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Methods for transient analysis

Consider the system of ODE's given by,

dX1
Pl f(t,x1, %2, - .., xn),
dX2
I = ﬂ(t,Xl,Xz, o ,XN)7
dXN
el f(t, xi,x2, ..., xn),

with the initial values at t =ty specified as xi(to) =x?, x2(to) =xJ, etc.
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Methods for transient analysis

Consider the system of ODE's given by,

dX1
Pl f(t,x1, %2, - .., xn),
dX2
I = ﬂ(t,Xl,Xz, o 7X/\/)7
dXN
el f(t, xi,x2, ..., xn),

with the initial values at t =ty specified as xi(to) =x?, x2(to) =xJ, etc.

The equations can be written in a concise vector form:

d
(T: =f(t,x), x(to) =xo.

We will consider the special case of a single ODE:

d
d% = f(t,x), x(to)=x0.
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Discretization of time

Aty At, Dty Atynog
= ITIOpe D
h & h I3 tN—l‘tN time
to tend

* Denote the exact solution of x = f(t, x), x(to) =xo on [to, tena], by x(t),
and the numerical solution by the sequence {x,}, where x, is the
numerical solution computed for t = t,.
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Discretization of time

Aty At, Dty Atynog
= ITIOpe D

h & h I3 tN—l‘tN time
to tend

* Denote the exact solution of x = f(t, x), x(to) =xo on [to, tena], by x(t),
and the numerical solution by the sequence {x,}, where x, is the
numerical solution computed for t = t,.

* The primary objective of a numerical method is to obtain {x,} such that
[x(tn) — xa| is “small” for all n.
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tis a “well-posed” problem?

The initial value problem x=f(t,x), a<t < b, x(a)=aq,
is said to be well-posed [1] if
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tis a “well-posed” problem?

The initial value problem x=f(t,x), a<t < b, x(a)=aq,
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(b) For any e >0, and
(i) some g s.t. |eg] < €, and
(ii) a function 6(t) which is continuous on [a, b], with |6(t)| < € on [a, b],

there exists a positive constant k such that the perturbed problem,
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* In other words, if the original problem is perturbed, the solution is perturbed in a
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What is a “well-posed” problem?

The initial value problem x=f(t,x), a<t < b, x(a)=aq,
is said to be well-posed [1] if

(a) a unique solution x(t) exists, and
(b) For any e >0, and
(i) some g s.t. |eg] < €, and
(ii) a function 6(t) which is continuous on [a, b], with |6(t)| < € on [a, b],
there exists a positive constant k such that the perturbed problem,
z=1(t,z)+4(t), a<t<b, z(a)=a+eo,
has a unique solution, with

|z(t) — x(t)| < ke for a<t<b.

* In other words, if the original problem is perturbed, the solution is perturbed in a
bounded manner.

* Numerical methods are expected to work well only for well-posed problems
because the problem being solved by these methods is generally a perturbed
version of the original problem (due to round-off errors, for example).
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Broad classification of methods

Numerical methods for ODEs

Single-step Multi-step Predictor-Corrector
’—‘—‘ Heun’s method
Implicit Explicit Implicit Explicit
Backward Euler Forward Euler Adams-Moulton Adams-Bashforth
Trapezoidal Taylor series Gear's formulas
Runge-Kutta Runge-Kutta
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Broad classification of methods

Numerical methods for ODEs

Single-step Multi-step Predictor-Corrector
’—‘—‘ Heun’s method
Implicit Explicit Implicit Explicit
Backward Euler Forward Euler Adams-Moulton Adams-Bashforth
Trapezoidal Taylor series Gear's formulas
Runge-Kutta Runge-Kutta

* Of these methods, only a small subset is useful for circuit simulation.

* Other classifications are possible, based on stability and order.
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Local Truncation Error (LTE) and Global Error
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2 tnt1 tny2 t ¢

* The local truncation error is due to the approximations made in the algorithm. It
is local since the starting point is assumed to be exact.
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is local since the starting point is assumed to be exact.

* The global error is due to all previous local errors, but it is not a simple
accumulation of the local errors.

M. B. Patil, IIT Bombay



Local Truncation Error (LTE) and Global Error

T x
/
RN //
LTE (
f
/’—\)NLX__ €glopal
X numerical /5 f

k -+ exact
2 tnt1 tny2 t ¢

* The local truncation error is due to the approximations made in the algorithm. It
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Local Truncation Error (LTE) and Global Error
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* The local truncation error is due to the approximations made in the algorithm. It
is local since the starting point is assumed to be exact.

* The global error is due to all previous local errors, but it is not a simple
accumulation of the local errors.

* Other sources of error: (a) round-off error due to finite precision (b) In case of
implicit methods, the equations are not solved exactly but to a certain tolerance.

* If the LTE is O(h**!), the method is said to be of order k.
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* |s it one-step or multi-step?
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Numerical methods for solving ODEs: issues of interest

* |s it one-step or multi-step?
* How is it derived?
* What is its order (accuracy)?

* What are its stability properties? (Will the method allow relatively large
time steps?)

* How is it implemented (for a single ODE and for a system of ODEs)?
* What is the computational effort per time step?

* What is the memory requirement?
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Problem description

fn72 ,fn—l fn
Tp—2 Tp—1 Tn Tpy1 ?
tn72 tnfl tn tn+l time

* The ODE to be solved is x = f(t, x), with x(0) =xo. The numerical
solution up to t, is available, and that for t,;1 is to be computed.
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Problem description

fn72 ,fn—l fn
Tp—2 Tp—1 T Tnt1 ?
tn72 tnfl tn tn+l time

*

The ODE to be solved is x = f(t, x), with x(0) =xo. The numerical
solution up to t, is available, and that for t,;1 is to be computed.

*

The past function values f,, f,_1, .. are also available.

*

Single-step methods: Only the information at ¢, is used.

*

Multi-step methods: The information at t, and some others
(tn—1, th—2, ..) is also used.
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Outline

* Taylor series methods
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Taylor's theorem

If a function x(t) and its first (n + 1) derivatives are continuous on an interval
containing t, and t,+1 (= t, + h), then the value of the function at t,41 is
given by,
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Taylor's theorem

If a function x(t) and its first (n + 1) derivatives are continuous on an interval
containing t, and t,+1 (= t, + h), then the value of the function at t,41 is

given by,

X(k)(tn) hk+ X(k+1)(£) hk+1 (1)

X//(t")
K (k+1)!

X(tns1) = x(tn) + X' (ta) h+ =55

[

for some & between t, and tpi1.
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X(tns1) = x(tn) + X' (ta) h+ =55

[

for some & between t, and tpi1.

* In other words, for the conditions specified on x(t), it is possible to find &,
th < € < tpy1, such that Eq. 1 is satisfied exactly.

* As h— 0, £ — t,, and defining C=x""(t,)/(k + 1), the last term in
Eq. 1 approaches Ch**!.
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Taylor's theorem

If a function x(t) and its first (n + 1) derivatives are continuous on an interval
containing t, and t,+1 (= t, + h), then the value of the function at t,41 is

given by,

X(tre2) = x{tn) 4 % (1) ot 1)

xO(t,) o xETE)
PIRR P YL O

[

for some & between t, and tpi1.
* In other words, for the conditions specified on x(t), it is possible to find &,
th < € < tpy1, such that Eq. 1 is satisfied exactly.
* As h— 0, £ — t,, and defining C=x""(t,)/(k + 1), the last term in
Eq. 1 approaches Ch**!.

* We can rewrite Taylor's theorem as,

X(tnr1) = x(ta) + X' (ta) h+ Xﬁz(!t") B4+ % R+ o). (2)
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Taylor series methods for solving x = (¢, x)

Taylor's theorem:
x(tar1) = x(ts) + X'(ta) h+ O(K?),

X//(t'n)
21

X(tay1) = x(ta) 4+ x'(ta) h+ h* + O(h?), etc.
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Taylor series methods for solving x = (¢, x)

Taylor's theorem:
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We want to apply this to % =f(t,x).
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Taylor series methods for solving x = (¢, x)

Taylor's theorem:
x(tar1) = x(ts) + X'(ta) h+ O(K?),

X//(t'n)
21

X(tay1) = x(ta) 4+ x'(ta) h+ h* + O(h?), etc.

We want to apply this to % =f(t,x).

In the Taylor series method of order k, the first k derivative terms are retained.

Xn+1 — Xn+hfn,
h2
Xp+1 = xn+hf"+5 (f"+ "),
n_ n_ Of n_ Of
where " = f(tn, xn), f = a(t,,,x,,), and £, = aX(t,,,x,,).
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Taylor series method for solving X = f(t, x)

The derivatives can be computed as,

X(ta) = f(ta,x(tn)),
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Taylor series method for solving X = f(t, x)

The derivatives can be computed as,

x'(ta) f(tn, x(tn)),
. of  Of dx
X" (tn) t * ox dt fe
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Taylor series method for solving X = f(t, x)

The derivatives can be computed as,

X (tn)
X”(tn)

x(3)(t,,)
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F(tn, x(t))

of  Of dx
ot Toxar TR

0 0
a[ft+ffx]+a[ff+ffx]f

[fe+Fhe+ ]+ [foc+ G+ Fh] F
fu +2f fo 4+ fofo + F £2 4+ 2 fix,



Taylor series method for solving X = f(t, x)

The derivatives can be computed as,

X(tn) =
X”(tn) —

x(3)(t,,)

F(tn, x(t))

of  Of dx
ot Toxar TR

0 0
a[ft+ffx]+a[ff+ffx]f

[fe+Fhe+ ]+ [foc+ G+ Fh] F
fu +2f fo 4+ fofo + F £2 4+ 2 fix,

Note that computation of the derivatives becomes expensive as the order

increases — Runge-Kutta methods.
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Outline

* Runge-Kutta methods
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Runge-Kutta method for solving x =

h
arh

2 A T lnt1

* Basic idea: Instead of evaluating higher-order derivatives (as required in
Taylor series method), evaluate the function f(t,x) at some intermediate
points such that the resulting formula is equivalent to a Taylor series

formula.
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h
arh

2 A T lnt1 t

* Basic idea: Instead of evaluating higher-order derivatives (as required in
Taylor series method), evaluate the function f(t,x) at some intermediate
points such that the resulting formula is equivalent to a Taylor series
formula.

* Note that this is still a single-step method since we are using information
only at t, (and not t,—1, th—2, etc.).
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Runge-Kutta method for solving x = f

h
arh

[T P . tny1 t

Consider the algorithm given by,

fo = f(tn,xn),
i = fltatarhxnt+hpProh), (a1<1),
Xn+1 Xn 4 hlyo fo + 71 A].
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Runge-Kutta method for solving x = f

h
arh

[T P . tny1 t

Consider the algorithm given by,

fo
fi

Xn+1

= f(tn, Xn),
= f(ta+tarhxa+hpfiofh), (a1<1),
= Xo+ h[yo o+ A].

* Only function evaluations are involved (and not derivative computation).
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Runge-Kutta method for solving x=f

h
arh

[T P . tny1 t

Consider the algorithm given by,

fo
fi

Xn+1

= f(tn, Xn),
= f(totarhxnt hBioh), (on<1),
= Xo+ h[yo o+ A].

* Only function evaluations are involved (and not derivative computation).

* The algorithm looks very different than the Taylor series method, but let
us take a closer look.
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Runge-Kutta method for solving x=f

h
arh

[T P . tny1 t

Consider the algorithm given by,

fo
fi

Xn+1

= f(tn, Xn),
= f(totarhxnt hBioh), (on<1),
= Xo+ h[yo o+ A].

* Only function evaluations are involved (and not derivative computation).

