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BCH Codes

Discovered by Hocquenghem in 1959 and independently
by Bose and Chaudhari in 1960

Cyclic structure proved by Peterson in 1960

Decoding algorithms proposed/refined by Peterson,
Gorenstein and Zierler, Chien, Forney, Berlekamp,
Massey. . .

We will discuss a subclass of BCH codes — binary
primitive BCH codes
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Binary Primitive BCH Codes

For positive integers m > 3 and t < 2™, there exists an (n, k)
BCH code with parameters

e n=2"_1

e n—k<mt

® dpin > 2t + 1
Definition
Let « be a primitive element in Fom. The generator polynomial

g(x) of the t-error-correcting BCH code of length 2™ — 1 is the
least degree polynomial in Fy[x] that has

as its roots.

Let ¢;(x) be the minimal polynomial of o/. Then g(x) is the
LCM of ®1 (X)a SDZ(X)v ) QOZT(X)'



Binary Primitive BCH Code of Length 7

m=3andt<2'=4
Let a be a primitive element of Fg

For t = 1, g(x) is the least degree polynomial in F»[x] that has as its
roots «, o

e aisaroot of x® + x
X x=x(x+ 1) +x+ 1)+ X% +1)

o Letabe arootof x> + x + 1
e The other roots of x® + x + 1 are &, «
o Fort=1,g(x)=x>+x+1
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For t = 2, g(x) is the least degree polynomial in Fz[x] that has as its
roots «, o?, o®, o*

e The roots of x> + x2 + 1 are a®,a®, o®

e Fort=2,9g(x)=(x*+x+1)0x3+x*+1)

For t = 3, g(x) is the least degree polynomial in F2[x] that has as its

roots a, a?,a®,a*,0°,a® = g(x) = (X +x+1)(x* + x2 +1)
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Binary Primitive BCH Code of Length 7

For a BCH code with parameters m and t, we have
e n—k<mt

t a(x) n—k| mt| dnppn| 2t +1
1 x5+ x+1 3 3] 3 3
2 (6 +x+1)(X3+x2+1)| 6 6 | 7 5
3| (X +x+1)XP+x2+1)| 6 9 | 7 7

Definition
A degree mirreducible polynomial in F»[x] is said to be primitive
if the smallest value of N for which it divides xN + 1 is 2" — 1

Lemma
The minimal polynomial of a primitive element is a primitive
polynomial.



Single Error Correcting BCH Codes are Hamming

Codes
We will prove this for m = 3. The proof of the general case is
similar.
Proof.

Consider a BCH code with parameter m=3 and t = 1

Let a be a primitive element of Fg and a root of x3 + x + 1
The generator polynomial g(x) = x3 + x + 1

The code has length 7 and dimension 4

A polynomial v(x) = vp + vix + vax? + - -- + vgx% is a code
polynomial <= v(x) is a multiple of g(x) <= «is a root
of v(x) < v(a)=0

V(i) =0 <= v+ via+wa? +va®+ -+ v5a® =0
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Single Error Correcting BCH Codes are Hamming

Codes
Proof continued.
Power  Polynomial Tuple
0 0 (0 0 0)
1 1 (1 0 0)
@ o (0 1 0)
a? of (0 o 1)
a® 1+a (1 1 0)
ot ata® (0 1 1)
@ Ata+a® (11 1)
a® 1+0° (1 0 1)

v(ia) =0 < V0+V1Oé+V2a2+V3a3+~~-+V6a6:O

Vo Vo
Vi 10010 1 1]y
~— [ a - a&|.|=0« (01 01 1 1 0l]|.]|=0
: 001 0 1 11 :
Ve Ve
O



Degree of Generator Polynomial

Theorem
For a binary primitive BCH code with parameters m, t and
generator polynomial g(x), deg[g(x)] < mt.

Proof.
* g(x) = LCM {p1(x), p2(x), p3(X), - - ., p2t(X)}
e If jis an even integer, then i = /22 where /" is odd

i’

. 2a . . .
e o = (a’) — o and o' have the same minimal
polynomial

e Every even power of a has the same minimal polynomial
as some previous odd power of «

9(x) = LCM {1 (x), p3(x), ¢5(X), - - -, pat—1(X) }

e Since deg (y;) divides m, we have n — k < mt



Lower Bound on Minimum Distance

We want to show that if the generator polynomial has roots
a,a?,--- ot then dpin > 2t + 1

Suppose there exists a nonzero codeword
v=(v%,W¥,...,Vy 1) of weight § < 2t

The corresponding code polynomial satisfies v(a/) = 0 for
i=1,2,3,...,2t

V0+V104—|-V2042+"'—|-Vn_10én_1 =0
Vo + W1 042 + VgOé4 4+ -+ Vn_1a2(”_1) =0
Vo + V102 + vaa® -+ vy 027D Z g

Let ji, jo, . . ., js be the nonzero locations in the codeword
v (O/)A + ng(ai)jz 4o Vjé(ozi)j‘s -0
fori=1,2,...,2t
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Lower Bound on Minimum Distance

o (a2)j1 (ozzt h
o2 (az)fz (a2t)/2

[Vh Vio Vf&] ok (042)/3 (O‘Zt)/s =0
b (2 (o2
_ah (0/1)2 (ah ot
a2 (afz)z (alz et

— [1 1 1] |ak  (ak)? ()| =0
ols (a/cs)z (a/(s)Zt

10/13



Lower Bound on Minimum Distance

o (a/:1 )z (o )Z
al? (allz ) , (alz ) )
= [1 1 1] | b (ozf.?’) (aB)"| =0
als (aljé ) 2 (ala ) 0
ot (o )Z (o )z
a2 (allz ) , (alz ) )
= |aB (als) (ajs) =0
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Lower Bound on Minimum Distance

1 o
1 ok
— Urtts) [T ol
1 aob

a(éf‘l )/1
a(6_1 )/2
(6=

61

o o/t His £ 0 since « is a nonzero field element
e The determinant is a Vandermonde determinant which is

not zero

¢ This contradicts our assumption that a nonzero codeword

of weight § < 2t exists
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Questions? Takeaways?
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