On the Connectivity in Finite Ad Hoc Networks

Madhav Desai and D. Manjunath Deptt of Electrical Engineering, IIT-Bombay Powai Mumbai India email: madhav,dmanju@ee.iitb.ac.in

Abstract— Connectivity and capacity analysis of ad hoc networks has usually focused on asymptotic results in the the number of nodes in the network. In this paper we analyze finite ad hoc networks. With the standard assumption of uniform distribution of nodes in [0, z], z > 0, for a one-dimensional network, we obtain the exact formula for the probability that the network is connected. We then extend this result to find bounds for the connectivity in a two-dimensional network in [0, z]^2.

Index Terms— One Dimensional Ad Hoc Networks, Finite Ad Hoc Networks, Connectivity.

I. INTRODUCTION The transmission range, and hence the transmission power, that is necessary to keep the network connected is an important parameter in the design of ad hoc multihop radio networks. One of the first results available for the connectivity of a multihop radio network was in [1]. More recently, in [2] the asymptotic (in the number of nodes in the network) lower and upper bounds for the probability of disconnectivity of an ad hoc radio network with nodes randomly placed in a unit circle in R^2 are obtained. They consider the following problem: let n nodes be randomly placed in a disc of unit area in R^2 and r(n) the transmission range of each of the nodes. Let p_c be the probability that the resulting ad hoc network is connected. Let πr^2(n) = (log n + α(n))/n, and lim_{n→∞} α(n) = β. Then

lim_{n→∞} inf(1 − p_c) ≥ e^{−β}(1 − e^{−β}) and

lim_{n→∞} sup(1 − p_c) ≤ 4e^{−β}

What this means is that as n → ∞, e^{−β}(1−e^{−β}) ≤ (1−p_c) ≤ 4e^{−β}. Thus, as n → ∞, if πr^2(n) = (log n + α(n))/n the radio network is connected with probability 1 if and only if α(n) → ∞. In [5], using recent results from geometric random graphs [4], the threshold function (see [3] for a formal definition) for the transmission range to make a random ad hoc network in [0, 1]^2 connected was obtained as √ (log n)/n. This result is similar in spirit to that in [2]. Another issue of interest is the capacity of ad hoc networks. See [6], [7] for some recent analytical results on capacity. As is evident, all of the above are asymptotic results as n, the number of nodes in the network, becomes large. We do not know of any analytical result for finite ad hoc networks.

The results that we report in this paper concern networks with a finite number of nodes. We first consider a one dimensional network in [0, z], z > 0, and obtain the exact probability for the network to be connected and then use it to obtain some loose bounds for the probability that a finite two dimensional network is connected.

Fig. 1. Illustrating Eqn. 3. For the n node network to be connected, the n − 1 node network without the node at x_1 should also be connected and y_1 should be at most r. Thus the n−1 node connected network will be spread over z −y_1 with y_1 taking values in (0, r).

II. PROBABILITY OF CONNECTIVITY

Let n nodes be uniformly in distributed [0, z] forming a one dimensional, ad hoc, multihop, radio network. One dimensional networks have been studied in the context of cellular networks [8] and circuit switched networks [9], [10], [11] and provide useful insights when analysis of networks in higher dimensions becomes hard.

The location of node i, x_i, i = 1, · · · , N is independently chosen. The network is therefore represented by a random vector N = [x_1, x_2, · · · , x_n]. Let p_c(n, z, r) denote the probability that the network N in [0, 1] is connected when the transmission radius is r. Let N̂ = [x̂_1, x̂_2, · · · , x̂_n] be the nodes ordered according to their positions on [0, z], i.e., x̂_1 < x̂_2 < · · · , < x̂_n. Define x̂_0 = 0.

