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Example 1
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+ Message bits u = (up, uq, Up, .. .)
- Outputs v = ({9 v{O 0 ) v = (v{" v

VI-(O) = Ui+ Ui_2+ U3
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Vi = U+ U_1+ U_2+ U_3
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Example 1
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+ Outputs are multiplexed into a single sequence
v — V(()O) vé” v1(°) v1(1) v2(0) V2(1)

- Rate of the code is 3
* Encoder has memory order 3
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Example 1
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* Impulse responses of the encoder

g9 = [1 0 1 1]
g = [1 1 1 1]
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Example 1

* Impulse responses of the encoder

g9 = 1 0 1 1]
g = [1 1 1 1]

+ Outputs in terms of impulse responses

3
0 0
Vi( ) = Ui+ ui_s+ Ui_3 = Z Uifjgj( )
j=0
1 ° 1
v,-( ) = Ut U U U = Z Ui_jgj'( :
j=0
vO = ueg®

v = uog®



Example 1

V-( = Ui+ U_o2+ U3

v; = Ui+ U_1+U_2+ U_3

+ If u has length 5, then the output v has length 16
* If v=uG where G is a5 x 16 matrix, then

1101111
110 1 1
110
1

— — )
—_ O = -
—_ = -



Example 1
+ Transform domain representation of the generator matrix is
G(D) = [g©(D) g")(D)] =[1+D?*+D® 1+ D+ D?+ D%
+ For input polynomial u(D) given by
u(D) = up + u1D + wpD? +

the output polynomials are given by

vO(D) =¥ + VDD 4+ vOD% +... = u(D)g (D)

vO(D) = v{" + v{VD v2(1)D2 4. = uD)gM(D)
After multiplexing the output polynomial is

v(D) = vO(D?) + Dv(V(D?)
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Encoder state diagram

v

(1)
)V

23



Example 1

* The set of outputs v(D) = u(D)G(D) are the codewords
corresponding to

G(D)=[1+D?+D° 1+ D+ D?+ D3]

+ The following systematic generator matrix also generates
the same codewords
_ 14D+ D24 DB
G/(D)= |1 2550
* If v(D) = u(D)G(D) then

v(D) = u(D)(1 + D? + D®)G'(D)

- If v(D) = u(D)G/(D) then

D
VO) = (i e 5y O0)



Example 1

Encoder circuit corresponding to G'(D) = [1 1+D+ D24 D3

1+D2+-D3
u v(©
) ) M) v
+ I\ i\
Q i m . 'E‘ Wi-3
[ [
©,

This is a systematic feedback encoder
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Example 2

O 0 00
YO (0) +U(1)
v® = u,(o) + %+ u!
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Example 2
Impulse responses of the encoder

o) =[1 1], g’'=1[0 1], ¢ =[1 1]

0 1 2
o’ =[0 1], o’ =[1 0], ¢ =[1 0]
+ Outputs in terms of impulse responses

vO — 4@ g g(O) +uM e ggo)
vih) = yl© )®g(1)+u(1)@gﬁ1)
v@ — 4O ggz) “uM e 922)

+ Transform domain representation of the generator matrix is

go( ) g(”(m 9.2 (D)

1+D D 1+D
G(D =
(b) = g”(D) ¢\ (D) g%”(D) {

D 1 1
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Example 2
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- Rate of the code is 5
* Encoder has memory order 1
+ Overall constraint length is 2
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Defining a Convolutional Encoder

* Maps k inputs to n outputs
+ Linearly maps input sequences of arbitrary length to output
sequences
+ What are the domain and range of the encoder?
* Has a transform domain generator matrix with rational
function entries
+ Can any arbitrary rational function appear in the generator
matrix?
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Binary Laurent Series

- Let Fo((D)) be the set of expressions x(D) = >3, x;D'
where me Z and x; € IF»

+ x(D) € F»((D)) has finitely many negative powers of D

« For y(D) = >, y;D', define the operations of addition

and multiplication on F»((D)) as

o

x(D)+y(D) = > (xi+y)D
min(m,n)

x(D)xy(D) = > (Z x,-yj) Dk
k=m+n \i+j=k

+ Fo((D)) is a field
* A convolutional encoder is a linear map from F’g((D)) to
F2((D))
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Realizable Rational Functions

+ A rational transfer function g(D) = f(D)/q(D) is said to be

realizable if q(0) = 1

* Let v(D) = u(D)g(D) where

(D) = fo+#HD+ -4 fnD”
-~ 1+¢D+---+gnD"

|
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Convolutional Codes

Let F»(D) be the set of rational functions with coefficients
in o

A convolutional encoder is a linear mapping from F&((D))
to FJ((D)) which can be represented as

where u(D) € F&((D)), v(D) € F3((D)) and G(D) is k x n
transfer function matrix having rank k with entries in F»(D)
each of which is realizable

A rate % convolutional code is the image set of a
convolutional encoder with a k x n transfer function matrix

G(D) is called a generator matrix of the code
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Equivalent Generator Matrices

Two convolutional generator matrices G(D) and G'(D) are
equivalent if they generate the same code

* G(D) and G'(D) are equivalent < there is a nonsingular
matrix T(D) over F»(D) such that

G(D) = T(D)G'(D)

+ Example 1

G(D) = [1+D?°+D°® 1+ D+ D?+ D
2 3

G(D) = [1 1525

+ Example 2

14D D 1+D
G(D):[D 1 1]

0 1/(1 + D+ D?) }
1

(1+D?)/(1 + D+ D?)

G(D) = [(1)
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Catastrophic Generator Matrices
+ Example

G(D) = [1+D 1+D?
u(D) = 1J1FD—1+D+D2+D3+D4+--~

v(D) = u(D)G(D)=[1 1+D]

+ v(D) has weight 3 while u(D) has infinite weight
« If the channel flips the 1s in v(D), the decoder will output
U(D) = 0 causing an infinite number of decoding errors
* A generator matrix for a convolutional code is catastrophic
if there exists an infinite weight input u(D) which results in
a finite weight output v(D)

* A convolutional encoder is catastrophic < its state

diagram has a zero-weight cycle other than the self-loop
around the all-zeros state
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Non-catastrophic Generator Matrices

+ A systematic generator matrix is not catastrophic

- An n x k matrix G- (D) over F»(D) is called a right pseudo
inverse of the k x n matrix G(D) if

G(D)G-1(D) = DI,
for some s > 0
* A generator matrix G(D) is non-catastrophic <= it has a
polynomial right pseudo inverse G—1(D)

* A polynomial generator matrix G(D) has a polynomial right
pseudo inverse <—-

gcd{A,-(D),i:1,2,...,<Z)} _ DS

for some s > 0 where A;(D),1 < i < (), are the
determinants of the (})) distinct k x k submatrices of G(D)
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Free Distance

* The free distance of a convolutional code is the minimum
Hamming distance between any two distinct codewords

Crroe = Min dy (v, V') = min wy(v
free VAV H( ) ) V£0 H( )

- It is assumed that v and v’ start and end in the all-zeros
state

* If diee > 2t + 1, the convolutional code can correct all
weight ¢ error patterns
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Calculating Free Distance
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Questions? Takeaways?
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