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Each of the following exercises is worth 3 points. Every nontrivial step in a proof should
be accompanied by justification.

1.

10.

Prove that a subset H of a group G is a subgroup if it is nonempty, finite and closed
under the group operation.

Give an example of a group GG and an infinite subset H of G that is closed under the
group operation but is not a subgroup of G.

Let H and K be subgroups of a group GG. Prove that H U K is a subgroup of G if
and only if H is a subgroup of K or K is a subgroup of H.

Prove that if H and K are subgroups of a group G then so is their intersection HN K.
Prove that G cannot have a subgroup H with |H| =n — 1, where n = |G| > 2.
Show that every subgroup of Z,, is cyclic.

If  : G — H is an isomorphism between groups G and H, show that ¢(0g) = Oy
where Og is the additive identity of G and Oy is the additive identity of H

Show that all finite cyclic groups are isomorphic to Z,.
Show that all finite cyclic groups are abelian.

Let G be a group. Let x € G and m,n € Z. Prove that if 2" = 1 and 2™ = 1, then
2% =1 where d = ged(m, n). Using this result, prove that if 2™ = 1 for some m € Z,
then the order of x divides m.



