2.1 in [16] for easy
reference later in this section.

Proposition 4.1. Let {u;: j € {0,1,...,k— 1} } denote the set of complex k™ roots of unity. For j €

k—1 k—1
{0,1,...,k—1}, let Hj € R"*" be defined as, H; := Z K7 By Then, A(C)em = U A(Hj)cr.
m=0 j=0

P .
Consider a Laurent polynomial matrix A(c,6~ ') = < Z Aj Gf>, where A; € R for j €
j=—m
{=m, ..., p}. Corresponding to each such Laurent polynomial matrix, one can associate a block circu-
lant matrix C4 € R P+ (mtp+n For example, when A(6,6 ') =A 6! +A¢+A;0, the block

circulant matrix C4 would be:

A1 Ay A
Ca=|A1 A1 Ay |. (60)
Ay A A

4.1. Necessary conditions

We give necessary conditions for £°-stability of the system given by (4), which are simple to check
and can be used to rule out the /*-stability.

P .
Theorem 4.2. Suppose the system given by (4) is (*-stable, where A(G,G_l) = Z Ajo’. Then,
j=—m

p(Afm)(Cn < 1, p(Ap)(cn < 1 al’ld p(CA)C(m+p+l)n < 1

p . _ R
Proof. We have A(c,0 1) = Z A;o’. Define A(6) € R™"[c] and A(c~!) € R™"[6c~ ] as

j=—m
A(o) = o"A(c,07")
ptm )
= Y 40/, (61)
j=0
A(c™") = o6 PA(c,07h)
0
= Z Ajol. (62)
J==(p+m)

Now, consider discrete autonomous systems defined as follows:

X1 () = A(0) xk(-) (63)
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Xk+1(-) Z:A(Gil)xk(-). (64)
Let L; and L; be the operators corresponding to the polynomial matrices A(c) and A(Gfl) respectively.
It follows from (61) and (62) that, Ag = A_,, and Ag = A - Also for all @ € [0, 27), we have:

A~

p(AE® e™)) e =p (A(®) e =P (Ale ™)) e -

Therefore from Theorem 3.12, £*°-stability of the systems given by (4), (63) and (64) are equivalent.
Claim-1: 1f p(A_,;)cn > 1, then the system given by (4) is £*-unstable.

AsAg=A_,, wehave p(ﬁo)@z > 1. Let (11 ,v1) be an eigenpair of Ay (as an operator over C") such
that, p(Ag) = |A|. Take yo € £=(Z,C"), which is defined as,

. vy, if j=0
YO(]) = { 01, if;;ﬁO (65)
A(0o) contains only non-negative powers of &; therefore, it follows that:

x, ifj=—1,-2,......,—k(p+m)

(L5wo) () =1 Awi, ifj=0
0, otherwise.
Observe that for all k € N,
(L/’g yo) (0) = Akv, = Akv,. (66)

As |A| > 1, we have ]}im <L§ y0> (0) # 0. Therefore,
—00

lim [|L% yo[l # O. (67)
k—yo0
Using the real or the imaginary part of yo € £*°(Z,C") one can construct Xy € £*°(Z,R") such that:

. k
]}g{}onLA X[l # 0. (68)

This shows that, if p(Ag)c» > 1, then the system given by (63) is £*-unstable. This proves Claim-1, as
¢>-stability of the systems given by (4) and (63) are equivalent, and Ag = A_,.
Claim-2: If p(A,)c» > 1, then the system given by (4) is £*-unstable.

The proof of Claim-2 follows on the similar lines of the proof of Claim-1.
Claim-3: If the system given by (4) is £*-stable, then p(Ca)c(nip1n < 1.

The ¢*°-stability of the systems given by (4) and (63) are equivalent. From Theorem 3.12, the system
given by (63) is £-stable if and only if p (A(¢'®)) ., <1, Vo € [0, 27).

It follows from Proposition 4.1 that,

p+m
A(CA)C(,,z+p+|)n = U A(A(eiznj/(er’”*'))) ) C U A(A(Eiw))cn .
=0 ' oci02n)

Therefore we can conclude that,
P (A(e®) e <L, VO €[0,27) = p(Cq)cmipn <1,

where Cj is the block circulant matrix corresponding to the polynomial matrix A(c). This proves the
Claim-3, as C; = Cq. Ol
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Note that, if j is neither equal to (—m) nor equal to p, then p(A;)c is not required to be strictly
less than 1 for the £*°-stability; below is an example to illustrate this.

Example 4.3. Consider a 2 X 2 Laurent polynomial matrix,

A(o,07") = [(0.08(;7 0.2)

In this case, det(sI —A(e'®,e7?)) = (s — 0.9¢/?) (s — 0.4¢*?). Therefore p(A(e'®,e™®))cn < 1, Yo €

0.502
(0.1 +0.402)|"

[0, 27). If we write A(6,67') = Ag+A 6 + Ay62, then we get:
0 o 1 0 0 05
Ao = [0.2 0} A= {0.08 0.1] Az = {0 0.4} : (©9)

Note that: p(Ay)cn = 1, though p(A(e'®,e7®))cn < 1, Vo € [0, 27).

4.2. Sufficient conditions
In Theorem 4.5 we give sufficient conditions for £*-stability of the system given by (4). These con-
ditions, in terms of coefficient matrices of Laurent polynomial matrix A(c, o 1), are simple to check

and can be used to conclude the ¢ -stability.
We give below some definitions which will be used in the statement of Theorem 4.5. For A(c,6 ")

p . ~
Z Ajo’, let A(c) be defined as in (61). The block circulant matrix C; € RO P+ Dm<(mtp+hn corpe.