* The algorithm looks very different than the Taylor series method, but let
us take a closer look.

* The reason for using subscripts for o and 3 will become clear later.
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Runge-Kutta method for solving x =

* Taylor series for a function of two variables:

f(t,x) = £(tn, xn) + fi(tn, xn)(t — tn) + fi(tn, Xn)(x — xn)
1
+ g [ftt(tnyxn)(t - tn)2 + ftX(tIth)(t - tn)(X - Xn) + ﬁ(x(tmxn)(x - Xn)2]
+ Higher-order terms.
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Runge-Kutta method for solving x =

* Taylor series for a function of two variables:

F(£,%) = F(tn, xn) + Fi(tn, x0) (£ — tn) + F(tn, x0) (X — Xn)

+ % [t (tn, xn)(t — tn)? + foxc(tn, Xn)(t — tn)(X — Xn) + Fox(tny Xn)(X — Xn)?]
+ Higher-order terms.
* Substituting t =t, + a1 h and x=x, + h 81,0 fo, we get
Xn+1 = Xn + h[yo fo + 71 f(ta + a1 h, xn + h B1,0 )]

= xn + Yohf +y1hf + c1yi b fe + B1oyi h? fh + O(h3) .
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Runge-Kutta method for solving x =

* Taylor series for a function of two variables:

F(£,%) = F(tn, xn) + Fi(tn, x0) (£ — tn) + F(tn, x0) (X — Xn)

+ % [ftt(tnyxn)(t - tn)2 + ftX(tIth)(t - tn)(X - Xn) + ﬁ(x(tmxn)(x - Xn)2]

+ Higher-order terms.
* Substituting t =t, + a1 h and x=x, + h 81,0 fo, we get
Xn+1 = Xn + h[yo fo + 71 f(ta + a1 h, xn + h B1,0 )]
= xn + Y0hf +y1hf + cam b2 fe + Brovyi b + O(h®) .

* Compare with the second-order Taylor series method,

h2
Xn+1:Xn+hf+?(ft+ffx)-
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Runge-Kutta method for solving x =

* Taylor series for a function of two variables:

F(£,%) = F(tn, xn) + Fi(tn, x0) (£ — tn) + F(tn, x0) (X — Xn)

+ % [ftt(tnyxn)(t - tn)2 + ftX(tIth)(t - tn)(X - Xn) + ﬁ(x(tmxn)(x - Xn)2]

+ Higher-order terms.
* Substituting t =t, + a1 h and x=x, + h 81,0 fo, we get
Xn+1 = Xn + h[yo fo + 71 f(ta + a1 h, xn + h B1,0 )]
= xn + Y0hf +y1hf + cam b2 fe + Brovyi b + O(h®) .

* Compare with the second-order Taylor series method,

h2
Xn+1:Xn+hf+? (ft"l‘ffx)

* With the conditions,

Y+71 =1,
a1y = 1/2,
Brom = 1/2,

the two algorithms are the same to O(h?).
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Runge-Kutta me

* There are four parameters for this method (au, 81,0,70,71) and only three
constraints:

Y+ = 1,
171 = ]./27
ﬁl,O’YI = 1/2
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Runge-Kutta method for solving x=f

* There are four parameters for this method (au, 81,0,70,71) and only three

constraints:
Yo + 7

Q171
B1om

* |t is therefore not one method, but a

M. B. Patil, IIT Bombay
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family of methods.



d for solving x

* There are four parameters for this method (au, 81,0,70,71) and only three
constraints:

Y+ = 1,
171 = 1/2,
ﬁl,O’YI = 1/2

* |t is therefore not one method, but a family of methods.

* We can treat one of them (say, 7o) as a “free” parameter. Assigning a
value to the free parameter then defines the algorithm completely.
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d for solving x

* There are four parameters for this method (au, 81,0,70,71) and only three
constraints:

Y+ = 1,
171 = ]./27
ﬁl,O’YI = 1/2

* |t is therefore not one method, but a family of methods.

* We can treat one of them (say, 7o) as a “free” parameter. Assigning a
value to the free parameter then defines the algorithm completely.

* The parameters (au, B1,0,70,71) are chosen so that the LTE is small for
problems that are typically encountered.
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d for solving x

* There are four parameters for this method (au, 81,0,70,71) and only three
constraints:

Y+ = 1,
171 = ]./27
ﬁl,O’YI = 1/2

* |t is therefore not one method, but a family of methods.

* We can treat one of them (say, 7o) as a “free” parameter. Assigning a
value to the free parameter then defines the algorithm completely.

* The parameters (au, B1,0,70,71) are chosen so that the LTE is small for
problems that are typically encountered.

* For example, if 7o is chosen to be 1/4, we get
aq :2/3,,3170 :2/3,71 :3/4
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Runge-Kutta method for solving x=f

* There are four parameters for this method (au, 81,0,70,71) and only three

constraints:
Yo + 7

Q171
Biom

* |t is therefore not one method, but a

= 1’
1/2,
= 1/2.

family of methods.

* We can treat one of them (say, 7o) as a “free” parameter. Assigning a
value to the free parameter then defines the algorithm completely.

* The parameters (au, B1,0,70,71) are chosen so that the LTE is small for
problems that are typically encountered.

* For example, if 7o is chosen to be 1/4, we get

(675) :2/3”8170:2/3,71:3/4_

* The corresponding algorithm is,

fo = f(tn,xn),
A = f(tat 3 hxo+3hh),
Xn+1 = Xn“!‘h[%fo“rifl]
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Butcher array representation of RK methods [4]

fb f1 ce fs—l fs
ag | Boo | Boa Bo,s—1 | Bo,s | Xo
a1 | Bio | B Bis—1 | Bis | Xa
Qs 55,0 65,1 65,5—1 /Bs,s Xs
(] 71 ce Vs—1 Vs
Interpretation: For i=0,1,--- s,
Ti = th + 0fih )
S
X = Xn+h25i,j6'7
j=0
i = f(Ti,X).

Finally,
s
Xnt1 =Xn+hZ’Yifi~
i=0
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Explicit RK methods

* When the 8 matrix in the Butcher array is lower-triangular, the RK method is
explicit, i.e., the computation of f; involves only fi, fo, -+, fi_1.
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Explicit RK methods

* When the 8 matrix in the Butcher array is lower-triangular, the RK method is
explicit, i.e., the computation of f; involves only fi, fo, -+, fi_1.

* We can compute fy = f(tn, xn), then fi (using fy), followed by £ (using fp and
fi), and so on.
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Explicit RK methods

* When the 8 matrix in the Butcher array is lower-triangular, the RK method is
explicit, i.e., the computation of f; involves only fi, fo, -+, fi_1.

* We can compute fy = f(tn, xn), then fi (using fy), followed by £ (using fp and
fi), and so on.

Examples: second-order formulas [4]

0 0 0
2] 313 11
0 B B
a1 = % ay = % a; =1
(Heun form) (Improved Euler)
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Explicit RK methods

Examples: third-order formulas [4]

0 0 0
1 1 2 2 1 1
2 2 3 3 3 3
2 2 2 2
1] -1 2 2o 2 2o 2
3 2 1 i3 3 1 9 3
8 3 6 4 8 8 4 4
1 2 1 2
ap=35, =1 o1 =0 =3 a1 =3, 02 =3
(Classic form) (Nystrom form) (Heun form)
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Explicit RK methods

Examples: fourth-order formulas [4]

0 0
1] 1 1 1
2 | 2 3 3
1 1 2 1
210 3 503 1
10 0 1 1 1 -101
i1 1 1 1 3 3 1
6 3 3 & 8 8 8 8
ar =ap = % (Classic form) a1 = % Lo = % (Kutta form)
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Implicit RK methods

* When there are non-zero entries on the diagonal or in the upper triangle of the 8
matrix of the Butcher array, the corresponding RK method is an implicit
method.
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Implicit RK methods

* When there are non-zero entries on the diagonal or in the upper triangle of the 8
matrix of the Butcher array, the corresponding RK method is an implicit

method.

* In this case, computation of f; may involve f;, fi11, etc., thus ruling out a simple
successive computation of fo, fi, f,--- (which is possible for explicit RK
methods).
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Implicit RK methods

* When there are non-zero entries on the diagonal or in the upper triangle of the 8
matrix of the Butcher array, the corresponding RK method is an implicit

method.

* In this case, computation of f; may involve f;, fi11, etc., thus ruling out a simple
successive computation of fo, fi, f,--- (which is possible for explicit RK
methods).

* Computation of f; would then require an iterative procedure, which makes it
expensive.
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Implicit RK m

* When there are non-zero entries on the diagonal or in the upper triangle of the 8
matrix of the Butcher array, the corresponding RK method is an implicit

method.

* In this case, computation of f; may involve f;, fi11, etc., thus ruling out a simple
successive computation of fo, fi, f,--- (which is possible for explicit RK
methods).

* Computation of f; would then require an iterative procedure, which makes it
expensive.

However, implicit methods have some advantages:
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Implicit RK methods

* When there are non-zero entries on the diagonal or in the upper triangle of the 8
matrix of the Butcher array, the corresponding RK method is an implicit

method.

* In this case, computation of f; may involve f;, fi11, etc., thus ruling out a simple
successive computation of fo, fi, f,--- (which is possible for explicit RK
methods).

* Computation of f; would then require an iterative procedure, which makes it
expensive.

However, implicit methods have some advantages:

* An implicit RK formula may allow a higher order as compared to an explicit RK
formula with the same number of stages.
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Implicit RK m

* When there are non-zero entries on the diagonal or in the upper triangle of the 8
matrix of the Butcher array, the corresponding RK method is an implicit

method.

* In this case, computation of f; may involve f;, fi11, etc., thus ruling out a simple
successive computation of fo, fi, f,--- (which is possible for explicit RK
methods).

* Computation of f; would then require an iterative procedure, which makes it
expensive.

However, implicit methods have some advantages:

* An implicit RK formula may allow a higher order as compared to an explicit RK
formula with the same number of stages.

* Implicit formulas generally have better stability properties.
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Implicit RK methods [4]

Examples:

(3-V3)/6
(3+V3)/6

1/4 (3 —2v3)/12
(3+2v3)/12 1/4
| 1/2 1/2

Fourth-order Gauss implicit method
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Implicit RK methods [4]

Examples:
(3-+3)/6 1/4 (3 —2v3)/12

(3++3)/6 | (3+2V3)/12 1/4

| 1/2 1/2

Fourth-order Gauss implicit method
0 0 0 0 0
(5—+/5)/10 | (5++/5)/60 1/6 (15-7v5)/60 0
(5++V5)/10 | (5—-+5)/60 (15+ 7+/5)/60 1/6 0
1 1/6 (5 —5)/12 (5 ++5)/12 0

1/12 5/12 5/12 1/12

Sixth-order Lobatto implicit method
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RK method: system of equations

The RK methods (both explicit and implicit) can be used to solve a system of ODEs,

dx

pri f(t,x), x(to) =xo.
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RK method: system of equations

The RK methods (both explicit and implicit) can be used to solve a system of ODEs,
dx
dt

The computation involves the following:

For i=0,1,--- s,

=f(t,x), x(to) =xo.

T, = th+ah,
S

X; = Xn+h2ﬁi,jfj,
j=0
i = f(T,X),

and finally,

s
Xn+1 = Xn + hZ’Yifi~
i=0
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Outline

* Specific multi-step methods
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Multi-step methods for solving x

Consider fitting the function x(t) with a staight line.

30
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Multi-step methods for solvin

Consider fitting the function x(t) with a staight line.

30

appro:

ximatio 7

L

— x(t)

The fit can be improved in two ways:
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Multi-step methods for solvin

Consider fitting the function x(t) with a staight line.

