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Probability Space

Definition
A probability space is a triple (2, F, P) consisting of a set Q, a o-field F of
subsets of Q2 and a probability measure P on (2, F).

Definition

A probability measure on (€, F) is a function P : 7 — [0, 1] satisfying
(a) P(Q2)=1
(b) if Ay, Az,... € Fis a collection of disjoint sets in F, then

P <G A,-> -~ i P(A)
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Some Properties of Probability Measures
P(¢) =0

For a disjoint collection A, Az, ... An € F

P(OAI> :iP(A/)

P(A°) =1 — P(A)

Define B\ A= BN A°. If AC B, then P(B) = P(A) + P(B\ A) > P(A)
P(AU B) = P(A)+ P(B) — P(An B)

Forany ne N

P(OA,) ZPA)—ZPAHA)+ZPAOAOAK)

i<j i<j<k

--+(71)”+‘P(A1 NAN---Ap)

(inclusion-exclusion principle)
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P is a continuous set function

Theorem

Let A1, Ao, ... be an increasing sequence of events, so that Ay C A, C ---.

Let A be their limit
A=[JA = lim A.

i—1 I—00
Then P(A) = lim/_ o0 P(A).

Proof.
The set A can be written as a disjoint union as follows

A=A A\ A (As\ Ax) | (As\ As) -
By the countable additivity property of P, we have

PUA) = P(A+ 30 P(As \ A) = P(A) + fim S PlAu \ A)

i=1

= P(A)) + lim 3" [P(Arr) = P(A)] = P(A1) + lim [P(Anr) — P(AY)]

= i, PAen)
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P is a continuous set function

Theorem

Let By, Bs, ... be a decreasing sequence of events, so that By D B, O - - -
Let B be their limit

B= QB; = iirgosf.
Then P(B) = limi_.o P(B)).

Proof.
Let A; = Bf and use the previous theorem.
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Some Jargon

e Null events

® Anevent Ais called null if P(A) =0
® Null events should not be confused with the impossible
event ¢
® The impossible event is null, but null events need not be
impossible
e Events that occur almost surely

® Anevent Ais said to occur almost surely if P(A) = 1

® Frequently abbreviated to a.s.

® The certain event occurs almost surely, but every event that
occurs almost surely is not the certain event
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