Let r ≥ 0 be the transmission range of all the nodes. For N to be connected we need x̂_{i+1} − x̂_i < r for i = 1, · · · , (n − 1). To obtain the probability that the network is connected, consider the following interpretation. The set of all realizable networks is contained in the polytope A_n, where A_n is defined by 0 ≤ x̂_1 ≤ x̂_2 ≤ · · · , ≤ x̂_n ≤ z. The set of connected networks is contained in the polytope, A_c(n, z, r), defined by x̂_{i+1} − x̂_i < r for i = 1, · · · , (n − 1). Let V_n(z) and V_c(n, z, r) be the volumes of the polytopes A_n and A_c(n, z, r) respectively. It is easily seen that the probability that the network is connected, p_c(n, z, r), will be V_c(n, z, r)/V_n(z). We obtain p_c(n, z, r) as follows. Define y_i = x̂_{i+1} − x̂_i, i = 0, · · · n − 1. Let U_n(z) be the volume of the set { y_0, y_1, . . . y_{n−1} : y_i ≥ 0 for i ≥ 0, n−1∑ 0 y_i ≤ z } , and let U_c(n, z, r) be the volume of the set { y0, y1, . . . yn−1 : yi ≥ 0 for i ≥ 0, yi ≤ r for i > 0, n−1∑ 0 yi ≤ z } . Then, notice that since x̂ and y are related by a linear invertible transformation, we have U_n(z) = KV_n(z) and U_c(n, z, r) = KV_c(n, z, r) for some constant K > 0. Thus p_c(n, z, r) = U_c(n, z, r) U_n(z) (1) Now, U_n(z) can be calculated very easily and is given by the following recurrence relation

U_n(z) = ∫_z 0 U_{n−1}(z − t)dt = z^n n! (2) From Figure 1, U_c(n, z, r) can be written as follows U_c(n, z, r) = ∫_r 0 U_c(n − 1, z − t, r)dt (3) Eqn. 3 essentially means that the n node network is connected if the n − 1 node network formed after taking out the first node is connected and that the node that was taken out is within r of the rightmost node in the n − 1 node network. This, in turn means that the n − 1 node network will span over at most z − r. The right hand side of Eqn. 3 can be written as the convolution of U_c(n − 1, z, r) and h(z) where h(z) = { 1 0 ≤ z ≤ r 0 otherwise

Thus U_c(n, z, r) = h∗U_c(n−1, z, r) = · · · = h^{((n−1)∗)} ∗U_c(1, z, r) (4) where h^{((n−1)∗)}(·) is the (n − 1)−fold convolution of h(·) with itself. It is easy to see that U_c(1, z, r) = zu(z), where u(z) is the unit step function.

Let L(·) denote the Laplace transform. We then have the following

L (h(t)) = 1 − e^{sr} s (5) L (U_c(n, z, r)) = ( 1 − e^{sr} s )_{n−1} 1 s^2 = (1 − e^{sr})^{n−1} s^{(n+1)} = ∑_{n−1} k=0 ( n − 1 k ) (−1)^ke^{srk} s^{(n+1)} (6) Taking the inverse Laplace transform, U_c(n, z, r) = n−1∑ k=0 ( n − 1 k ) (−1)^k(z − kr)^nu(z − kr) n! (7)

Fig. 2. Probability of the network being connected as a function of r, the transmission radius. We have used z = 1 and show p_c(n, 1, r) for different n.

We thus get p_c(n, z, r) = U_c(n, z, r) U_n(z) = n−1∑ k=0 ( n − 1 k ) (−1)^k (z − kr)^n z^n u(z − kr)(8) Now consider a two dimensional network in which n nodes are randomly distributed in the positive quadrant [0, z]^2. Let N_x be a one dimensional network obtained by projecting N on to the x axis and let N_y be the network obtained by projecting the nodes on to the y−axis. A lower bound on the probability that N is disconnected can be obtained by observing that Prob(N is disconnected) ≥ Prob(N_x is disconnected OR N_y is disconnected). It then follows that

Prob(N is disconnected) ≥ 2(1 − p_c(n, z, r)) − −(1 − p_c(n, z, r))^2 = 1 − (p_c(n, z, r))^2 or Prob(N is connected) ≤ (p_c(n, z, r))^2 (9)