30

appro:

ximatio 7

L

— x(t)

The fit can be improved in two ways:

* Reduce the time step.
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Multi-step methods for solvin

Consider fitting the function x(t) with a staight line.

30

appro:

ximatio 7

L

— x(t)

The fit can be improved in two ways:
* Reduce the time step.

* Use a higher-order polynomial.

M. B. Patil, IIT Bombay

0.14

0.18



Multi-step methods for solving x = f(t, x)

Use of a smaller time step:

30
20
» /
10 /
/ solid line: x(t)
— dashed line: approximation

0
0.1 012 0.14 0.16 0.18
t
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Multi-step methods for solving x = f(t, x)

Use of a smaller time step:

30
20
» /
10 /
/ solid line: x(t)
— dashed line: approximation

0
0.1 012 0.14 0.16 0.18
t

* The approximation is better when the step size is reduced.
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Multi-step methods for solving x = f(t, x)

Use of a smaller time step:

/

//

30
20
>
10
o=
ol o.

12 0.14 0.16
t

0.18

solid line: x(t)

dashed line: approximation

* The approximation is better when the step size is reduced.

* A larger number of time steps = slower simulation
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Multi-step methods for solving x = f(t, x)

Use of a higher-order polynomial:

30 A 30 /| 30
20 20 20
=
10 10 A 10
0 0 0
2 0.1
0
1
" 0.0
£ 0
o
-8 1 —0.1
p=1 p=2 p=3
-12 -2 0.2
0.1 0.14 0.18 0.1 0.14 0.18 0.1 0.14
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Multi-step methods for solving x = f(t, x)

Use of a higher-order polynomial:

30 A 30 /| 30
20 20 20
=
10 10 A 10
0 0 0
2 0.1
0
1
" 0.0
£ 0
o
-8 1 —0.1
p=1 p=2 p=3
-12 -2 0.2
0.1 0.14 0.18 0.1 0.14 0.18 0.1 0.14 0.18

* The approximation is better when the order is increased.

M. B. Patil, IIT Bombay



Multi-step methods for solving x = f(t, x)

Use of a higher-order polynomial:

30 A 30 /| 30
20 20 20
=
10 10 A 10
0 0 0
2 0.1
0
1
" 0.0
£ 0
o
-8 1 —0.1
p=1 p=2 p=3
-12 -2 0.2
0.1 0.14 0.18 0.1 0.14 0.18 0.1 0.14 0.18

* The approximation is better when the order is increased.

* For fitting with a polynomial of order p, we need (p + 1) points.
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Multi-step methods for solving x = f(t, x)

Use of a higher-order polynomial:

30 A 30 /| 30
20 20 20
=
10 10 A 10
0 0 0
2 0.1
0
1
" 0.0
£ 0
o
-8 1 —0.1
p=1 p=2 p=3
-12 -2 0.2
0.1 0.14 0.18 0.1 0.14 0.18 0.1 0.14 0.18

* The approximation is better when the order is increased.
* For fitting with a polynomial of order p, we need (p + 1) points.

* The Adams-Bashforth and Adams-Moulton methods are based on approximating
x(t) with a polynomial.
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Adams-Bashforth methods for x

th-a thg th2 thg th ther T
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Adams-Bashforth methods for x

Z

th-4 thg th-2 thg th theg 8

* Motivation:

X(tns1) = x(t,,)+/ttn+le(t)dt

thi1 (3)
= x(t,,) + / fdt.
tn
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Adams-Bashforth methods for x = f(t,

th-a thg th2 thg th ther T

* Motivation:

X(tns1) = x(t,,)—}—/ttnﬂxf(t)dt

thi1 (3)
= x(t,,) + / fdt.
tn

* Obtain a polynomial (in t) which passes through (tn, fn), (th—1,fn—1), etc.
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Adams-Bashforth methods for x = f(t,

th-4 thg th-2 thg th theg 8

* Motivation:

X(tns1) = x(t,,)+/ttn+le(t)dt

thi1 (3)
= x(t,,) + / fdt.
tn

* Obtain a polynomial (in t) which passes through (tn, fn), (th—1,fn—1), etc.

thi1
* Compute / f dt in Eq. 3 using the approximation for f = Adams-Bashforth
tn

formula.
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Adams-Bashforth methods for x =

The AB formula of order p is given by,

p—1

X(tn1) = x(tn) + h i Bifa—i - (4)

i=0
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Adams-Bashforth methods for x = f(t,

The AB formula of order p is given by,

p—1
X(tn1) = x(ta) +h > Bifai . (4)
i=0
Order | fo B1 B2 B3 Ba Bs LTE
142
1 1 5h x" (&)
3 1 5 p3,(3
2 5 -3 3 X3 (&)
23 16 5 9 14 (4
3 o -0 0 21 h*x*) (&)
55 59 37 9 251 45 (5
4 % | “u | w | u %0 °xB(&0)
1901 2774 2616 1274 251 475 16,(6
5 720 720 720 720 720 1440 hox( )(50)
6 4277 __ 7923 9982 __ 7298 2877 __A75 19,087 h7x(7)(§ )
1440 1440 1440 1440 1440 1440 60,480 0

(Note that the AB1 formula is the same as Forward Euler.)
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Adams-Moulton methods for x = f(t, x)

th-a thg th2 thg th ther 8
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Adams-Moulton methods for x = f(t, x)

th-a thg th2 thg th ther 8

* Motivation:

(tor1) = x(t,,)+/ttn+1xf(t)dt

n

— x(ta) +/tt"“ fdt. ®)

n
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th-a thg th2 thg th ther 8

* Motivation:

(tor1) = x(tn)+/tt"“xf(t)dt

n

x(tn) + /ttn+1 fdt. ®)

n

* Obtain a polynomial (in t) which passes through (ts11, fo+1), (tn, fa),
(tn—1, fa—1), etc. Note the involvement of f,;1 here, which makes the AM
methods implicit in nature.
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th-a thg th2 thg th ther 8

* Motivation:

(tor1) = x(t,,)+/ttn+1xf(t)dt

n

x(tn) + /ttn+1 fdt. ®)

n

* Obtain a polynomial (in t) which passes through (ts11, fo+1), (tn, fa),
(tn—1, fa—1), etc. Note the involvement of f,;1 here, which makes the AM
methods implicit in nature.

thi1
* Compute / f dt in Eq. 5 using the approximation for f = Adams-Moulton
tn

formula.
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Adams-Moulton methods for x = f(t,

The AM formula of order p is given by,

p—2
X(tn+l) - X(tn) +h Z Bi fnfi . (6)

i=—1
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Adams-Moulton methods for x

The AM formula of order p is given by,

p—2
X(tnp1) = x(tn) +h D Bifai . (6)

i=—1

Order | B_1 Bo 51 5o B3 Ba LTE

1 1 —3 kX" (&)

2 | 1] 1 % RO (eo)

s | 8|8 -4 K (c0)

sl B -5 4 55 150

5 | %5 | f% | w0 | m | 7o — 1215 °x®(&o)

o | BB -B 5|5 & -0
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Adams-Moulton methods for x

The AM formula of order p is given by,

p—2
X(tnp1) = x(tn) +h D Bifai . (6)

i=—1

Order | B_1 Bo 51 5o B3 Ba LTE

1 1 —3 kX" (&)

2 | 1] 1 % RO (eo)

s | 8|8 -4 K (c0)

sl B -5 4 55 150

5 | %5 | f% | w0 | m | 7o — 1215 °x®(&o)

o | BB -B 5|5 & -0

* The AM1 and AM?2 formulas are the same as the Backward Euler and
trapezoidal methods, respectively.
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Adams-Moulton methods for x = f(t, x)

The AM formula of order p is given by,

p—2
X(tnp1) = x(tn) +h D Bifai . (6)

i=—1

Order | B_1 Bo 51 5o B3 Ba LTE

1 1 —3 kX" (&)

2 | 1] 1 % RO (eo)

s | 8|8 -4 K (c0)

sl 8|54 55 150

5 | %5 | f% | w0 | m | 7o — 1215 °x®(&o)

o | BB -B 5|5 & -0

* The AM1 and AM?2 formulas are the same as the Backward Euler and
trapezoidal methods, respectively.

* By comparing the LTE columns in the AB and AM tables, we see that, for the
same order, the AM formula is more accurate.
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Backward Differentiation Formulas (BDF): Gear's formulas

We are looking for x(t) which will satisfy the ODE at t = tp+1, i.e.,

X(tnt1) = f(tnt1, Xng1) - ™
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Backward Differentiation Formulas (BDF): Gear's formulas

We are looking for x(t) which will satisfy the ODE at t = tp+1, i.e.,

X(tnt1) = f(tnt1, Xng1) - ™

* First, obtain X(t), a polynomial approximation for x(t), passing through
(tn+lxXn+l)v (tnxXn). (tn—I,anl),
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Backward Differentiation Formulas (BDF): Gear's formulas

We are looking for x(t) which will satisfy the ODE at t = tp+1, i.e.,

X(tnt1) = f(tnt1, Xng1) - ™

* First, obtain X(t), a polynomial approximation for x(t), passing through
(tn+lxXn+l)v (tnxXn). (tn—I,anl),

* Differentiate to get an expression for x(t).
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Backward Differentiation Formulas (BDF): Gear's formulas

We are looking for x(t) which will satisfy the ODE at t = tp+1, i.e.,

X(tnt1) = f(tnt1, Xng1) - ™

* First, obtain X(t), a polynomial approximation for x(t), passing through
(tn+lxXn+l)v (tnxXn). (tn—I,anl),
* Differentiate to get an expression for x(t).

* Replace the LHS of Eq. 7 with X(t) at t=t,,1. = BDF formula
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Backward Differentiation Formulas (BDF): Gear's formulas

We are looking for x(t) which will satisfy the ODE at t = tp+1, i.e.,

X(tnt1) = f(tnt1, Xng1) - ™

* First, obtain X(t), a polynomial approximation for x(t), passing through
(tn+lxXn+l)v (tnxXn). (tn—I,anl),
* Differentiate to get an expression for x(t).

* Replace the LHS of Eq. 7 with X(t) at t=t,,1. = BDF formula

* BDFs are implicit in nature since f(t,11, X,+1) appears in the formula.

M. B. Patil, IIT Bombay



BDFs for x = )

The general form of the BDF of order p is,

p—1

Z ajXp—i = hf(tni1, Xns1) - (8)
=1
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BDFs for x = )

The general form of the BDF of order p is,

p—1
D aixn—i=hf(tay1, xn41) - (8)
i=—1

Order | a_1 ag [e%1 an a3 Qg as LTE

1 1 -1 —1 R2x"(€)
2 3l -2 % —Z h3x"(8)
BRI 5 HE)
4 B | -4l 3 -3 ] 3 -2 mxO)(¢)
s | W || s |-2)|F |-t — 2 HxO(g)
BRI IEIEIEEE 1ak0

(Note that the BDF1 formula is the same as the Backward Euler method.)
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Outline

* Generalized multi-step methods
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Generalized linear multi-step methods

The AB, AM, and BDF methods are special cases of “linear multi-step methods”
(LMM) given by,

k k
Z ajxp—i=h Z Bi f(ta—irXn—i) -

i=—1 i=—1
Method k @7 Bi
AB p—1| a;j=0, i=1tok B-_1=0
AM p—2 | aj=0, i=1to k -
BDF p—1 - B;i=0, i=0to k
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Generalized linear multi-step methods

The AB, AM, and BDF methods are special cases of “linear multi-step methods”
(LMM) given by,

k k
Z ajxp—i=h Z Bi f(ta—irXn—i) -

i=—1 i=—1
Method k @7 Bi
AB p—1| a;j=0, i=1tok B-_1=0
AM p—2 | aj=0, i=1to k -
BDF p—1 - B;i=0, i=0to k

* Many other LMMs can be derived; all we need to do is to pick a polynomial
passing through a suitable set of points.
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Generalized linear multi-step methods

The AB, AM, and BDF methods are special cases of “linear multi-step methods”
(LMM) given by,

k k
Z ajxp—i=h Z Bi f(ta—irXn—i) -

i=—1 i=—1
Method k @7 Bi
AB p—1| a;j=0, i=1tok B-_1=0
AM p—2 | aj=0, i=1to k -
BDF p—1 - B;i=0, i=0to k

* Many other LMMs can be derived; all we need to do is to pick a polynomial
passing through a suitable set of points.