Jj=—m
sponding to A(o) turns out to be,
AO Al """ A~(m+pfl) AN(m+p)
A(m+p) Ag - A(m+p72) A(m+p71)
c.—| : :
PR i A
Ay Ay A(m+p) Ao
We define Fy, F; € RUntptDnx(mtpthn 5q follows:
AO,L}I ...... ,§<"l+p71) ~A<m+p) ; 0 8 ...... 8 8
0 Ay - - A<m+[772) A<m+[771) (m+p)
Fo:= : : s Fro= I
00 - Ao i Ay Az 0 0
A Ay Ay e A(m+p) 0

It follows from definitions of Fy and F; that, C; = Fy + Fy. We give below Corollary 1 from [17] for

easy reference later in the proof of Theorem 4.5.

Proposition 4.4. Let A,B € C"*" and let,
7= (WAt 181+ /(1T ~ B+ 4min(lAB2, BT ).

Then, p(A+B)cn < %’

Let us define y; and 9» as follows:
(70a)

Y= Foll2+ [1Fil2,
(70b)

Y= \/(I\Follr 1F1]]2)% + 4 min([| FoFi |2, || Fi Foll2)-
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Theorem 4.5. Each of the following is a sufficient condition for £*-stability of the system given by (4):
1. ||Glle < 1, where G € R™mHP+0n s defined as in (14).
2. (|[Fo+ F Hf, + ||Fo— F) Hf,) < 1, for some p € [1,00].
3 (n+n) <2.

Proof. 1. Recall from section-2.2 that, || L4 ||ec = ||G||ce. Now, if || L4 || < 1, then

0 < lim |4 |l. < Tim (||La]l-)* = 0. (71)
k—yoo k—yo0

Therefore, by Theorem 3.12: if ||G||. < 1, then the system given by (4) is {*-stable.
2. It is enough to show that, the given condition implies £*°-stability of the system given by (63).

Let Ly be the operator corresponding to the Laurent polynomial matrix F(c,6~') = Fy + oFj.
Consider a discrete autonomous system defines as,

z11(-):=F(o,0 )z ("), (72)

where F(c,0 1) € RUm+ptnxmipthinig 5-1] and z, € R*(Z,RU"P+10m) vk € Ny,

If one views operators Lr and Lj; as doubly infinite banded block matrices (as explained in Remark
2.3); then it follows that, the banded block Laurent operator Lr is obtained by grouping finite number of
blocks of n x n matrices in the banded block Laurent operator Lj;. Therefore, the trajectories satisfying
(72) and (63) can be obtained from each other as follows:

Xe(r;)
Xk(rj+l)
7z (j) = : , VYjez, (73)
xk(er;erm)
and for all k € No; where r; := j(p+m+1),Vj € Z. Also,
lim [|Lf e =0 <= lim ||L%]. =0. (74)
k—yo0 k—o0

Therefore by Theorem 3.12, ¢*-stability of the systems given by (72) and by (63) are equivalent.
Using interpolation formula to express DTFT in terms of DFT ([18, section-7.1]), we have:

Fo+e°F = (Fo+ F)q(0)+ (Fp—F)g(o—n), (75

for all @ € [0,27), where interpolation function ¢ (in this case of two samples) is defined as,

sin(®) —iw/2
= N 0,2m). 76
q(®) (@) ¢ o € [0,27) (76)
Applying triangle inequality to (75), we get:

IFo+e“Rll, < [IFo+Fil, lg(o)|+[Fo—Fill, lq(@— )],

for all ® € [0,27) and for all p € [1,00]. Note that, |g(®)|> +|g(® — 7)|* = 1, V@ € [0,27). Therefore,
using Cauchy-Schwarz inequality we get the following implication:

(IR + A5+ 1o —Flj,) <1
4
|Fo+e R, <1, Vo € [0,2x). (77
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Therefore if (|| + Fy H?, + ||Fo— F) H?,) < 1, for some p € [1,o0]; then p(Fy + € F)cnipiin < 1, VO €
[0,27). Now it follows from Theorem 3.12 that, (||Fo+ F[|2+ |[Fo— F1]|3) < 1, for some p € [1,e0] is
a sufficient condition for ¢*-stability of the system given by (72); and hence it is a sufficient condition
for ¢=-stability of the system given by (63).
3. It is enough to show that, given condition implies ¢°°-stability of the system by (63).

As ||€®Fi |, = ||Fi]]2, V@ € [0,27); we have the following implication as a consequence of Propo-
sition 4.4.

(n+nrn)<2
\
p(Fy+e“F)cn < 1, Vo € [0,27) (78)

Now it follows from Theorem 3.12 that, (y; + %) < 2 is a sufficient condition for ¢*-stability of the
system given by (72); and hence it is a sufficient condition for ¢*-stability of the system given by
(63). O

5. Conclusion

We have given necessary and sufficient conditions for the ¢*-stability of discrete autonomous sys-
tems described by Laurent polynomial matrix operators. In the process, we have partially extended the
spectrum result about block Laurent operators in [11]. We have also given easy to check necessary
conditions and sufficient conditions which can be used to rule out the ¢*-stability and to conclude the
£=-stability, respectively, of such systems.
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