III. DISCUSSION In Figure 2 we plot p_c(n, r, z) as a function of r for different values of n using z = 1.0. Observe that the transition from being almost surely disconnected to almost surely becomes sharper with increasing n as described by [5]. Further, the threshold values, the value of r at which p_c(·) exceeds 0.5 are, for different n, 0.245 for n = 10, 0.161 for n = 20, 0.0840 for n = 50 and 0.0493 for n = 100. Compare this with the asymptotic threshold of log n/n from [2], [5] from which the corresponding threshold values of r are 0.230, 0.150, 0.0782 and 0.0461 respectively. There is a consistent 6-7% difference between the exact value from analysis and that obtained from asymptotic analysis.

In Figure 3 we plot the bounds on the threshold values of r for the two dimensional network as a function of n, the number

Fig. 3. Comparing the bounds for threshold functions (defined at at 0.5 and 0.95) and the asymptotic threshold function, √ log_n/n.

of nodes. We plot the value of r for which the upper bound evaluates to 0.5 and 0.95, which we call the bounds on the 0.5 and 0.95 thresholds. We also show the asymptotic threshold as a function of n, √ (log n)/n. From the figure, the bounds seem to converge to the log n/n graph which is also shown. This latter observation can also be justified as follows. As n becomes large p_c(z, n, r) evaluated from Eqn. 8 as a function of r approaches a step function with a step at r = (log n)/n. The bound for the two dimensional network being just a square of this function will also be a step with a step at the same value. Thus, we note that the simple upper bound of Eqn. 9 is not asymptotically tight.

ACKNOWLEDGMENTS

We thank H. Narayanan for many early discussions.

REFERENCES

[1] Y. -C. Cheng and T. Robertazzi, “Critical Connectivity Phenomena in Multihop Radio Models,” IEEE Transactions on Communications, vol. 37, no. 7, July 1989, pp. 770-777.

[2] P. Gupta and P. R. Kumar, “Critical Power for Asymptotic Connectivity in Wireless Networks,” pp 547-566, in Stochastic Analysis, Control, Optimization and Applications: A Volume in Honor of W.H. Fleming, Eds: W.M. McEneany, G. Yin, and Q. Zhang, Birkhauser, Boston, 1998.

[3] D. B. West, Introduction to Graph Theory, Prentice Hall of India, 1999. [4] M. D. Penrose, “On k-Connectivity for a Geometric Random Graph”, Random Structures and Algorithms vol 15, no 2, 1999, pp 145-164.

[5] P. Panchapakesan and D. Manjunath, “On the Transmission Range in Dense Ad Hoc Radio Networks,” in Proc of SPCOMM 2001, Paper No. 01-38, July 2001, Bangalore, India.

[6] P. Gupta and P. R. Kumar, “The Capacity of Wireless Networks, IEEE Trans. on Information Theory, vol 46, no 2, pp 388-404, Mar 2000.

[7] M. Grossglauser and D. Tse, “Mobility Increases the Capacity of Wireless Ad Hoc Networks,” In Proc. of IEEE Infocom, 2001, Anchorage, Alaska.

[8] F. P. Kelly, “Stochastic Models of Computer Communication Systems,” Journal of the Royal Statistical Society (Series B), vol 47 pp 379-395, with Discussion 415-428, 1985.

[9] I. Ziedens, “Quasi Stationary Distributions and One Dimensional Circuit Switched Networks,” Journal of Applied Probability, vol 24, pp 965–977, 1987.

[10] F. P. Kelly, “One Dimensional Circuit Switched Networks,” Annals of Probability, vol 15, no 3, pp 1166-1179, 1989.

[11] P. Ferrari and N. Lopes Garcia, “One Dimensional Loss Networks and conditioned M/G/∞ Queueus,” Journal of Applied Probability, vol 35, no 4, pp 963-975, 1998.