* What is so special about the AM, AB, and BDF methods? (to be discussed)
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Exactness constraints for LMMs [6] for solving X = f(t, x)

thoy  tho1 ly (298]

As an example, consider the LMM given by,
_1Xpe1 F oo Xn + o1 Xp—1 =hB_1fy1. 9)

There are three independent coefficients here = the LMM formula is expected to
accurately predict xp41 if x(t) is a second-order polynomial.
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Exactness constraints for LMMs [6] for solving x = f(

thoy  tho1 ly (298]

As an example, consider the LMM given by,
_1Xpe1 F oo Xn + o1 Xp—1 =hB_1fy1. 9)

There are three independent coefficients here = the LMM formula is expected to
accurately predict xp41 if x(t) is a second-order polynomial.

In particular, consider the special cases: (a) x(t)=1, (b) x(t)=t, and (c) x(t) =t
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Exactness constraints for LMMs [6] for solving x = f(t, x)

thoy  tho1 ly (298]

As an example, consider the LMM given by,
_1Xpe1 F oo Xn + o1 Xp—1 =hB_1fy1. 9)

There are three independent coefficients here = the LMM formula is expected to
accurately predict xp41 if x(t) is a second-order polynomial.

In particular, consider the special cases: (a) x(t)=1, (b) x(t)=t, and (c) x(t) =t
For x(t)=1, f(t,x)=0, and x,—1 = Xn = xp+1 = 1. Substituting in (9), we get,

a_1+ag+a; =0.
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Exactness constraints for LMMs [6] for solving x = f(

thoy  tho1 ly (298]

As an example, consider the LMM given by,
_1Xpe1 F oo Xn + o1 Xp—1 =hB_1fy1. 9)

There are three independent coefficients here = the LMM formula is expected to
accurately predict xp41 if x(t) is a second-order polynomial.

In particular, consider the special cases: (a) x(t)=1, (b) x(t)=t, and (c) x(t) =t
For x(t)=1, f(t,x)=0, and x,—1 = Xn = xp+1 = 1. Substituting in (9), we get,
a_1+ag+a; =0.

Similarly, the other two exactness constraints can be derived.
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0 1 a_14+ag+a; =0
t 1 h a1 —ar =B
t2 2t h? a_1+a; =281

* With B_1=1, we get a_1=3/2, ag=—-2, and oy =1/2.
* The LMM formula is therefore,

3 1
5Xﬁ+1 —2xp + EXn—l = hfn+1<
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x f Xnt1 Constraint

0 1 a_14+ag+a; =0
t 1 h a1 —ar =B
t2 2t h? a_1+a; =281

* With B_1=1, we get a_1=3/2, ag=—-2, and oy =1/2.
* The LMM formula is therefore,

3 1
5Xﬁ+1 —2xp + EXn—l = hfn+1<

* This is the same as the BDF2 formula.
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Exactness constraints for generalized LMM

k k
Z ajxp—j=h Z Bi f(tn,,',X,,,,‘) .
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Exactness constraints for generalized LMM

k k
Z ajxp—j=h Z Bi f(tn,,',X,,,,‘)‘

i=—1 i=—1

By following the procedure described earlier, we get the following constraints:

k
x(t)y=1: Za,—zo,

i=—1

k k
x(t)=t: Zai(*ih)=h2ﬁi:
i=—1 i=—1
k k
x()=t2: > ai(=ih)? =hY_ 28 (—ih), (o)
j=—1 i=—1
: . . .
(0= S P =h > ps P
i=—1 i==1
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* AB methods are explicit whereas AM methods are implicit.
= For the same order, the AB method is faster.

* Can we combine the best of the AB and AM methods?
= Predictor-Corrector (PC) methods

* In the PC method, in going from t, to tp41,

- “Predict” xp+1 using an explicit method (such as AB).

M. B. Patil, IIT Bombay



Predi corrector methods

* For the same order, AM methods are more accurate than AB methods.

* AB methods are explicit whereas AM methods are implicit.
= For the same order, the AB method is faster.

* Can we combine the best of the AB and AM methods?
= Predictor-Corrector (PC) methods
* In the PC method, in going from t, to tp41,

- “Predict” xp+1 using an explicit method (such as AB).

- “Correct” xp41 using an implicit method (such as AM). However, in this
step, use the implicit formula as an “evaluation” formula, i.e., treat x,+1 in
the RHS as a known value (given by the predicted x1).
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Predi corrector methods

* For the same order, AM methods are more accurate than AB methods.
* AB methods are explicit whereas AM methods are implicit.

= For the same order, the AB method is faster.

* Can we combine the best of the AB and AM methods?
= Predictor-Corrector (PC) methods

* In the PC method, in going from t, to tp41,

- “Predict” xp+1 using an explicit method (such as AB).

- “Correct” xp41 using an implicit method (such as AM). However, in this
step, use the implicit formula as an “evaluation” formula, i.e., treat x,+1 in
the RHS as a known value (given by the predicted x1).

- Repeat to the desired tolerance.
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Predictor-corrector method for solving x = f(t, x)

Example: Use AB1 as predictor and AM2 as corrector.
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Predictor-corrector method for solving x = f(t,

Example: Use AB1 as predictor and AM2 as corrector.

Prediction  (P) X = xathf
Evaluation  (E) FO = Ftars, X))

. 1 h 0
Correction  (C) X,(,Jr)1 = xp+ E(fn + fn(Jr)l)
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Predictor-corrector method for solving x = f(t,

Example: Use AB1 as predictor and AM2 as corrector.

Prediction  (P) X = xathf (AB1)
Evaluation (E) fn(_?_)l = f(tps1, X,(,Tl)
Correction  (C) Xr(:r)l = xpn+ g(f" + f,,(?l) (AM2)
Evaluation (E) frfi)l = f(tps1, X,(,1+)1)
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Evaluation (E) fn(_?_)l = f(tps1, X,(,?l)
Correction  (C) Xr(:r)l = xpn+ g(f" + f,,(?l) (AM2)
Evaluation (E) frfi)l = f(tps1, X,(,1+)1)

* We can repeat this process, e.g., PECECE, or PE(CE)k.
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* We can repeat this process, e.g., PECECE, or PE(CE)k.

* If the process is taken to covergence, we could obtain the same result as using
the implicit (corrector) formula alone, i.e., solving the implicit equation of the
corrector exactly.
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Predictor-corrector method for solving x = f(t, x)

Example: Use AB1 as predictor and AM2 as corrector.

Prediction  (P) X = xathf (AB1)
Evaluation (E) fn(_?_)l = f(tps1, X,(,?l)
Correction  (C) Xr(:r)l = xpn+ g(f" + f,,(?l) (AM2)
Evaluation (E) frfi)l = f(tps1, X,(,1+)1)

* We can repeat this process, e.g., PECECE, or PE(CE)k.

* If the process is taken to covergence, we could obtain the same result as using
the implicit (corrector) formula alone, i.e., solving the implicit equation of the
corrector exactly.

* Generally, one or two CE steps give a substantially better accuracy (over the
predicted xpt1).
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Predictor-corrector method for solving x = f(t, x)

Example: Use AB1 as predictor and AM2 as corrector for the ODE,
x=2x — x?, with x(0) = 1 (analytic solution: x(t)=2/(1 + exp(—2t)))
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Predictor-corrector method for solving x = f(t,

Example: Use AB1 as predictor and AM2 as corrector for the ODE,
x=2x — x?, with x(0) = 1 (analytic solution: x(t)=2/(1 + exp(—2t)))

step size (h) 0.05 0.1 0.2
predicted x(h) 1.05 11 1.2
corrected x(h) (1) 1.04993750 1.09950000 1.19600000
(2 1.04993766 1.09950499 1.19615840
(3) 1.04993766 1.09950494 1.19615219
(4) 1.04993766 1.09950494 1.19615243
(5) 1.04993766 1.09950494 1.19615242
x(h) (TRZ) 1.04993766 1.09950494 1.19615242
x(h) (exact) 1.04995837 1.09966799 1.19737532
LTE 2.0719x107° | 1.6306x10~% | 1.2229x103
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* Numerical results
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Numerical examples: local/global error versus h

10 T
(a) Forward Euler.

Error
Error

10
8 5
fir o
i N V\ n
18 10° 16 16" 18
step size (h) step size (h)
Local and global errors versus step size h for X = —x, with x(0) = 1, for Forward Euler, Backward

Euler, Trapezoidal, and Runge-Kutta (4" order) methods. The local error has been computed for

the first step, i.e., from t =0 to t = h. The global error has been computed at t =1.
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Numerical examples: local/global error versus h

Error

Error

step size (h)

Local and global errors versus step size h for x =

Error

Error

-4 -3 -2 -1

10 16 18

step size (h)

—x, with x(0) = 1, for AB2, AM2, AB3, and

AM3 methods. The local error has been computed for the first step, i.e., from t =0 to t=h. The

global error has been computed at t =1.
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Numerical examples: comparison of methods

3.0 T 3.0 T
exact —— )\ (a) exact —— (b)
FE —— BE ——
2.5 \ 2.5 /

1.0 1.0

3.0 T 3.0 T
exact —— \ (c) exact —— g \ (d)

TRZ —— RK4

2.5 \ 2.5
= 2.0 =20

/ N

Exact and numerical solutions for x =sin(t), with x(0) =1. (a) Forward Euler, (b) Backward Euler,

(c) Trapezoidal, and (d) Runge-Kutta (4" order).
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M. B. Patil, IIT Bombay



Remarks on numerical examples

* For a method of order p,

- the local error is O(hP“), i.e., if his reduced by 10, the local error goes
down by 10P*1,

M. B. Patil, IIT Bombay



Remarks on numerical examples

* For a method of order p,

- the local error is O(hP“), i.e., if his reduced by 10, the local error goes
down by 10P*1,

- the global error is O(hP), i.e., if h is reduced by 10, the global error goes
down by 10°.

M. B. Patil, IIT Bombay



Remarks on numerical examples

* For a method of order p,

- the local error is O(hP“), i.e., if his reduced by 10, the local error goes
down by 10P*1,

- the global error is O(hP), i.e., if h is reduced by 10, the global error goes
down by 10°.

* A higher-order method is more accurate and therefore allows larger time steps to
be taken.

M. B. Patil, IIT Bombay



Remarks on numerical examples

* For a method of order p,

- the local error is O(hP“), i.e., if his reduced by 10, the local error goes
down by 10P*1,

- the global error is O(hP), i.e., if h is reduced by 10, the global error goes
down by 10°.

* A higher-order method is more accurate and therefore allows larger time steps to
be taken.

* Should we always prefer a high-order method?

M. B. Patil, IIT Bombay



Remarks on numerical examples

* For a method of order p,

- the local error is O(hP“), i.e., if his reduced by 10, the local error goes
down by 10P*1,

- the global error is O(hP), i.e., if h is reduced by 10, the global error goes
down by 10°.

* A higher-order method is more accurate and therefore allows larger time steps to
be taken.

* Should we always prefer a high-order method?
NO. Need to worry about stability.
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Stability of numerical methods for x = f(¢t

* A numerical method generates a sequence of numbers, x1, x2,--- to
approximate the actual values of the solution x(t1), x(t2), - - -
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* At a given time point t, there is an error € associated with the numerical
solution xj due to algorithmic and round-off errors.
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* At a given time point t, there is an error € associated with the numerical
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* |f the numerical method causes this error to get amplified in the subsequent time
intervals, |x, — x(tn)| can become indefinitely large as n — oo, and the method
is said to be unstable.
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approximate the actual values of the solution x(t1), x(t2), - - -

* At a given time point t, there is an error € associated with the numerical
solution xj due to algorithmic and round-off errors.

* |f the numerical method causes this error to get amplified in the subsequent time
intervals, |x, — x(tn)| can become indefinitely large as n — oo, and the method
is said to be unstable.

* Need to consider two cases:

- stability for small h (h — 0)
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Stability of numerical methods for x = f(¢t

* A numerical method generates a sequence of numbers, x1, x2,--- to
approximate the actual values of the solution x(t1), x(t2), - - -

* At a given time point t, there is an error € associated with the numerical
solution xj due to algorithmic and round-off errors.

* |f the numerical method causes this error to get amplified in the subsequent time
intervals, |x, — x(tn)| can become indefinitely large as n — oo, and the method
is said to be unstable.

* Need to consider two cases:

- stability for small h (h — 0)
- stability for large h
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Stability for small h

* If small discrepancies due to a slightly different initial condition, algorithmic
errors, or round-off errors lead to correspondingly small changes in the computed
solution, then the method is said to be stable (for small h).
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* A method that is not stable in the above sense is of no practical use because
errors are always introduced in solving an ODE numerically, which will cause an
unstable method to “blow up” at some point of time.
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Stability for small h

* If small discrepancies due to a slightly different initial condition, algorithmic
errors, or round-off errors lead to correspondingly small changes in the computed
solution, then the method is said to be stable (for small h).

* A method that is not stable in the above sense is of no practical use because
errors are always introduced in solving an ODE numerically, which will cause an
unstable method to “blow up” at some point of time.

* Runge-Kutta methods are stable.

* Linear multi-step methods (LMMs) can be unstable.
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Stability for small h: LMMs

Consider a linear multi-step method of order p,

k k
Z ajXp—j=h Z Bi f(tn,,',X,,,,‘) .

i=—1 i=—1
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Consider a linear multi-step method of order p,

k k
Z ajXp—j=h Z Bi f(tn,,',X,,,,‘) .

i=—1 i=—1

* Perturb the starting values; let A be the largest perturbation.

* Perturb the recipe for evaluating xp41 as,

k k
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Stability for small h: LMMs

Consider a linear multi-step method of order p,

k k
Z ajXp—j=h Z Bi f(tn,,',X,,,,‘) .

i=—1 i=—1

* Perturb the starting values; let A be the largest perturbation.

* Perturb the recipe for evaluating xp41 as,

k k
Z ajxp—j=h Z Bi f(tn,,',Xn,,‘) +0n.

i=—1 i=—1

* If the difference between the original numerical solution (x;"®) and the numerical

solution of the perturbed problem (x)") is such that,

max |x2"8 — x | < S max(|A[, max |dn]),

then the method is called zero-stable or D-stable (after Dahlquist) or simply
stable.
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Stability for small h: LMMs

Consider two explicit second-order LMMs [2]:
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(b) New2: xp41 =2.1xp — 1.1x5-1 4+ h(0.95f, — 1.05f,_1)

* Both of these methods satisfy the exactness constraints (discussed earlier).

* Apply the two methods to x=—x, x(0)=1.

@ h=0.05 (b) h=0.01 © s
oo AB2

numerical N |
1L xxx, "t |

xxxxxxx et

N

| | | e

- B 30 : ’ :

M. B. Patil, IIT Bombay



Stability for small h: LMMs
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(b) New2: xp41 =2.1xp — 1.1x5-1 4+ h(0.95f, — 1.05f,_1)
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* New?2 is unstable while AB2 is stable.
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Stability for small h: LMMs

Consider two explicit second-order LMMs [2]:
(a) AB2: xpt1 =xp+ h(1.5f, —0.5f_1)
(b) New2: xp41 =2.1xp — 1.1x5-1 4+ h(0.95f, — 1.05f,_1)

* Both of these methods satisfy the exactness constraints (discussed earlier).

* Apply the two methods to x=—x, x(0)=1.

@ h=0.05 (b) h=0.01 © s
oo AB2

numerical N |
1L xxx, "t |

xxxxxxx et

N

| | | e

- B 30 : ’ :

* New?2 is unstable while AB2 is stable.

* Why are these two methods so different?
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Difference equations: general solution

Consider a linear difference equation with constant (real) coefficients,

A Xmik + Ak—1Xm+k—1 + -+ + a1 Xmt1 + a0xm = b. (11)
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Difference equations: general solution

Consider a linear difference equation with constant (real) coefficients,

A Xmik + Ak—1Xm+k—1 + -+ + a1 Xmt1 + a0xm = b. (11)

* The solution has two parts: (a) homogeneous, (b) particular.

* For the homogeneous part (i.e., b=0), we seek a solution of the form x,.(h) =z,
substitute it in Eq. 11, and obtain
zm [akzk + ak_lzk*1 + it a1z + ao] =0. (12)
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akzk+ak,1zkfl+---+alz+ao =0. (13)

M. B. Patil, IIT Bombay



Difference equations: general solution

Consider a linear difference equation with constant (real) coefficients,

A Xmik + Ak—1Xm+k—1 + -+ + a1 Xmt1 + a0xm = b. (11)

* The solution has two parts: (a) homogeneous, (b) particular.

* For the homogeneous part (i.e., b=0), we seek a solution of the form x,.(h) =z,
substitute it in Eq. 11, and obtain

z™m [akzk tap_1zK T+ baz ao] =0. (12)
* Eq. 12 has the trivial solution z=0, or
akzk+ak,1zk71+---+alz+ao =0. (13)

* Eq. 13 is called the characteristic equation of the difference equation (Eq. 11).
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Difference equations: general solution

* |If the roots of the characteristic equation, z1, z2,- - -, zx, are distinct, then the
general solution of Eq. 12 is given by

xl.(h) =azi+ oz 4+ + oz (14)
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Difference equations: general solution

* |If the roots of the characteristic equation, z1, z2,- - -, zx, are distinct, then the
general solution of Eq. 12 is given by

" . . .
xl.( ) = az+ oz + -+ ckz (14)
* If the roots are not distinct, then the general form for Xi(h) gets modified. As an

example, if z1, z2,- -+, z; are identical, and the other roots are distinct, then Xl-(h)
is given by,

X,-(h) — (Cl +con+ -+ c,nlil)Z{ + C/+1Z/i+]_ + -+ Ckzll; . (15)
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Difference equations: general solution

* |If the roots of the characteristic equation, z1, z2,- - -, zx, are distinct, then the
general solution of Eq. 12 is given by

xl.(h) =azi+ oz 4+ + oz (14)
* |If the roots are not distinct, then the general form for Xi(h) gets modified. As an
example, if z1, z2,- -+, z; are identical, and the other roots are distinct, then Xl-(h)
is given by,
b L . .
x,.( ) — (a+ecn+---+ c,n’ 1)z{ + c,+1z,’+1 + -4 ckzg (15)
* The complete solution of Eq. 11 is then given by,

xj = MO x'.(P) R (16)

i

where xl.(p) is a particular solution. The constants cj, ¢, etc. can be determined

from the initial condition(s), i.e., the starting values in the sequence {x;}.
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Stability of LMMs

* Consider the characteristic equation

k
S a2 =0, (17)

i=—1
associated with the LMM,
k k
Z ajxp—i=h Z Bi f(tn,,',X,,,,') . (18)
i=—1 i=—1
Let the roots of Eq. 17 be zj, zo,- -+, 2. If |z;] < 1 for all i, and all roots with

magnitude 1 are simple, then the LMM is said to satisfy the root condition.
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i=—1 i=—1
Let the roots of Eq. 17 be zj, zo,- -+, 2. If |z;] < 1 for all i, and all roots with

magnitude 1 are simple, then the LMM is said to satisfy the root condition.

* If an LMM satisfies the root condition, and if the only root of the associated
characteristic equation with magnitude one is equal to 1, then the LMM is said
to be strongly stable.
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associated with the LMM,
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i=—1 i=—1
Let the roots of Eq. 17 be zj, zo,- -+, 2. If |z;] < 1 for all i, and all roots with

magnitude 1 are simple, then the LMM is said to satisfy the root condition.

* If an LMM satisfies the root condition, and if the only root of the associated
characteristic equation with magnitude one is equal to 1, then the LMM is said
to be strongly stable.
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the associated characteristic equation have magnitude one, then the LMM is
said to be weakly stable.
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Stability of LMMs

* Consider the characteristic equation
d izt =0, (17)
associated with the LMM,

k k
Z ajXp—j=h Z Bi f(tn,,',X,,,,') . (18)

i=—1 i=—1
Let the roots of Eq. 17 be zj, zo,- -+, 2. If |z;] < 1 for all i, and all roots with
magnitude 1 are simple, then the LMM is said to satisfy the root condition.

* If an LMM satisfies the root condition, and if the only root of the associated
characteristic equation with magnitude one is equal to 1, then the LMM is said
to be strongly stable.

* If an LMM satisfies the root condition, and if more than one (distinct) roots of
the associated characteristic equation have magnitude one, then the LMM is
said to be weakly stable.

* If an LMM does not satisfy the root condition, it is said to be unstable.
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Stability of LMMs

Coming back to AB2 and New2,

AB2 Xp+1 = Xn + h(1.5 fn— 0.5 fn—l)
char. eqn.: z—1=0.

roots: z1 =1.

New?2 Xpt1 = 2.1xp — 1.1xp—1 + h(0.95f, — 1.05 f,,_1)
char. eqn.: 22 —2.1z+1.1=0.

roots: z1 =1, zz=1.1.
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* AB2 satisfies the root condition; New2 does not.
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Coming back to AB2 and New2,

AB2 Xp+1 = Xn + h(1.5 fn— 0.5 fn—l)
char. eqn.: z—1=0.

roots: z1 =1.

New?2 Xpt1 = 2.1xp — 1.1xp—1 + h(0.95f, — 1.05 f,,_1)
char. eqn.: 22 —2.1z+1.1=0.

roots: z1 =1, zz=1.1.

* AB2 satisfies the root condition; New2 does not.

* For the New2 method, the general solution, clzf + c2zé’, can grow indefinitely
since |z| > 1.
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Stability of LMMs

Coming back to AB2 and New2,

AB2 Xp+1 = Xn + h(1.5 fn— 0.5 fn—l)
char. eqn.: z—1=0.

roots: z1 =1.

New?2 Xpt1 = 2.1xp — 1.1xp—1 + h(0.95f, — 1.05 f,,_1)
char. eqn.: 22 —2.1z+1.1=0.

roots: z1 =1, zz=1.1.

* AB2 satisfies the root condition; New2 does not.

* For the New2 method, the general solution, clzf + c2zé’, can grow indefinitely
since |z| > 1.

* Even if ¢ is forced to be zero because of initial conditions, numerical errors can
make it non-zero.
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Stability for large h

* A numerical method that is unstable even for small values of h (e.g., the “New2"
method seen earlier) is practically useless since it is unstable for any problem.
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* A method that is stable for small h (e.g., the AB2 method) may still be unstable
in a different sense, viz., unstable if h exceeds a certain value, say, hmax.
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Stability for large h

* A numerical method that is unstable even for small values of h (e.g., the “New2"
method seen earlier) is practically useless since it is unstable for any problem.

* A method that is stable for small h (e.g., the AB2 method) may still be unstable
in a different sense, viz., unstable if h exceeds a certain value, say, hmax.

* hmax would depend on the ODE being solved. Generally, it is determined for the
test equation,

x=Xx, x(0)=1, (19)

where X is a constant, a complex number in general. Eq. 19 is representative of
several problems of practical importance, such as RC circuits.
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Stability for large h (for x = Ax,

Let A be real and negative. Consider the Forward Euler method,
Xnt1 = Xn+ hf(tn, xn)

Xp + hA xp (20)
Xn (14 hX)
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Stability for large h (for x = Ax, x(0) = 1)

Let A be real and negative. Consider the Forward Euler method,
Xnt1 = Xn+ hf(tn, xn)

Xp + hA xp (20)
Xn (14 hX)

The characteristic equation for this difference equation is,

z—(1+h\) =0, (21)
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Stability for large h (for x = Ax, x(0) = 1)

Let A be real and negative. Consider the Forward Euler method,

Xnt1 = Xn+ hf(tn, xn)
Xn 4+ hA xp (20)
Xn (14 hX)

The characteristic equation for this difference equation is,
z—(14+h\)=0, (21)
for which the general solution is given by,

Xji = ¢ z{

(14 hN) . (22)

(c1 =1 is required to satisfy the initial condition, xp =1.)
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Stability for large h (for x = Ax, x(0) = 1)

* The exact solution is x(t) = exp(At) which, for t, = kh and |hA\| < 1, is

X(tk) e)xtk — ekh)\

~ (14 hA)X.

M. B. Patil, IIT Bombay



Stability for large h (for x = Ax, x(

* The exact solution is x(t) = exp(At) which, for t, = kh and |hA\| < 1, is

* Comparing with the numerical solution,

we see that the numerical solution will approximate the true solution if hA is small.
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X(tk) — e)xtk — ekh)\
~ (14 hA)X.
xe = (14 hA)<,



Stability for large h (for x = Ax, x(0

* The exact solution is x(t) = exp(At) which, for t, = kh and |hA\| < 1, is
X(tk) — e)xtk — ekh)\
~ (14 hA)X.

* Comparing with the numerical solution,
xe = (14 hA)<,
we see that the numerical solution will approximate the true solution if hA is small.

* As his increased, z; =1 + h) decreases (since A < 0), and for hA = —2, z; becomes equal
to -1 (see figure). Beyond this point, |z;| > 1, and the numerical solution (xx = c1 )
grows indefinitely with k = instability.

1.0
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Stability for large h (for x = Ax, x(

Consider the second-order Adams-Bashforth method. The difference equation is,

3 1
Xnt1 = Xp + hA 5% = X1l

M. B. Patil, IIT Bombay



Stability for large h (for x = Ax, x(

Consider the second-order Adams-Bashforth method. The difference equation is,
3 1
Xnt1 = Xp + hA 5% = X1l
The characteristic equation for this case is,

2 (1,3, (M o
z° — — )z — | =
2 2 ’
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Stability for large h (for x = Ax, x(

Consider the second-order Adams-Bashforth method. The difference equation is,

3 1
Xnt1 = Xp + hA 5% = X1l

The characteristic equation for this case is,

2 (1, 3
2 adiad
2

+ i 0
z — ) =
> ’

with the roots,
! 1+ 3hA + 1+ 3hA ’ 2h\
Z10 = = -
27 2 2 '

and the general solution,
i i
Xj =z, + @z, .
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Stability for large h (AB2 method for X = Ax, x(0) = 1)

AB2
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* For small values of h\, z; represents el more closely than in the FE method, as
we would expect from a second-order method.
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Stability for large h (AB2 method for X = Ax, x(
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* For small values of h\, z; represents el more closely than in the FE method, as
we would expect from a second-order method.

* What is of concern, from the stability angle, is the other root z which starts off
at zero, but becomes greater than one in magnitude at hA = —1, thus leading to
instability.
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Stability for large h (AB2 method for X = Ax, x(0) = 1)
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* For small values of h\, z; represents el more closely than in the FE method, as
we would expect from a second-order method.

* What is of concern, from the stability angle, is the other root z which starts off
at zero, but becomes greater than one in magnitude at hA = —1, thus leading to
instability.

* This root is not required to represent e/, and in that sense, it is a parasitic or
spurious root. In contrast, the root z;, which approximates e, is called the
principal root.
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Stability for large h: AB and AM methods for x = Ax, A < 0

(b)Adams-Bashforth
-2.5 -2 -15
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Stability for large h: AB and AM methods for x = Ax, A < 0

(b)Adams-Bashforth
-2.5 -2 -15

* The AM methods, for the same order, are more stable than the AB methods.
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Stability for large h: AB and AM methods for x = Ax, A < 0

L p=1]

(a)Aqiams Moultop ‘ ‘ ‘ ‘ (b)Adams Bashforth
-7 -6 -5 -4 -3 -2 -1 0 1 -25 -2 -15 -1 -0.5 0
hA hA

* The AM methods, for the same order, are more stable than the AB methods.

* The AM methods of order 1 and 2 (the BE and TRZ methods) are stable for all
values of hA.
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Stability for large h: AB and AM methods for Ax, A <0

(a)Aqiams Moultop ‘ ‘ ‘ ‘ (b)Adams Bashforth

i i
-7 -6 -5 -4 -3 -2 -1 0 1 -25 -2 -1.5 -1 -0.5 0
hA hA

* The AM methods, for the same order, are more stable than the AB methods.

* The AM methods of order 1 and 2 (the BE and TRZ methods) are stable for all
values of hA.

* As the order increases, the range of stability becomes smaller for both AB and

AM methods. This explains why higher-order methods are not used in circuit
simulation.
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Stability for large h: AM1 and AM6 methods for x = —x, x(0) =1

! L— Anélytical ‘ 1 — Anélylical ‘
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x . . . . x . . . .
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Stability for large h: AM1 and AM6 methods for x = —x, x(0) =1

! L— Anélytical ‘ 1 — Anélylical ‘
+ — | = : + =
08l Adal Mou}ton( 1) 08F% Adal 2Mou:lton (k=6)
0.6\ R RRRREEEEEEPEPR EPRPPRPS Feeeeeeed 0.6\ R RRRREEEEEEPEPR EPRPPRPS Feeeeeeeod
x . . . . x . . . .

* AMB6 is more accurate than AM1 (upper figures).
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* AMB6 is more accurate than AM1 (upper figures).
* For At=1.3, AM1 is stable, but AM6 is not (lower figures).
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Stability for large h (x = A x, complex A)

Consider the 2 x 2 system of ODEs, x = Ax, which may be written in the expanded

form,
X1 = aixi + anxe, (23)
X2 = anix1 +anxa,

with x1(0) =x? and x2(0) = x9.
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Stability for large h (x , complex A)

Consider the 2 x 2 system of ODEs, x = Ax, which may be written in the expanded

form,
X1 = aixi + anxe, (23)

X = anxi+ anxe,
with x1(0) =x? and x2(0) = x9.

Let A1, A2 be the eigenvalues (assumed to be distinct) of A, and Sy, Sy be the
corresponding eigenvectors.
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Stability for large h (x , complex A)

Consider the 2 x 2 system of ODEs, x = Ax, which may be written in the expanded

form,
X1 = aiixy + anxe,
1 11X1 + a12x2 (23)
Xo = azix1 + axpx,
with x1(0) =x? and x2(0) = x9.
Let A1, A2 be the eigenvalues (assumed to be distinct) of A, and Sy, Sy be the
corresponding eigenvectors.
Eq. 23 can be re-written in a diagonalized form,
Po—
y_1 11, (24)
Y2 = oy
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Stability for large h (x , complex A)

Consider the 2 x 2 system of ODEs, x = Ax, which may be written in the expanded

form,
X1 = aiixy + anxe,
1 11X1 + a12x2 (23)
Xo = azix1 + axpx,
with x1(0) =x? and x2(0) = x9.
Let A1, A2 be the eigenvalues (assumed to be distinct) of A, and Sy, Sy be the
corresponding eigenvectors.
Eq. 23 can be re-written in a diagonalized form,
Po—
y_1 11, (24)
Y2 = oy

The new variables y; and y» are given by,

HEEEIFE (25)

Y2 x2
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Stability for large h (x = A x, complex A)

Consider the 2 x 2 system of ODEs, x = Ax, which may be written in the expanded

form,
X:1 = auxi + anxz, (23)
Xo = azix1 + axpx,
with x1(0) =x? and x2(0) = x9.
Let A1, A2 be the eigenvalues (assumed to be distinct) of A, and Sy, Sy be the
corresponding eigenvectors.
Eq. 23 can be re-written in a diagonalized form,
Po—
y_1 11, (24)
Y2 = X2
The new variables y; and y» are given by,
Y1 X1
=1[S1 S . 25
BETS =

Solving the system of ODEs, Eq. 23, is thus equivalent to solving two separate ODEs.
Since A1, A2 are generally complex, we are interested in solving x = Ax when \ is
complex.
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* Regions of stability
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Stability for large h (x = A x, complex A)

* A method is said to be absolutely stable (with respect to the test equation) for a
given hX with Re(A) < 0 if all the roots of the characteristic equation lie inside
the unit circle in the hA plane. The set of all such hA is called the region of
absolute stability of the method [5].

Im(z)
(0,1)
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(-1,0) hAr

(0,-1)
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Stability for large h (x , complex A)

* A method is said to be absolutely stable (with respect to the test equation) for a
given hX with Re(A) < 0 if all the roots of the characteristic equation lie inside
the unit circle in the hA plane. The set of all such hA is called the region of
absolute stability of the method [5].

Im(z)
(0,1)

IS hAr

(-1,0) hAr

(0,-1)

* Methods that are stable for all A with Re(\) < 0 are called A-stable.
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Region of stability for AB methods
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Region of stability for AM

methods
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Region of stability for BDF methods
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Stability for large h (X = A x, complex \)

* The AM1 (Backward Euler), AM2 (Trapezoidal), and second-order BDF
methods are A-stable; other methods are conditionally stable.
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Stability for large h (x = A x, complex \)

* The AM1 (Backward Euler), AM2 (Trapezoidal), and second-order BDF
methods are A-stable; other methods are conditionally stable.

* The region of absolute stability for each method shrinks significantly as the order
increases.
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Stability for large h (X = A x, complex \)

* The AM1 (Backward Euler), AM2 (Trapezoidal), and second-order BDF
methods are A-stable; other methods are conditionally stable.

* The region of absolute stability for each method shrinks significantly as the order
increases.

* For purely real values of X, the BDF methods (up to order six) are
unconditionally stable, while the AB and AM (except AM1 and AM2) methods
are conditionally stable.
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Stability for large h (x = A x, complex \)

* The AM1 (Backward Euler), AM2 (Trapezoidal), and second-order BDF
methods are A-stable; other methods are conditionally stable.

* The region of absolute stability for each method shrinks significantly as the order
increases.

* For purely real values of X, the BDF methods (up to order six) are
unconditionally stable, while the AB and AM (except AM1 and AM2) methods
are conditionally stable.

* Stability conditions impose restrictions on the choice of methods for circuit
simulation.
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Region of stability for explicit Runge-Kutta methods
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* Explicit Runge-Kutta methods are conditionally stable.
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Region of stability for explicit Runge-Kutta methods
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* Explicit Runge-Kutta methods are conditionally stable.

* On the other hand, implicit Runge-Kutta methods are A-stable [4].
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* Stiff equations
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Stiff equations

Consider the 2 x 2 system of ODEs,

ailx1 + aexe,
X = axx1+anxz.

. (26)
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Stiff equations

Consider the 2 x 2 system of ODEs,

ailx1 + aexe,
X = axx1+anxz.

. (26)

* If the magnitudes of the eigenvalues A; and A\ of the A matrix are significantly
different, the system of ODEs is said to be stiff. (The same idea applies to larger
systems as well.)
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Stiff equations

Consider the 2 x 2 system of ODEs,

X1 aiixi + aexz, (26)
X = axx1+anxz.

* If the magnitudes of the eigenvalues A; and A\ of the A matrix are significantly
different, the system of ODEs is said to be stiff. (The same idea applies to larger

systems as well.)

* There are several physical examples of stiff systems, such as motion of masses
connected by springs, chemical reactions involving several reactants, and
electrical circuits.
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Stiff equations

Consider the 2 x 2 system of ODEs,

X1 aiixi + aexz,

) (26)
X2 = azixy+ axx.
* If the magnitudes of the eigenvalues A; and A\ of the A matrix are significantly

different, the system of ODEs is said to be stiff. (The same idea applies to larger
systems as well.)

* There are several physical examples of stiff systems, such as motion of masses
connected by springs, chemical reactions involving several reactants, and
electrical circuits.

* Stiff equations present a challenge because they involve vastly different time
constants. In some cases, it is important for the numerical method to be able to
resolve transients on a time scale corresponding to the smallest time constant.
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Stiff equations: RC circuit example

dVi Vo
i + ,
dt CGR:
(27)
dV,
dt
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Stiff equations: RC circuit example

dVi SN/ 1 1 Vo
A (D (i) v

dt (Cl>(R1+R2) 1+(61R2> 2+(61R1)’
W (1 )y (1),

dt C2R2 C2R2

* This is a coupled system of ODEs (see Eq. 26).

(27)

M. B. Patil, IIT Bombay



Stiff equations: RC circuit example

dVi SN/ 1 1 Vo
i (=1\ (1 1Y, v

dt (Cl>(R1+R2) 1+(61R2> 2+(61R1)’
dV,

1 1
= Vi — V.
dt GR, GR

* This is a coupled system of ODEs (see Eq. 26).

* For Ry =05Q, R,=5Q, G;=0.01F, C;=1F,
the eigenvalues are, \; = —0.182 s71 A =—-220 s 1
and the time constants are 71 =5.5s, 7 = 0.0045s.

(27)
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Stiff equations: RC circuit example

dVi SN/ 1 1 Vo
i (=1\ (1 1Y, v

dt (Cl>(R1+R2) 1+(61R2> 2+(61R1)’
dV,

1 1
= Vi — V.
dt GR, GR

* This is a coupled system of ODEs (see Eq. 26).

* For Ry =05Q, R,=5Q, G;=0.01F, C;=1F,
the eigenvalues are, \; = —0.182 s71 A =—-220 s 1
and the time constants are 71 =5.5s, 7 = 0.0045s.

(27)

* Note that 71 ~ 1000 X 7.
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Stiff equations: RC circuit example
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Stiff equations: RC circuit example

10 10
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time (sec) time (sec)

(

* The currents and voltages in the circuit are given by the general form,
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Stiff equations: RC circuit example

10 10
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* The currents and voltages in the circuit are given by the general form,
x(t) = Ae"t/T 4 Be7t/™2 4 C. (28)

* Two transients can be seen in (a) — an initial fast transient due to 7, followed
by a slow transient due to 7i.
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Stiff equations: RC circuit example

10
L S e St S 1 B 1
L e T o S T 1

> >
7 S 1 7 S ]
B L . —
i ‘ An‘alyncali (a) ‘ ‘ ‘ Analync;:al (b)

0 0
-5 0 5 10 15 20 25 0 0.02 0.04 0.06 0.08 (

time (sec) time (sec)

* The currents and voltages in the circuit are given by the general form,
x(t) = Ae"t/T 4 Be7t/™2 4 C. (28)

* Two transients can be seen in (a) — an initial fast transient due to 7, followed
by a slow transient due to 7i.

* An expanded view of the fast transient is shown in (b).
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Stiff equations: RC circuit example (FE results)
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Stiff equations: RC circuit example (FE

results)
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* For At=0.002 s, Forward Euler results are acceptable.
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Stiff equations: RC circuit example (FE

results)
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* For At=0.002 s, Forward Euler results are acceptable.

* For At=0.01 s, which is large than 275 but much smaller than 71, the Forward

Euler method is unstable.
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Stiff equations: RC circuit example (FE

results)

10
S IR SO USRS SO SO 1
= i
7Y S S
I " Fonyard Edier . i
; . at=ooo2. (@) ; . atzom ; (b)
0 -60
-5 0 5 10 15 20 25 002 004 006 008
time (sec) time (sec)

* For At=0.002 s, Forward Euler results are acceptable.

* For At=0.01 s, which is large than 275 but much smaller than 71, the Forward

Euler method is unstable.

* To prevent the unstable behaviour, a small time step is required throughout, i.e.,
even after the fast transient has vanished = extremely inefficient simulation.
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Stiff equations: RC circuit example (BE results)
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Stiff equations: RC circuit example (BE results)
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* The Backward Euler method is stable for For At =0.01 s as well, which is

expected from an A-stable method.
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Stiff equations: RC circuit example (BE results)

10 10 T
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Y A Y Y A
=
A S S 7 A
L R e SR AR 2 :
o i | At=D002 | (@ o ‘ . at=po1
-5 5 10 15 20 25 -5 0 5 10 15
time (sec)

* The Backward Euler method is stable for For At =0.01 s as well, which is

expected from an A-stable method.

time (sec)

* The BE method allows much larger time steps than the FE method.

M. B. Patil, IIT Bombay




Stiff equations: RC circuit example (BE results)
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Stiff equations: RC circuit example results)
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* Although the BE method with At =0.01 s works well for the slow transient, it
does not capture the fast transient accurately, as shown in this expanded view.
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Stiff equations: RC circuit example results)
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* Although the BE method with At =0.01 s works well for the slow transient, it
does not capture the fast transient accurately, as shown in this expanded view.

* In practice, the time step is made small when things are changing rapidly, and
large otherwise. This strategy makes the simulation faster without compromising
on accuracy.
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Stiff equations: RC circuit example (RK4 results)
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Stiff equations: RC circuit example (RK4 results)

time (sec)

* Parameters: R =1 k2, Ry =2 kQ, G, =1 mF, f =50 Hz, % (amplitude of
Vs)=1 V, and h (step size)=1 ms.
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Stiff equations: RC circuit example (RK4 results)
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* Parameters: R =1 k2, Ry =2 kQ, G, =1 mF, f =50 Hz, % (amplitude of
Vs)=1 V, and h (step size)=1 ms.

* For f =50 Hz, X1 =295 kQ, and X =160 Q. = C is effectively an open
circuit, and its exact value should have no effect on the results.
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Stiff equations: RC circuit example (RK4 results)
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* Parameters: R =1 k2, Ry =2 kQ, G, =1 mF, f =50 Hz, % (amplitude of
Vs)=1 V, and h (step size)=1 ms.

* For f =50 Hz, X1 =295 kQ, and X =160 Q. = C is effectively an open
circuit, and its exact value should have no effect on the results.

* However, for C; =540 nF and C; =535 nF, the RK4 results are dramatically
different. Why?
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Stiff equations: RC circuit example (RK4 results)
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0 0.04 0.08 012 0.16 02
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* Parameters: R =1 k2, Ry =2 kQ, G, =1 mF, f =50 Hz, % (amplitude of
Vs)=1 V, and h (step size)=1 ms.

* For f =50 Hz, X1 =295 kQ, and X =160 Q. = C is effectively an open
circuit, and its exact value should have no effect on the results.

* However, for C; =540 nF and C; =535 nF, the RK4 results are dramatically
different. Why?

* C; =535 nF makes one of the time constants in the circuit small enough (with
respect to h=1 ms) to make the RK4 method unstable.
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Adaptive step size

0
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Adaptive step size
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i i
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* |t is desirable to use small time steps when the solution is changing rapidly, and
large time steps otherwise.
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Adaptive step size
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* |t is desirable to use small time steps when the solution is changing rapidly, and
large time steps otherwise.

* For automatic time step computation, the next time step can be computed on
the basis of
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Adaptive step size

0

time (sec)
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i
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* |t is desirable to use small time steps when the solution is changing rapidly, and
large time steps otherwise.

* For automatic time step computation, the next time step can be computed on
the basis of

- an estimate of the local truncation error (LTE)
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Adaptive step size
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* |t is desirable to use small time steps when the solution is changing rapidly, and
large time steps otherwise.

* For automatic time step computation, the next time step can be computed on
the basis of

- an estimate of the local truncation error (LTE)
- convergence behaviour of Newton-Raphson algorithm (for nonlinear
problems)
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LTE estimation: use of two time steps

* The local error of a numerical method of order p is given by,
X(tn + h) = Xn41 = hp+1'¢'(tmxn) + O(hp+2) ) (29)

where ¢ is called the principal error function of the method.
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LTE estimation: use of two time steps

* The local error of a numerical method of order p is given by,
X(tn + ) — xnp1 = BP0, x0) + O(HPF2), (29)
where ¢ is called the principal error function of the method.

* |If, instead of a single step of h, we take two steps of h/2 each, then the local
error would be

p+1
x(tn + h) — Spp1 = 2 (5) W(tn, xn) + O(hPF2), (30)

where X,11 denotes the computed solution after the second step.
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LTE estimation: use of two time steps

* The local error of a numerical method of order p is given by,
X(tn + ) — xnp1 = BP0, x0) + O(HPF2), (29)
where ¢ is called the principal error function of the method.

* |If, instead of a single step of h, we take two steps of h/2 each, then the local
error would be

p+1

X(ta + h) — Kpy1 =2 <§> (tn, xn) + O(RPT?) (30)
where X,11 denotes the computed solution after the second step.

* By subtracting Eq. 29 from Eq. 30, we get an estimate for the LTE,

2P .
1) X041 — Xnt1] - (31)

LTE® = ( —/——
2p —
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LTE estimation: use of two time steps

* Suppose T has been specified as the maximum allowed LTE.
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LTE estimation: use of two time steps

* Suppose T has been specified as the maximum allowed LTE.

* If LTE®® < 7, the current step is accepted, and the next step is allowed to

increase (since a larger step may continue to fulfill the the constraint on the
LTE).
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LTE estimation: use of two time steps

* Suppose T has been specified as the maximum allowed LTE.

* If LTE®® < 7, the current step is accepted, and the next step is allowed to

increase (since a larger step may continue to fulfill the the constraint on the
LTE).

* If LTE®' > 7, the current step is rejected, and a new trial step h/, is computed
such that it would result in an LTE equal to 7.

;o T 1/p+1
H, = hn <7LTEeSt> : (32)
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LTE estimation: use of two time steps

* Suppose T has been specified as the maximum allowed LTE.

* If LTE®® < 7, the current step is accepted, and the next step is allowed to

increase (since a larger step may continue to fulfill the the constraint on the
LTE).

* If LTE®' > 7, the current step is rejected, and a new trial step h/, is computed
such that it would result in an LTE equal to 7.

;o T 1/p+1
H, = hn <7LTEeSt> : (32)

* LTE®* may also be used to improve the accuracy of the solution.
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LTE estimation: use of methods of different orders

Consider two methods of orders p and (p + 1). If x, =x(tn) is assumed, we get
LTE®) = x(tps1) — Xns1, (33)
LTE(p+1) = X(tn+1) - ;(n+1 ) (34)

where the superscript on LTE indicates the order of the method, and xpt1, Xpt1
denote the numerical solutions corresponding to the two methods.
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LTE estimation: use of methods of different orders

Consider two methods of orders p and (p + 1). If x, =x(tn) is assumed, we get
LTE®) = x(tps1) — Xns1, (33)
LTE(p+1) = X(tn+1) - ;(n+1 ) (34)

where the superscript on LTE indicates the order of the method, and xpt1, Xpt1
denote the numerical solutions corresponding to the two methods.

Subtracting Eq. 34 from Eq. 33 yields,
LTEP — LTEPHD = %11 — xpy1 - (35)
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LTE estimation: use of methods of different orders

Consider two methods of orders p and (p + 1). If x, =x(tn) is assumed, we get
LTE®) = x(tps1) — Xns1, (33)
LTE(p+1) = X(tn+1) - 5‘<n+1 ) (34)

where the superscript on LTE indicates the order of the method, and xpt1, Xpt1
denote the numerical solutions corresponding to the two methods.

Subtracting Eq. 34 from Eq. 33 yields,
LTEP — LTEPHD = %11 — xpy1 - (35)

Assuming that LTE(P*1) can be neglected in comparison with LTE(?) (since LTE(P+1)
is for a higher-order method), we get an estimate for LTE®),
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LTE estimation: use of

Consider two methods of orders p and (p + 1). If x, =x(tn) is assumed, we get
LTE®) = x(tps1) — Xns1, (33)
LTE(p+1) = X(tn+1) - 5‘<n+1 ) (34)

where the superscript on LTE indicates the order of the method, and xpt1, Xpt1
denote the numerical solutions corresponding to the two methods.

Subtracting Eq. 34 from Eq. 33 yields,
LTEP — LTEPHD = %11 — xpy1 - (35)

Assuming that LTE(P*1) can be neglected in comparison with LTE(?) (since LTE(P+1)
is for a higher-order method), we get an estimate for LTE®),

Note that an additional cost of computing X,+1 with a higher-order method is involved
here. In practice, the low- and high-order methods are chosen so that some of the
computation of the low-order method can be used for the high-order method.
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4th_order array
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5th_order array

0 0
1 1 1 1
3 7 [ 3
3 3 9 3 3 9
8 32 32 8 32 32
12 1932 __ 7200 7296 12 1932 __ 7200 7296
3 2197 2197 2197 3 2197 2197 2197
1 439 8 3680 _ 845 1 439 8 3680 _ 845
216 513 4104 216 513 3104
1 8 2 _ 3544 1859 _u
2 27 2565 4104 40
25 0 1408 2197 1 16 0 6656 28561 _9 2
16 2565 4104 5| 135 12825 56430 50 55



Runge-Kutta-Fehlberg 4/5 method

0 0
1 1 1 1
3 7 7 3
3 3 9 3 3 9
8 32 32 8 32 32
12 1932 __ 7200 7296 12 1932 __ 17200 7296
13 2197 2197 2197 13 2197 2197 2197
1 439 8 3680 _ 845 1 439 8 3680 _ 845
216 513 4104 216 513 4104
1 _ 8 2 3544 1859 1
2 27 2565 4104 40
25 0 1408 2197 _1| 16 0 6656 28561 _9 2
16 2565 4104 5 135 12825 56430 50 55
4th_order array 5th_order array
* Since the function values, fy, fi,--- , fs are the same in the two methods, only six

function evaluations are required in each time step.
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Runge-Kutta-Fehlberg 4/5 method

0 0
1 1 1 1
3 7 7 3
3 3 9 3 3 9
8 32 32 8 32 32
12 1932 __ 7200 7296 12 1932 __ 17200 7296
13 2197 2197 2197 13 2197 2197 2197
1 439 8 3680 845 4 439 8 3680 _ 845
216 513 4104 216 513 4104
1 _ 8 2 3544 1859 1
2 27 2565 4104 40
25 0 1408 2197 _1| 16 0 6656 28561 _9 2
216 2565 4104 5 135 12825 56430 50 55
4th_order array 5th_order array
* Since the function values, fy, fi,--- , fs are the same in the two methods, only six

function evaluations are required in each time step.

* The estimated LTE of the fourth-order formula is given by,

1 128 2197 1 2
LTES =h|_—fh— —Hh— Bt gtk
360 0 2275 2 25740 2 T 50 T 55

(36)
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Runge-Kutta-Fehlberg 4/5 od: flow chart [1]

t =1, T = Tg. h = hmax
(initialize)

Compute Fy, Fy,---, F;5
Compute LTE®"
LTE®™/h < 77

no

t=t+h
Compute ;41
Output z,,41

Write error
message. Stop.

| t > tepa ? |£—| Compute § |

yes

5 <01, 6+ 0.1
Ifo>4 6«4

I h < Pin, b4 huin
If > hmax. b= hmax
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Runge-Kutta-Fehlberg 4/5 method: example

12

Vi, V; (Volts)
h (msec)

0 5 10 15 5 10
time (msec) time (msec)
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Runge-Kutta-Fehlberg 4/5 method: example

1.2
0 =
° (8]
S 3
= E
>;' <
1 i i
0 5 10 15 5 10
time (msec) time (msec)

* Parameters: R=1kQ, C=1 uF, hpin=1ns, hmax =1 ms,
€ (tolerance)=10 mV.
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Runge-Kutta-Fehlberg 4/5 method: example

1.2
0 =
° (8]
S 3
= E
>;' <
a i i
0 5 . 10 15 5
time (msec) time (msec)

* Parameters: R=1kQ, C=1 uF, hpin=1ns, hmax =1 ms,
€ (tolerance)=10 mV.

* When the solution is changing rapidly, the time step is made small in order to
meet the tolerance requirement.
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Runge-Kutta-Fehlberg 4/5 method: example

1.2
0 =
° (8]
S 3
= E
>;' <
a i i
0 5 . 10 15 5
time (msec) time (msec)

* Parameters: R=1kQ, C=1 uF, hpin=1ns, hmax =1 ms,
€ (tolerance)=10 mV.

* When the solution is changing rapidly, the time step is made small in order to
meet the tolerance requirement.

* When the solution is changing slowly, the time step is made large (capped by a
user-specified hmax)-
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Adaptive step size: convergence of N-R iterations

* The Newton-Raphson process is more likely to converge (in a given number of
iterations) if the starting point, i.e., the “initial guess”, is close to the solution.
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Adaptive step size: convergence of N-R iterations

* The Newton-Raphson process is more likely to converge (in a given number of
iterations) if the starting point, i.e., the “initial guess”, is close to the solution.

* In transient analysis, x, serves as the starting point, and x,11 is the solution
being sought.
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Adaptive step size: convergence of N-R iterations

* The Newton-Raphson process is more likely to converge (in a given number of
iterations) if the starting point, i.e., the “initial guess”, is close to the solution.

* In transient analysis, x, serves as the starting point, and x,11 is the solution
being sought.

* |If the time step, (tn+1 — tn), is made smaller, the initial guess x, is expected to
be closer to the solution x,+1, and the N-R process is more likely to converge.
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Adaptive step size: convergence of N-R iterations

* The Newton-Raphson process is more likely to converge (in a given number of
iterations) if the starting point, i.e., the “initial guess”, is close to the solution.

* In transient analysis, x, serves as the starting point, and x,11 is the solution
being sought.

* |If the time step, (tn+1 — tn), is made smaller, the initial guess x, is expected to
be closer to the solution x,+1, and the N-R process is more likely to converge.

* The above observation is commonly used in circuit simulation for controlling the
time step. (It works only for non-linear problems.)
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Adaptive step size: convergence of N-R iterations

' ' Circuit parameters:
Ve=10 V,
R =R, =1 kQ,
C=1 uF,
Ro =100 Q,
] Co=0.1 uF,
1 V=1V,

: W : Vin=4V,
A Vo =0V,
U Voy=5 V.

Now Ao
T

V,, V (Volts)

2 3 4 5 6 Algorithm parameters:
‘ ‘ ‘ T=10"12,

hmin =107%'s,

hmax =107% s,
kup=1.1,

kdown = 0.8,

NJR* = 10.

h (ksec)

time (msec)
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Transient analysis in circuit simulation

* The method must be zero-stable (i.e., stable for small h).
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Transient analysis in circuit simulation

* The method must be zero-stable (i.e., stable for small h).

* There are small time constants involved in many circuits. Methods which are
conditionally stable are not practical since they will require unacceptably small
time steps. = The method must be A-stable.
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* There are small time constants involved in many circuits. Methods which are
conditionally stable are not practical since they will require unacceptably small
time steps. = The method must be A-stable.

* The above considerations severely restrict the choice of methods available: Only
AM1 (BE), AM2 (TRZ), BDF2, and implicit Runge-Kutta methods may be
used.
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Transient analysis in circuit simulation

* The method must be zero-stable (i.e., stable for small h).

* There are small time constants involved in many circuits. Methods which are
conditionally stable are not practical since they will require unacceptably small
time steps. = The method must be A-stable.

* The above considerations severely restrict the choice of methods available: Only
AM1 (BE), AM2 (TRZ), BDF2, and implicit Runge-Kutta methods may be
used.

* Application of the MNA method to circuits would generally yield a set of
equations of the following type [7]:

F(x',x,y,t) = 0, (37)
G(x,y,t) 0. (38)

Equations in the above form are called “Differential-algebraic equations
(DAEs).”
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Transient analysis in circuit simulation

* The method must be zero-stable (i.e., stable for small h).

* There are small time constants involved in many circuits. Methods which are
conditionally stable are not practical since they will require unacceptably small
time steps. = The method must be A-stable.

* The above considerations severely restrict the choice of methods available: Only
AM1 (BE), AM2 (TRZ), BDF2, and implicit Runge-Kutta methods may be
used.

* Application of the MNA method to circuits would generally yield a set of
equations of the following type [7]:

F(X,7X7y7 t) =0, (37)
G(x,y, 1) 0. (38)

Equations in the above form are called “Differential-algebraic equations
(DAEs).”

* Runge-Kutta methods are not suitable for DAEs. =- The choice is further
reduced to BE, TRZ, BDF2.
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Outline

*
*

* Miscellaneous topics
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Undamped oscillations

Backward Euler

0}—T "~
+
V¢ (Volts)

time (sec)

Trapezoidal Gear (2nd order)

v (Volts)
Ve (Volts)

time (sec) time (sec)

(L=1H, C=1F, and h (time step)=0.2 sec in all cases.)
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Undamped oscillations

* BE and BDF2 (Gear2) methods introduce artificial damping; they should not be
used when there is little or no damping in the circuit.
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Undamped oscillations

* BE and BDF2 (Gear2) methods introduce artificial damping; they should not be
used when there is little or no damping in the circuit.

* TRZ method does not introduce artificial damping.

* However, even the TRZ method is not perfect for purely oscillator problems
since it does introduce some phase error. = need to select a small time step.
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Undamped oscillations

* BE and BDF2 (Gear2) methods introduce artificial damping; they should not be
used when there is little or no damping in the circuit.

TRZ method does not introduce artificial damping.

However, even the TRZ method is not perfect for purely oscillator problems

*
since it does introduce some phase error. = need to select a small time step
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Ringing
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(Parameters: R=1Q, C=1 mF, and h (time step) =5 msec.)
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Ringing
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(Parameters: R=1Q, C=1 mF, and h (time step) =5 msec.)

* If his large, TRZ results in ringing.
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Ringing
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(Parameters: R=1Q, C=1 mF, and h (time step) =5 msec.)

* If his large, TRZ results in ringing.

* Ringing can be reduced by using a smaller time step.
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